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BP 4229
06304 Nice Cedex 4
France

Prof. J. R. Partington

University of Leeds
School of Mathematics
LS2 9JT Leeds
United Kingdom

ISSN 0170-8643

ISBN-10 3-540-30922-5 Springer Berlin Heidelberg New York
ISBN-13 978-3-540-30922-2 Springer Berlin Heidelberg New York

Library of Congress Control Number: 2005937084

This work is subject to copyright. All rights are reserved, whether the whole or part of the mate-
rial is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilm or in other ways, and storage in data banks. Duplication
of this publication or parts thereof is permitted only under the provisions of the German Copyright
Law of September 9, 1965, in its current version, and permission for use must always be obtained
from Springer-Verlag. Violations are liable to prosecution under German Copyright Law.

Springer is a part of Springer Science+Business Media

springer.com

© Springer-Verlag Berlin Heidelberg 2006
Printed in Germany

The use of general descriptive names, registered names, trademarks, etc. in this publication does
not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

Typesetting: Data conversion by authors.
Final processing by PTP-Berlin Protago-TEX-Production GmbH, Germany
Cover-Design: design & production GmbH, Heidelberg
Printed on acid-free paper 54/3141/Yu - 5 4 3 2 1 0



In memoriam Macieja Pindora



Preface

This book is an outgrowth of a summer school that took place on the Island of
Porquerolles in September 2003. The goal of the school was mainly to teach
certain pieces of mathematics to practitioners coming from three different
communities: signal, control and dynamical systems theory. Our impression
was indeed that, in spite of their great potential applicability, 20th century
developments in approximation theory and Fourier theory, while commonplace
among mathematicians, are unknown or under-appreciated within the above-
mentioned communities. Specifically, we had in mind:

• some advances in analytic, meromorphic and rational approximation theory,
as well as their links with identification, robust control and stabilization
of infinite-dimensional systems;

• the rich correspondences between the complex and real asymptotic be-
havior of a function and its Fourier transform, as already described, for
instance, in Wiener’s books.

In this respect, it is noticeable that in the last twenty years, much effort has
been devoted to the research and teaching of recent decomposition tools, like
wavelets or splines, linked to real analysis. From the early stages, we shared
the view that, in contrast, research in certain fields suffers from the lack of a
working knowledge of modern Fourier analysis and modern complex analysis.

Finally, we felt the need to introduce at the core of the school a proba-
bilistic counterpart to some of the questions raised above. Although familiar
to specialists of signal and dynamical systems theory, probability is often ig-
nored by members of the control and approximation theory communities. Yet
we hope to convey to the reader the conviction that there is room for fa-
scinating phenomena and useful results to be discovered at the junction of
probability and complex analysis.

This book is not just a proceedings of the summer school, since the con-
tributions made by the speakers have been totally rewritten, anonymously
refereed and edited in order to reflect some of the common themes in which
the authors are interested, as well as the diversity of the applications. The
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contributors were asked to imagine addressing a fellow-scientist with a non-
negligible but modest background in mathematics.

In drawing the boundaries between the chapters of the book, we have also
tried to eliminate redundancy, while allowing for repetition of a theme as seen
from different points of view.

We begin in Part I with a general introduction from the late Maciej Pin-
dor. He surveys the conceptual and practical value of complex analyticity,
both in the physical and the conjugate Fourier variables, for physical theories
originally built in the real domain. Obstacles to analytic extension, like polar
singularities known as “resonances”, a key concept of the school, turn out to
have themselves a physical meaning. It is illustrated here by means of optical
dispersion relations and the scattering of particles.

Part II of this book contains basic material on the complex analysis and
harmonic analysis underlying the further developments presented in the book.
Candelpergher writes on complex analysis, in particular analytic continuation
and the use of Borel summability and Gevrey series. Partington gives an
account of basic harmonic analysis, including Fourier, Laplace and Mellin
transforms, and their links with complex analysis.

Part III contains further basic material, explaining some of the aspects
of approximation theory. Pindor presents the theory of Padé approximation,
including convergence issues. Levin and Saff explain how potential theoretic
tools such as capacity play a role in the study of efficient polynomial and
rational approximation, and analyse some weighted problems. Partington dis-
cusses the use of bases of rational functions, including orthogonal polynomials,
Szegö bases, and wavelets.

Finally Part IV completes the foundations by a tour in probability theory.
The driving force behind the order emerging from randomness, the central
limit theorem, is explained by Collet, including convergence and fractal issues.
Dujardin gives an account of the properties of random real polynomials, with
particular reference to the distribution of their real and complex roots. Pindor
puts rational approximation into a stochastic context, the basic idea being to
obtain rational interpolants to noisy data.

The major application of the themes of this book lies in signal and control
theory, which is treated in Part V. Deistler gives a thorough treatment of
the spectral theory of stationary processes, leading to an account of ARMA
and state space systems. Cuoco’s paper treats the power spectral density of
physical systems and its estimation, to be used in the extraction of signals
out of noisy data. Olivi continues some of the ideas of Parts II and III, and,
under the general umbrella of the Laplace transform in control theory, discus-
ses linear time-invariant systems, controllability and rational approximation.
Baratchart uses Laplace–Fourier transform techniques in giving an account
of recent work analysing problems originating in the identification of linear
systems subject to perturbations. In a final return to the perspective of the
Introduction, Parts VI and VII shows the rôle of the previously-discussed
tools in extremely diverse domains of physics. In Part VI, some mathematical
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aspects of dynamical systems theory are discussed. Biasco and Celletti are
concerned with celestial mechanics and the use of perturbation theory to ana-
lyse integrable and nearly-integrable systems. Baladi gives a brief introduction
to resonances in hyperbolic and hamiltonian systems, considered via the spec-
tra of certain transfer operators. Part VII is devoted to a modern approach to
two classical physics problems. Borgnat is concerned with turbulence in fluid
flow; he discusses which tools, including the Mellin transform, can be adap-
ted to reveal the various statistical properties of intermittent signals. Finally,
Bondu and Vinet give an account of the high-performance control and noise
analysis required at the gravitational waves VIRGO antenna.

Last but not least, our thanks go to the authors of the 17 contributions
gathered in this book, as well as to all those who have helped us produce it,
with particular mention of the anonymous referees.

Nice (France), Sophia-Antipolis (France), Leeds (U.K.), July 2005.

The editors: Jean-Daniel Fournier,
José Grimm,

Juliette Leblond,
Jonathan R. Partington.
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Maciej PINDOR

Our colleague Dr. Maciej Pindor of Poland, the friend, collaborator and vi-
sitor of Jean-Daniel Fournier (JDF), died on Saturday 5th July 2003 at the
Nice Observatory. Apparently, he was on his way to work from the “Pavil-
lon Magnétique”, where he was staying, to his office at “CION”. His death
was attributed to cardiac problems. He was 62 years old. Some colleagues
were present, including the Director of the “Observatoire de la Côte d’Azur”
(OCA) and JDF, when help arrived.

Maciej Pindor was a senior lecturer at the Institute of Theoretical Physics
at the University of Warsaw. He performed his research work with the same
care that he devoted to his teaching duties. He was a specialist in complex
analysis, applied to some questions of theoretical physics, and, in recent years,
to the processing of data; he produced theoretical and numerical solutions,
which in this regard showed an ingenuity and reliability that is hard to match.
He taught effective computational methods to young physicists. From the
beginning of the thesis that Benédicte Dujardin has been writing under the
direction of JDF, M. Pindor participated in her supervision.

The collaboration of JDF and his colleagues with M. Pindor began in 1996.
Over the years, it was supported by regular or exceptional funding from the
Cassini Laboratory, the Theoretical Physics Institute of Warzaw, the Polish
Academy of Sciences and from OCA (with an associated post in astronomy).
Thus M. Pindor came to Nice several times, and many people knew him. His
genuine modesty made him a very accessible person, and dealings with him
were agreeable and fruitful in all cases.

For the summer school of Porquerolles, he had agreed to give three courses,
on three different subjects. In this he was motivated by friendship, scientific
interest, and his acute awareness of the teaching responsibility borne by uni-
versity staff; since then he had overcome the anxiety that he felt towards the
idea of presenting mathematics in front of professional mathematicians. In
particular, he was due to give the opening course, showing the link between
physics and mathematics, treating the ideas of analyticity and resonance. He
produced his notes for the course in good time, and these are therefore in-
cluded under his name in this book and listed in the table of contents. At
Porquerolles his courses were given by three different people. As co-worker
JDF took the topic “rational approximation and noise”. We sincerely thank
the two others: G. Turchetti, himself an old friend of M. Pindor, agreed to
expound the rôle of analytic continuation and Padé approximants in theore-
tical and mathematical physics; E. B. Saff kindly offered to lecture on the
mathematics behind Padé approximants.

This book is dedicated to the memory of Maciej Pindor.
This obituary and M. Pindor’s photograph have been included here by

agreement with his widow, Dr. Krystyna Pindor-Rakoczy.
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Memories of the Porquerolles School, a word from the
co-directors

As already mentioned in the Preface, we organized the editing of the present
book as a separate scientific undertaking, distinct from the school itself and
with a wider team including J. Grimm and J.R. Partington. Nevertheless we
feel bound to stress that the book is in part the result of the intellectual
and congenial atmosphere created in Porquerolles in September 2003 by the
speakers and the participants. Such moments are to be cherished, and have
rewarded us for our own preparatory work. This seems a natural place to
thank those of our colleagues who contributed to the running of the school,
either as scientists or assistants, including those whose names do not appear
here. Conversely we thank especially Elena Cuoco, who agreed to write a
chapter for the book, although she had not been able to attend the school for
personal reasons.

List of participants

D. Avanessoff (INRIA, Sophia-Antipolis [SA]),
V. Baladi (CNRS, Univ. Jussieu, Paris),
L. Baratchart (INRIA, SA),
L. Biasco (Univ. Rome III, It.),
B. Beckermann (Univ. Lille),
F. Bondu (CNRS, Observatoire de la Côte d’Azur [OCA], Nice),
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P. Borgnat (CNRS, ENS Lyon),
V. Buchin (Russian Academy of Sciences, Moscow, Russia),
B. Candelpergher (Univ. Nice, Sophia-Antipolis [UNSA]),
A. Celletti (Univ. Rome Tor Vergata, It.),
A. Chevreuil (Univ. Marne la Vallée),
C. Cichowlas (ENS Ulm, Paris),
P. Collet (CNRS, Ecole Polytechnique, Palaiseau),
D. Coulot (OCA, Grasse),
F. Deleflie (OCA, Grasse),
M. Deistler (Univ. Tech. Vienne, Aut.),
B. Dujardin (OCA, Nice),
Y. Elskens (CNRS, Univ. Provence, Marseille),
J.-D. Fournier (CNRS, OCA, Nice),
V. Fournier (Nice),
Ch. Froeschlé (CNRS, OCA, Nice),
C. Froeschlé (CNRS, OCA, Nice),
A. Gombani (CNR, LADSEB, Padoue, It.),
J. Grimm (INRIA, SA),
E. Hamann (Univ. Tech. Vienne, Aut.),
J.-M. Innocent (Univ. Provence, Marseille),
J.-P. Kahane (Acad. Sciences Paris et Univ. Orsay),
E. Karatsuba (Russian Academy of Sciences, Moscow, Russia),
J. Leblond (INRIA, SA),
M. Mahjoub (LAMSIN-ENIT, Tunis),
D. Matignon (ENST, Paris),
G. Métris (OCA, Grasse),
N.-E. Najid (Univ. Hassan II, Casablanca, Ma.),
A. Neves (Univ. Paris V),
L. Niederman (Univ. Orsay),
N. Nikolski (Univ. Bordeaux),
A. Noullez (OCA, Nice),
M. Olivi (INRIA, SA),
J.R. Partington (Univ. Leeds, GB),
J.-B. Pomet (INRIA, SA),
E.B. Saff (Univ. Vanderbilt, Nashville, USA),
F. Seyfert (INRIA, SA),
N. Sibony (Univ. Orsay),
M. Smith (Univ. York, GB),
G. Turchetti (Univ. Bologne, It.),
G. Valsecchi (Univ. Rome, It.),
J.-Y. Vinet (OCA, Nice),
P. Vitse (Univ. Laval, Québec, Ca.).
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Organization:
J. Gosselin (CNRS, Nice),
F. Limouzis (INRIA, SA),
D. Sergeant (INRIA, SA).

Finally we thank the sponsors of the school: CNRS (Formation Permanente),
INRIA (Formation Permanente), INRIA Sophia-Antipolis, Conseil Régional
PACA, Observatoire de la Côte d’Azur (OCA), Département Cassini, Mi-
nistère délégué Recherche et Nouvelles Technologies, VIRGO-EGO. We thank
them all for their support.

Nice (France), Sophia-Antipolis (France), July 2005.

The co-directors: J.-D. Fournier,
J. Leblond
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BP 4229, 06304 Nice (France)
vinet@obs-nice.fr



Analyticity and Physics

Maciej Pindor

Instytut Fizyki Teoretycznej,
Uniwersytet Warszawski ul.Hoża 69,
00-681 Warszawa, Poland.

1 Introduction

My goal is to present to you some aspects of the role that the mathematical
concept as subtle and abstract as “analyticity” plays in physics.

In retrospective we could say that also the “real number” notion is in
fact a very abstract one and its applicability to the description of the world
external to our mind, is sort of a miracle – I do not want to dwell here on a
relation between constructs of the mind and the “external world” – this is the
playground for philosophers and I do not wish to compete with them. I mean
here the intuitively manifest difference between the obvious nature of integer
numbers (and “nearly obvious nature” of rationals) and abstractness of real
numbers. This abstractness notwithstanding, I do not think that talking in
terms of real numbers when describing the “real world” needed much more
intellectual effort than applying rational numbers there. This fact is excellently
demonstrated by the fact that in “practice” we use only rationals: e.g. floating
point numbers in computer calculations – “practitioners” just ignore the subtle
flavour of irrationals and treat them as rationals represented in decimal system
by a “sufficient” number of digits.

The situation is completely different with complex numbers. Contrary to
many other mathematical notions, they originated entirely within pure ma-
thematics and even for mathematicians they seemed so strange that the word
“imaginaire” was attributed to them! No “real world” situation seemed to
demand complex numbers for its mathematical description. However already
Euler (and also d’Alembert) observed that they were useful in solving pro-
blems in hydrodynamics and cartography [4]. Once domesticated by mathe-
maticians, complex numbers slowly creeped into physical papers, though only
as an auxiliary and convenient tool when dealing with periodic solutions of
some mechanical systems (the spherical pendulum studied by Tissot [7]). Their
particular usefulness was discovered by Riemann for describing some form of
the potential field [6] and when he studied Maxwell equations [9], but again

J.-D. Fournier et al. (Eds.): Harm. Analysis and Ratio. Approx., LNCIS 327, pp. 3–12, 2006.
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4 Maciej Pindor

they played here a role of a shorthand notation for a simultaneous descrip-
tion of two different, though related, physical quantities. Even the advent of
the quantum mechanics did not change too much – although the “wave func-
tion” was essentially complex and its real and imaginary part had no separate
existence, the values of the function had no physical meaning themselves. It
was its modulus that was interpretable – and so physicists could think of its
“complexness” as of some mathematical trick – however with some feeling of
uneasiness, this time.

As far as I know, the first individuals that truly opened the complex plane
for physics were Kramers and Kronig (see [3]). They had the daredevil idea
that extending the domain of a function, having a well defined physical quan-
tity as its argument – the frequency in their case – to the complex plane, can
lead to conclusions verifiable experimentally. They have shown, moreover,
that properties of this function in the complex plane are connected to impor-
tant physical conditions on another function. Their idea seemed a curiosity
and only 25 years later it was found useful and advantages of considering
energy on the complex plane were discovered. Even then physicists felt still
uneasy with this, and when few years later Tulio Regge proposed extending
the angular momentum to the complex plane his paper was rejected by many
referees [1].

In the following I shall briefly review the original idea of Kramers and Kro-
nig (following closely the exposition of [3]), the consequences of the extension
of the energy to the complex plane in the description of particle scattering
and the Regge idea.

2 The optical dispersion relations

Kramers and Kronig considered light in a material medium. The physical
situation there is described by two fields: the electric field E(x, t) and the
displacement field D(x, t). Let me clarify that the latter field comes from a
superposition of the former one and fields produced by atoms and particles of
the medium polarized by the presence of E.

Their monochromatic components of frequency ω are related through

D̃(x, ω) = ε(ω)Ẽ(x, ω) (1)

where ε(ω) is called the dielectric constant and is frequency dependent, be-
cause the response of the medium to the presence of E depends on frequency.
These frequency components are just Fourier transforms of the temporal de-
pendence of the fields, e.g.

E(x, t) =
1√
2π

# +∞

−∞
Ẽ(x, ω)eiωtdω

and vice versa
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Ẽ(x, ω) =
1√
2π

# +∞

−∞
E(x, τ)e−iτtdτ .

Using now (1) and assuming that the functions considered vanish at infinity
in time and frequency fast enough as to make exchange of order of integration
possible, we arrive at

D(x, t) = E(x, t) +
# +∞

−∞
G(τ)E(x, t − τ)dτ (2)

where G(τ) is the Fourier transform of ε(ω) − 1:

G(τ) =
1
2π

# +∞

−∞
[ε(ω) − 1]e−iωτdω . (3)

These mathematical manipulations may seem not very inspiring, but if we
look carefully at (2) we can observe that it is somewhat strange – it says that
the value of D at the moment t depends on the values of E at all instants of
time – we say that the connection between D and E is nonlocal in time. Well,
we can understand that polarizing of atoms and molecules takes some time
and therefore the effect of changing E will be felt by the values of D after
some time, but how can D at time t depend on values of E in later times –
what is represented in (2) by the part of the integral from −∞ to 0? Every
physicist would say: IT CANNOT DEPEND! It would violate “causality”.

This means that we must have G(τ) ≡ 0 for τ < 0. Consequently, this
means that there are some necessary conditions on the dependence of ε on ω.
If we invert the Fourier transform in (3) we get now

ε(ω) = 1 +
# ∞

0
G(τ)eiωτdτ . (4)

Already at the very birth of the theoretical optics physicists used some sim-
ple “models”, classical ones because quantum mechanics was not yet born,
to describe the interaction between light and matter and these models lead
to expressions for ε(ω) satisfying our requirement that G(τ) ≡ 0 for τ < 0.
However, truly speaking, the phenomenon of polarization of atoms and mole-
cules is a very complicated one and even now it is not easy to describe it in
all its details and it is not obvious how should one guarantee vanishing of the
predicted G(τ) for negative arguments.

Kramers and Kronig observed that the most general conditions one should
impose on ε(ω) to have “causality” satisfied, is just that it be of the form (4)
with some real G(τ). Again, this form would not be so very interesting if not
their daring concept of considering ε(ω) as a function of complex ω. Once
they did this, many interesting conclusions followed. The most fundamental
observation is that if G(τ) is finite for all τ , ε(ω) is an analytic function of ω
in the upper half plane.
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Although you will soon listen to a lecture on fundamentals of functions of a
complex variable I am afraid I have to state here very briefly what analyticity
is and what are its consequences for ε(ω). It sounds deceptively simple: f(z)
is analytic at z = z0 if it has a derivative at this point. However the “point” is
now a point of the plane, therefore the requirement leads to so called Cauchy-
Riemann equations, which are, actually, differential equations relating the real
and the imaginary parts of f(z) as functions of the real and imaginary parts
of z (in fact these equations were written already by d’Alembert and Euler!).
The amazing consequence is that if a function possesses a first derivative at
some point it possesses all derivatives there and also it has a Taylor expansion
with non-zero radius of convergence at this point! Moreover if f(z) is analytic
inside some domain D and C is a “smooth” closed curve encircling its interior
counterclockwise (simple closed rectifiable positively oriented curve) with ω
inside the curve, then there holds the Cauchy theorem

f(ω) =
1

2πi

#
C

f(t)
t − ω

dt. (5)

We can now take D as the upper half plane, ω infinitesimally above the real
axis and C as on the Figure 1 and write (5) for f(ω) = ε(ω) − 1. With the
condition that ε(ω) − 1 vanishes for large ω at least like 1/ω2, which can
be justified by some physical arguments, we can take R → ∞ and neglect
the integral over CR. With some more maneuvering we arrive at the famous
dispersion relations for the real and the imaginary parts of ε(ω).

Re ε(ω) = 1 +
1
π

P

# +∞

−∞

Im ε(t)
t − ω

dt

Im ε(ω) = − 1
π

P

# +∞

−∞

[Re ε(t) − 1]
t − ω

dt.

(6)

The name comes from the fact that the dependence of ε on ω leads to the
phenomenon called dispersion – the change of the shape of the light wave
penetrating a material medium. The real part of ε is directly related to this
phenomenon, while the imaginary part is connected with the absorption of
light. Therefore they can be both measured and, not unexpectedly, experi-
mental data confirm the validity of (6).

On the other hand the Titchmarsh theorem [8] says that if a function F (z)
satisfies relations of the type (6) then its Fourier transform vanishes on the
real negative semiaxis. Thus, not only the physical condition of “causality”
leads to definite analytical properties of some function implying a relation
between its real and imaginary parts on the real axis that can be confirmed by
physical experiments, but also the experimentally verifiable relation between
two physical quantities, when they are considered the real and imaginary parts
of an analytical function on the real axis, implies a property of the Fourier
transform of this function, the one having the meaning of “causality”!
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R-R

iR

ω

Reω

Imω

CR

C

Fig. 1. Contour for the integral (5) in the complex plane of ω

3 Scattering of particles and complex energy

In the middle of fifties of the last century the physics of subatomic consti-
tuents of matter, called “elementary particles”, amassed a vast amount of
experimental observations which were impossible to explain on the grounds
of the fundamental theory of the “microworld” – the Quantum Field Theory.
Not that they were in contradiction with the QFT – simply the equations of
the QFT could have been solved only in some approximation scheme, called
the perturbation theory, that seemed to fail completely except in the case of
electromagnetism, where it (called Quantum Electrodynamics) worked per-
fectly.

However the QFT had still another important deficiency – actually it had
no firm mathematical foundations. In fact it was a cookbook of recipes how to
deal with objects of a very obscure mathematical meaning to extract formulae
containing quantities related to laboratory observations. Therefore, although
the QFT came to existence as the logical extrapolation of ideas of the Quan-
tum Mechanics – so fantastically fruitful in explaining the atomic world – to
the realm of the relativistic phenomena where mass and energy are one and
the same physical quantity and where physical particles are freely created
and annihilated, it was slowly looked at with a growing suspicion. Its inability
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to deal with the growing mass of observational data concerning “elementary
particles” seemed to seal its fate.

In this desperate situation it was recalled that 25 years earlier Kramers and
Kronig were able to derive their “dispersion relations” using the apparatus
of the functions of a complex variable with only the fundamental physical
property as “causality”, as input.

The simplest process studied in elementary particle physics is the elastic
scattering of two spinless particles. The word “elastic” means that the same
two particles that enter the scattering process, emerge from it and no other
particle is created in the process.

The states of the particles are defined by their four-momenta – space-time
vectors with three components being the ordinary momentum, and the fourth
(or rather zeroth, in the notation I shall use) component being the energy
of the particle. The four-momenta of the particles before the scattering are
p1 and p2 and after the scattering they are p3 and p4. Squares of this four-
momenta are just masses of the particles squared – let me remind you that
the space-time has the special metric

p2
i = p2

i,0 − p2
i,1 − p2

i,2 − p2
i,3 = E2

i − p2
i = m2

i i = 1, ..., 4 .

The total four-momentum of the system

P = p1 + p2 = p3 + p4; pi = (Ei, pi) i = 1, ..., 4

is conserved and so is the total energy. In the special reference system, called
the center of mass system (c.m.s.), the total momentum is zero, and therefore
the c.m.s. energy squared is equal to s = P 2. Another four-vector important
in the description of the process is the momentum transfer q, together with
its square t

q = p1 − p3 = −p2 + p4; t = q2 .

In the scattering of two particles of identical masses m the momentum transfer
is simply related to the scattering angle θ and the energy via

t = −1
2
(1 − cos θ)(s − 4m2)

and is negative, while the (relativistic) energy is larger than 4m2.
The quantity relevant in this context is the scattering amplitude A(s, t).

The squared modulus of the scattering amplitude is, apart of some “kine-
matical” factors, the “cross-section” for the scattering – loosely speaking a
probability of the registration of the scattered particle along a direction defi-
ned by the given momentum transfer when the scattering takes place at the
given energy.

Using the very general formulae for this scattering amplitude following
from QFT and applying as precise mathematical apparatus as was possible in
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this context at that time, it appeared possible to show again that relativistic
causality (i.e. impossibility of any relation between events separated in such a
way that they could not be connected by signals traveling with a speed inferior
or equal to the velocity of light) implies some special analyticity properties
of the scattering amplitude in the complex plane of energy (see e.g. [2] and
references therein).

In fact, the fascinating connection between the physical requirement –
causality – and the abstract mathematical property – analyticity – has been
rigorously (almost) shown only for the “forward” scattering amplitude, i.e. at
t = 0. These analytical properties allowed then one, using the theorems from
complex variable functions theory, to write the dispersion relations for the
scattering amplitude of the type

A(s, 0) =
1
π

# ∞

4m2

Im A(s�, 0)ds�

s� − s − iε
+

1
π

# 0

−∞

Im A(s�, 0)ds�

s� − s − iε
. (7)

Here −iε means that the integration runs just above the real axis. This in-
tegral representation of A(s, 0) as a function of complex s means that this
function has the very nasty singularities (i.e. the points where it is not analy-
tic) at s = 4m2 and s = 0 (and possibly s = ∞) called the branchpoints. They
are nasty, because they make the function multivalued – if we walk along a
closed curve encircling such a point, then at the point from which we started
we find a different value of the function. I cannot dwell on this horror (or,
to me, the fascinating property of the complex plane) here but can only say
that the multivalued function can be made univalued by removing, from the
complex plane, lines joining the branchpoints – such lines are called the cuts.
Looking at (7) you see that A(s, 0) is not defined on (−∞, 0) and (4m2, ∞)
– these are the cuts. On the other hand the function has well defined limits
when s approaches these semiaxes from imaginary directions. The limit from
above for s ∈ (4m2, ∞) is just the physical scattering amplitude – because
these values of s correspond to physical scattering process. On the other hand
the limit from below for s ∈ (−∞, 0) corresponds to the scattering ampli-
tude for another process related to the one we consider, through the “crossing
symmetry” – a property of the scattering amplitude suggested by the QFT.
Combining this property with “unitarity” – loosely speaking the requirement
that the probability that anything can happen (in the context of the scatte-
ring, of course) is one, leads to conclusions that again could have been verified
experimentally. This was a great triumph, because earlier no quantitative pre-
dictions concerning phenomena connected with new types of interactions (new
with respect to electromagnetism) could have been given.

The great success of the simplest dispersion relations prompted many
theoreticians to study the analytical structure of the scattering amplitude
as suggested by the perturbation theory – though the later produced diver-
gent expansions. This analytical structure appeared to be very rich with many
branchpoints on the real axis (where the amplitude had a “physical meaning”)
with locations depending on masses of the scattered particles, and poles at
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energies of the bound states (if any) of these particles. Moreover, as mentioned
above, the “crossing symmetry” implied direct connections between values of
the scattering amplitude on some edges of different cuts. Causality implied
that the scattering amplitude is analytic on the whole plane of complex energy
properly cut along the real axis, but it was soon realized that there have to
exist poles on the “unphysical sheets” – one of the fantastic properties of the
analytic functions is that they can undergo the analytic continuation. You will
learn more about it during the lectures to come, but here I shall describe it
as a feature which makes the function defined on its whole domain, once it is
defined on the smallest piece of it. The “domain” can mean also other “copies”
(called Riemannian sheets ) of the complex plane – if there are branchpoints
– reached when one continues function analytically across the cuts. In elemen-
tary particle physics, the sheet on which energy has the “physical meaning”,
is called the “physical sheet”. The ones reached through analytic continuation
of the amplitude across the cuts, are called the “unphysical sheets”. I want to
make clear this fundamental fact: the assumption of analyticity of the scat-
tering amplitude as a function of complex energy means that its values on
sections of the real axis, where the values of energy correspond to the physi-
cal scattering process, define the scattering amplitude on all its Riemannian
sheets. In particular for many types of scattering processes the amplitude had
to have poles on the first “unphysical sheet”. These poles were the manifesta-
tions of “resonances” – experimentally seen enhancements of the cross-section,
related in solvable “models” of scattering (e.g. nonrelativistic scattering de-
scribed by the Schrödinger equation) to short-living quasibound states of the
scattered particles and therefore also in relativistic description attributed to
an existence of short living non-stable particles.

Also using suggestions from the expansions of the scattering amplitude
obtained in the perturbation theory, the so called double dispersion relations
– written both in the complex s and t planes – were postulated and some
verifiable – and verified! – conclusions followed from them.

Another astonishing concept was put forward by T. Regge [5]. He consi-
dered the, so called, partial waves expansion of the nonrelativistic scattering
amplitude A(q2, t)

A(q2, t) = f(q2, cos(θ)) =
∞:

l=0

(2l + 1)Al(q2)Pl(cos(θ))

where Pl(z) are the Legendre polynomials. Al(q2) are called the partial wave
amplitudes and describe the scattering at the given angular (orbital) momen-
tum. The sum runs over integers only, because in quantum physics the angular
momentum is “quantized”, i.e. it can take on values only from the discreet
countable set. Regge had, however, an idea to consider the angular momentum
in the complex plane!

He studied the nonrelativistic scattering for a “reasonable” class of po-
tentials (a superposition of Yukawa potentials) and was able to show that
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Al(q2) is meromorphic in l in the half plane Re l > −1/2 where it vanishes
exponentially as |l| → ∞. Using this and writing the above expansion as the
integral

f(q2, cos(θ)) =
i
2

#
C

dl(2l + 1)A(l, q2)
Pl(− cos(θ))

sin(πl)

where the contour C encircled the positive semiaxis clockwise (so it was, in
fact, the sum of small circles around all positive integers), he could deform
the contour C by moving its ends at ∞ ± iε to − 1

2 ± i∞. As the result he got

f(q2, cos(θ)) =
i
2

# − 1
2+i∞

− 1
2 −i∞

dl(2l + 1)A(l, q2)
Pl(− cos(θ))

sin(πl)

− π

N:
n=1

(2αn(q2) + 1)βn(q2)
sin(παn(q2))

Pαn(q2)(− cos(θ))

where the sum runs over all poles (called since then the Regge poles) of A(l, q2)
in the half plane of the complex l, Re l > − 1

2 .
The most exciting part came from the fact that for q2 < 0, we call it below

threshold, all these poles lie on the real axis and correspond precisely to bound
states of the potential at energies (−q2) at which αn(q2) equals to an integer
being the angular momentum of the given bound state! When q2 grows above
the threshold (becomes positive) αn(q2) move to the complex plane and when
at some qr the real part of it crosses an integer, the scattering amplitude has
a form

a

(q2 − q2
r)b + i Im αn(q2

r)

characteristic of a resonance. This way bound states and resonances were
grouped into Regge trajectories originating from the same αn(q2).

It was then immediately conjectured that the relativistic scattering ampli-
tude shows the same (or analogous) behaviour in the complex angular momen-
tum plane. Though many actual resonances were grouped into Regge trajec-
tories, other conclusions were not verified experimentally, what was attributed
to a hypothetical existence of branchpoints of the scattering amplitude in the
complex angular momentum plane. When such branchpoints were included
the theory lost its beautiful simplicity and its predictive power was consi-
derably limited. Because of that, its attractivity paled and though it is still
considered that actually bound states and resonances form families lying on
Regge trajectories, no more much importance is attributed to this fact.

This amazing fact that elements of the analytical structure of the scatte-
ring amplitude, as a function of the complex energy and momentum transfer,
have direct physical meaning, induced some physicist to think that just the
proper analytical properties of the scattering amplitude compatible with the
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fundamental physical conditions (like the “crossing symmetry” or the “unita-
rity”) could form the correct set of assumptions to build a complete theory of
the phenomena concerning elementary particles. This point of view fell later
out of fashion in the view of the spectacular success of the developments of
the QFT which take now the shape of the Nonabelian Gauge Field Theory.
Nevertheless the lesson that functions describing the physical observations in
terms of the physically measurable parameters must be studied for complex
values of these parameters because the analytic properties of such functions
have direct relation to true physical phenomena underlying the observations,
is now deeply rooted in the thinking of physicists.
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1 Analyticity and differentiability

1.1 Differentiability

The functions occurring commonly in classical analysis, such as xn, ex, Log(x),
sin(x), cos(x), . . . , are not only defined on intervals in R, but they can also
be defined when the variable x (which we shall now denote by z) lies in some
subdomain of C. These domains are the subsets of U of C that we call open
sets, and are characterised by the property

z0 ∈ U ⇒ there exists r > 0 such that D(z0, r) ⊂ U

where D(z0, r) = {z ∈ C , |z −z0| < r} is the disc with centre z0 and radius r.
Let U be an open subset of C and let f : U → C be a function. We say

that f is differentiable on U if for z0 ∈ U , the expression

f(z) − f(z0)
z − z0

tends to a finite limit when z tends to z0 in U . We denote this limit by f �(z0)
or ∂f(z0). We say also that f is holomorphic on U (this terminology comes
from the fact that f(z) < a + b(z − z0) for z in a neighbourhood of z0, and so
f is locally a similarity).

Formally, the definition of differentiability in C is the same as in R, and
its immediate consequences, such as the differentiability of a sum, a product
and a composition of functions, will therefore continue to hold. However, the
notion of differentiability in C is more restrictive than in R since the expression
f(z) − f(z0)

z − z0
has to tend to the same limit no matter how z tends to z0 in the

complex plane. In particular if we write z = x+iy, the function f , considered
as a function of two real variables, x and y, will have partial derivatives

J.-D. Fournier et al. (Eds.): Harm. Analysis and Ratio. Approx., LNCIS 327, pp. 15–37, 2006.
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16 Bernard Candelpergher

with respect to x and y, satisfying certain equations known as the “Cauchy-
Riemann equations”.

Indeed, let us consider the functions

Φ : (x, y) → Re f(x + iy)
Ψ : (x, y) → Im f(x + iy).

It is easy to check that the differentiability of f with respect to z implies
that the functions Φ and Ψ are differentiable with respect to x and y, and
that

f �(x + iy) = ∂xΦ(x, y) + i∂xΨ(x, y)

=
1
i
(∂yΦ(x, y) + i∂yΨ(x, y))

and hence the partial derivatives satisfy the Cauchy-Riemann equations:

∂xΦ = ∂yΨ,

∂yΦ = −∂xΨ.

The properties of holomorphic functions on an open subset U of C are there-
fore much more striking than those of functions of a real variable. In particular
a function that is holomorphic on U \ {a} and with a finite limit at a is holo-
morphic on U (this is the Riemann theorem).

1.2 Integrals

Let f be an holomorphic function on an open subset U of C and γ a path in
U (so γ is a piecewise continuously differentiable function on an interval [a, b]
with values in U ; if γ(a) = γ(b), we say that γ is a closed path). We write#

γ

f(z)dz =
# b

a

f(γ(t))γ�(t)dt.

A natural question is to see how this integral depends on the path γ, and in
particular, what happens if we deform the path γ continuously, while remai-
ning in U . It is the concept of homotopy that allows us to make this precise,
saying that two paths γ0 and γ1 with the same endpoints (or two closed pa-
ths), are homotopic in U if there exists a family γs of intermediate paths (resp.
of closed paths) between γ0 and γ1, having the same endpoints as γ0 and γ1,
which depend continuously on the parameter s ∈ [0, 1].

The homotopy theorem

If f is holomorphic in U , and if γ1 and γ2 are two paths with the same
endpoints, or else two closed paths, which are homotopic in U , then
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γ1

f(z)dz =
#

γ2

f(z)dz.

Since the integral along a closed path consisting of a single point z0 (i.e.,
the closed path t → z0 for all t) is zero, it follows from the homotopy theorem
that if f is holomorphic in U and if we can continuously contract a closed
path γ down to a point z0 in U while remaining all the time in U , then we
have #

γ

f(z)dz = 0.

Connected open sets U (i.e., ones consisting of a single piece) for which
every closed path in U is homotopic in U to a single point in U are called
simply connected.

We deduce from the above that if f is holomorphic on a simply connected
open set U and z0 is a point of U, then for every closed path γ in U we have#

γ

f(z) − f(z0)
z − z0

dz = 0.

Since we have #
C(z0,r)

1
z − z0

dz = 2iπ,

with C(z0, r)(t) = z0 + r exp(it), t ∈ [0, 2π], the circle of center 0 and radius r,
then if f is holomorphic on a simply connected open set U and C(z0, r) ⊂ U,
we have Cauchy’s formula

f(z0) =
1

2iπ

#
C(z0,r)

f(z)
z − z0

dz.

1.3 Power series expansions

Cauchy’s formula enables us to show that a function f that is holomorphic
on an open subset U of C is in fact infinitely differentiable, we have

∂nf(z0) =
n!
2iπ

#
C(z0,r)

f(z)
(z − z0)n+1 dz.

Writing the Cauchy formula at z

f(z) =
1

2iπ

#
C(z0,r)

f(u)
(u − z0) − (z − z0)

du =
1

2iπ

#
C(z0,r)

f(u)
u − z0

1

1 − (z−z0)
(u−z0)

du

and expanding
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1

1 − (z−z0)
(u−z0)

=
:
n≥0

(z − z0)n

(u − z0)n

we see that f can be expanded in a Taylor series about every point of U .
Precisely for each z0 ∈ U and for all R > 0 such that D(z0, R) ⊂ U, we have

f(z) =
+∞:
n=0

∂nf(z0)
n!

(z − z0)n

for every z ∈ D(z0, R). We say that f is analytic on U .
We see therefore that if f is holomorphic on an open subset U of C, then

the radius of convergence of the Taylor series of f about z0 is greater than
or equal to every R > 0 for which D(z0, R) ⊂ U . In other words, the disc of
convergence of the Taylor series of f about z0 is only controlled by the regions
where f fails to be holomorphic.

1.4 Some properties of analytic functions

The principle of isolated zeroes

This principle may be expressed as the fact that the points where an analytic
function f on U takes the value zero, i.e., the zeroes of f , cannot accumulate
at a point in U (unless f is identically zero). In other words, no compact
subset of U can contain more than finitely many zeroes of f .

Uniqueness of analytic functions

Cauchy’s formula shows that a function analytic in the neighbourhood of a
disc is fully determined on the interior of the disc if one knows its values on
the circle bounding the disc. We see a further uniqueness property in the fact
that if f is an analytic function on a connected open set U , then the values
of f on a complex line segment [z0, z1] of U , joining two different points z0, z1
of U , determine f uniquely on the whole of U .

To put it another way, if two analytic functions f and g on a connected
open set U are equal on a segment [z0, z1] of U , then they are equal on the
whole of U .

The maximum principle

If f is a non-constant analytic function on U , then the function |f | cannot
have a local maximum in U , in particular if U is bounded, the maximum of
|f | is attained on the boundary of U .
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Sequences, series and integrals of analytic functions

If (fn) is a sequence of analytic functions in U , converging uniformly on every
disc in U , then the limit function f is also analytic and we have f �(z) =
limn→+∞ f �

n(z), for every z ∈ U .
Let (fn) be a series of analytic functions on U , and suppose that

;
n≥0 fn

converge uniformly on every disc in U . Then f =
;

n≥0 fn is analytic on U
and we also have f �(z) =

;
n≥0 f �

n(z), for every z ∈ U .
Let z → f(t, z) be an analytic function on U depending on a real parameter

t ∈ ]a, b[, if there exist a function g such that# b

a

g(t)dt < +∞

and

|f(t, z)| ≤ g(t)

for all z ∈ U , then the function

z →
# b

a

f(t, z)dt

is analytic on U .

2 Analytic continuation and singularities

2.1 The problem of analytic continuation

Let f be an analytic function on an open set U , and let V be an open set
containing U . We seek a function g, analytic on V , such that g = f on U .

We say that such a g is an analytic continuation of f to V .
If V is a connected open set containing U , then the analytic continuation

g of f to V , if it exists, is unique.
On the other hand, the existence of an analytic continuation g of f to V

is not guaranteed.

2.2 Isolated singularities

The obstructions to analytic continuation are the points or sets of points that
we call singularities.

More precisely, if U is a non-empty open set, and a is a point on the
boundary of U , then we say that a is a singularity of f if there is no analytic
continuation of f to U ∪ D(a, r) for any disc D(a, r) with r > 0.
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The most simple singularities are the isolated singularities: a singularity a
of f is an isolated singularity, if f is analytic in a punctured disc D(a, R)\{a}
for some R > 0, but there is no analytic continuation of f to D(a, r).

We can distinguish two types of isolated singularity, depending on the
behaviour of f(z) as z → a. If |f(z)| → +∞ as z → a we say that a is a pole
of f , otherwise we say that a is an essential singularity of f , this is the case
for example if we take exp(1/z) at 0.

2.3 Laurent expansion

If the point a is a pole of f , then there is a disc D(a, R) with R > 0, such
that

f(z) =
c−m

(z − a)m
+ . . . +

c−1

(z − a)
+

+∞:
n=0

cn(z − a)n for every z ∈ D(a, r) \ {a}.

This is called the Laurent expansion of f about a, and the singular part

c−m

(z − a)m
+ . . . +

c−1

(z − a)

is called the principal part of f at a.
If a is an essential singularity of f , then the expansion above becomes;+∞

n=−∞ cn(z − a)n with an infinite number of non-zero cn such that n < 0.

2.4 Residue theorem

Let U be an open set, a ∈ U and f an analytic function in U \ {a}. The
coefficient c−1 of the Laurent expansion of f about a is called the residue of
f at a, denoted Res(f, a). This number is all that is needed to calculate the
integral of f around a small closed path winding round a.

More precisely, for every closed path γ homotopic in U \ {a} to a circle
centred at a we have #

γ

f(z)dz = 2iπ Res(f, a).

We deduce that if U is a simply-connected open set, if a1, a2, . . . , an are
points in U and f is an analytic function in U \{a1, a2, . . . , an}, then we have#

γ

f(z)dz = 2iπ
n:

i=1

Res(f, ai),

where γ is a closed path in U \{a1, a2, . . . , an} such that for every i the curve
γ is homotopic in U \ {ai} to a circle centre ai.
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2.5 The logarithm

There exist examples of singularities that are not isolated but are branch
points; we see an example when we try to define the function log on C.

We can define the function log by

log(z) =
# z

1

1
u

du

where we integrate along the complex line segment joining 1 to z.
Since the line segment must avoid 0, we see that this function is defined

and analytic on C \ ]−∞, 0]; we call it the principal value of the complex
logarithm.

We write arg for the continuous function on C \ ]−∞, 0] with values in
]−π, +π], such that z = |z|ei arg(z) for each z ∈ C \ ]−∞, 0], and we call this
function the principal value of the argument.

One can check that

log(z) = ln |z| + i arg(z) for every z ∈ C \ ]−∞, 0].

It follows that elog(z) = z and that log has a discontinuity of 2iπ on the
half-line ]−∞, 0[, that is,

lim
ε→0+

log(x + iε) − log(x − iε) = 2iπ for every x ∈ ]−∞, 0[.

Thus the point 0 is a singularity of log, but not an isolated singularity since
log cannot be continued analytically to a disc centred at 0. The point 0 is a
singularity of log called a branch point.

Let U be a connected open set; then we call any analytic function log on
U satisfying elog(z) = z for all z ∈ U a branch of the logarithm in U .

We call a continuous function θ on a connected open set U a branch of the
argument if for each z ∈ U we have z = |z|eiθ(z).

Every branch of the logarithm in U can be written

log(z) = ln(|z|) + iθ(z),

where θ is a branch of the argument in U . Conversely, each branch of the
argument allows us to define a branch of the logarithm, by the above formula.
For example we define a branch of the logarithm on C \ [0, +∞[ by

Log(z) = ln |z| + i Arg(z) for every z ∈ C \ [0, +∞[

where Arg is the continuous function on C \ [0, +∞[ with values in ]0, +2π[,
such that z = |z|ei Arg(z) for each z ∈ C \ [0, +∞[.
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3 Continuation of a power series

Let f(z) =
;

n≥0 anzn be a power series; this will have a natural domain of
convergence that is a disc D(0, R) in the complex plane, where the radius of
convergence R is given by

R = sup{r ≥ 0, there exists C > 0 such that |an| ≤ C

rn
for all n}.

When R = +∞, we can calculate the value of f(z) at every point z ∈ C
as the limit of the partial sums

f(z) = lim
N→+∞

N:
n≥0

anzn.

If the radius of convergence of
;

n≥0 anzn is a finite number R > 0 (we
shall look at the case R = 0 later), then the above formula allows us to
calculate f(z) for z in the disc D(0, R), and the function f defined by the
sum of the power series in D(0, R) is analytic in this disc. There will exist at
least one singularity z0 of f on the boundary of the disc (there can be more
than one, indeed even an infinite number, the whole circle C(0, R) may consist
of singularities).

We will say that f can be continued analytically along a half-line d starting
at 0 if there exists an open set U containing d and a function g, analytic on
U , such that

g(z) = f(z) for all z ∈ U ∩ D(0, R).

We shall suppose that f can be continued analytically along all but finitely
many half-lines.

There is then an open set Star(f), the star domain of holomorphy of f . To
give a formula allowing us to calculate f in this open set, we shall begin by
giving, an expression for f in the interior of the disc of convergence, in terms
of a Laplace integral.

An integral formula

To begin, we improve the convergence of the series
;

n≥0 anzn by multiplying
the an by 1/n!; thus we consider the series

B(f)(ξ) =
:
n≥0

an

n!
ξn.

Since |an| is bounded by C/rn with 0 < r < R, it is easy to see that this series
has an infinite radius of convergence and defines an analytic function B(f) on
the whole of C.
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To recover f from B(f) we shall use the fact that# +∞

0
e−t an

n!
(zt)ndt = anzn.

However, for each z in D(0, R) there exists r such that 0 < |z| < r < R, so
that # +∞

0
e−t

:
n≥0

|anzn|
n!

tndt ≤
# +∞

0
e−tCet|z|/rdt < +∞.

Thus we can write# +∞

0

:
n≥0

e−t anzn

n!
tndt =

:
n≥0

# +∞

0
e−t anzn

n!
tndt,

giving, for each z in D(0, R), the expression# +∞

0
e−t

:
n≥0

an

n!
(zt)ndt =

:
n≥0

anzn.

Thus in the disc D(0, R) we can write

f(z) =
# +∞

0
e−tB(f)(zt)dt.

This formula will allow us to continue f analytically beyond D(0, R).

Remark. For z in [0, R[, we can write

f(z) =
1
z

# +∞

0
e−ξ/zB(f)(ξ)dξ.

If we define the Laplace transform of a function h by

L(h)(z) =
# +∞

0
e−zξh(ξ)dξ,

we then have, for every z in [0, R[, the expression

f(z) =
1
z
L(B(f))(

1
z
).

Note that the function g : z → 1
z

$ +∞

0 e−ξ/zB(f)(ξ)dξ is analytic in every
domain on which the function

ξ → e−ξ Re(1/z)|B(f)(ξ)|
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is majorized by an integrable function on ]0, +∞[, independently of z. Now
we know that |an| is majorized by Const. /(R − ε)n, and so we have

|B(f)(ξ)| ≤ Ceξ/(R−ε) for all ε > 0;

the function g is therefore analytic in the open set {z | Re(1/z) > 1/R}, i.e.,
the disc D(R/2, R/2).
Remark. If the function B(f) is such that we have a better bound,

|B(f)(ξ)| ≤ CeBξ

with B < 1/R, we then obtain an analytic continuation of f in the open set
Re(1/z) > B, i.e., the disc D(1/2B, 1/2B).

Continuation outside the disc

We note first that if the integral
$ +∞
0 e−tB(f)(zt)dt converges for z = z0,

then it converges for all z in the segment [0, z0]; indeed it is enough to write,
for z in the segment [0, z0],# +∞

0
e−tB(f)(zt)dt =

# +∞

0
e−tB(f)(z0

z

z0
t)dt

= (
z0

z
)
# +∞

0
e−(z0/z)uB(f)(z0u)du,

and since this last integral converges for z0/z = 1, it does so for z0/z > 1,
i.e., for in the segment [0, z0] and even for those z with Re(z0/z) > 1, by the
following lemma:

Lemma 1 (Classical lemma). If a is a locally integrable function on [0, +∞[
such that

$ +∞
0 e−ta(t)dt converges, then

$ +∞
0 e−sta(t)dt converges for every

s such that Re(s) > 1, and the integral defines an analytic function of s in
this half-plane.

Let us consider the function

z → z0

z

# +∞

0
e−(z0/z)uB(f)(z0u)du;

this function is analytic in the open set consisting of all z such that

Re(
z0

z
) > 1,

that is, the disc D(z0/2, |z0|/2).
To sum up, if the integral

$ +∞
0 e−tB(f)(zt)dt converges for z = z0, then

it converges for all z in the open set D(z0/2, |z0|/2), and defines an analytic
function in this open set. This function equals f on the line segment [0, z0] ∩
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D(0, R); by the uniqueness theorem it therefore equals f on D(z0/2, |z0|/2) ∩
D(0, R), and so we obtain an analytic continuation of f .

Consider the open set

E(f) = {z0 ∈ Star(f), there exists ε > 0 such that D(
z0

2
,
|z0|
2

+ ε) ⊂ Star(f)};

we shall show that the function z → $ +∞
0 e−tB(f)(zt)dt is defined and analytic

in this open set, and therefore provides an analytic continuation of f into E(f).
This is a consequence of the preceding discussion together with the following
lemma:

Lemma 2. For every z ∈ E(f) the integral
$ +∞
0 e−tB(f)(zt)dt converges and

its value is f(z).

Proof of the Lemma. Take z in E(f); we deform the contour C(z/2, |z|/2)
to a slightly bigger contour C � surrounding 0 such that if ξ ∈ C � then we have
Re(z/ξ) < 1.

By Cauchy’s formula we have

f(z) =
1

2iπ

#
C�

f(ξ)
ξ − z

dξ,

and now we see that if Re(z/ξ) < 1 then

1
1 − z

ξ

=
# +∞

0
e−tetz/ξdt.

Substituting this into Cauchy’s formula we have

f(z) =
1

2iπ

#
C�

f(ξ)
ξ

# +∞

0
e−tetz/ξdt

=
# +∞

0
e−t(

1
2iπ

#
C�

f(ξ)
ξ

ezt/ξdξ)dt.

Deforming C � into a small circle C(0, r) contained in D(0, R), we have

1
2iπ

#
C�

f(ξ)
ξ

:
n≥0

1
n!

(
z

ξ
t)ndξ

=
:
n≥0

1
n!

(zt)n 1
2iπ

#
C(0,r)

f(ξ)
ξn+1 dξ

=
:
n≥0

an

n!
(zt)n

= B(f)(zt).

We deduce that the integral
$ +∞
0 e−tB(f)(zt)dt converges to the value f(z).
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Continuation in the star domain

To have an analytic continuation of f in the star domain of holomorphy of f ,
we improve the convergence of the series

;
n≥0 anzn in a more delicate way.

In fact it is enough to multiply the an by a term which behaves like (1/n!)α

with 0 < α ≤ 1, we take the term 1/Γ(1 + nα) where

Γ(1 + nα) =
# +∞

0
e−ttαndt .

So we consider the series

Bα(f)(ξ) =
:
n≥0

an

Γ(1 + nα)
ξn.

This series has infinite radius of convergence, and defines an analytic fun-
ction Bα(f) on the whole complex plane C.

To recover f from Bα(f) we use the fact that# +∞

0
e−t anzn

Γ(1 + nα)
tαndt = anzn,

and obtain, for every z in the disc D(0, R),

f(z) =
# +∞

0
e−tBα(f)(ztα)dt.

This formula will allow us to continue f analytically outside D(0, R).
We notice as above that if the integral

$ +∞
0 e−tBα(f)(ztα)dt converges

for z = z0, then it converges for all z in the line segment [0, z0]; indeed it is
enough to write# +∞

0
e−tBα(f)(ztα)dt =

# +∞

0
e−tBα(f)(z0

z

z0
tα)dt

= (
z0

z
)1/α

# +∞

0
e−(z0/z)1/αuBα(f)(z0u

α)du,

and since this last integral converges for (z0/z)1/α = 1, it does so also for
(z0/z)1/α > 1 and even for Re(z0/z)1/α > 1.

The function

z → (
z0

z
)1/α

# +∞

0
e−( z0

z )1/αuBα(f)(z0u
α)du

is analytic in the connected open set Dα(z0) containing ]0, z0] consisting of
those z such that

Re(
z0

z
)1/α > 1.
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This is a rather thin convex open set, whose boundary Cα(z0) has the following
equation in polar coordinates:

K = K0(cos
θ − θ0

α
)α

−π

2
α < θ − θ0 <

π

2
α.

The smaller α is, the thinner Dα(z0) is.
Summary. If the integral

$ +∞
0 e−tBα(f)(ztα)dt converges for z = z0, then it

converges for all z in the open set Dα(z0), and defines an analytic function in
this open set, which is a continuation of f .

Consider the open set

Eα(f) = {z ∈ Star(f) and Dα(z) ∪ Cα(z0) ⊂ Star(f)}.

One can show that for every z ∈ Eα(f) the integral
$ +∞
0 e−tBα(f)(ztα)dt

converges.
We see therefore that on Eα(f) the function

z →
# +∞

0
e−tBα(f)(ztα)dt

is an analytic continuation of f.
Since

Star(f) =
<

0<α≤1

Eα(f),

we therefore have a means of calculating the continuation of f for every z in
Star(f).

4 Gevrey series

4.1 Definitions

If the radius of convergence of
;

n≥0 anzn is zero, then the power series
F =

;
n≥0 anzn cannot define an analytic function f by the formula

f(z) = lim
N→+∞

N:
n≥0

anzn,

since this limit does not exist for any z 3= 0.
We shall therefore weaken the concept of convergence, looking for an ana-

lytic function f on an open set U , with 0 in U or on the boundary of U , such



28 Bernard Candelpergher

that the series
;

n≥0 anzn is an asymptotic expansion of f in the following
sense:

|f(z) −
N−1:
n≥0

anzn| ≤ CN |z|N for all z ∈ U,

with the above holding for every N ≥ 0, and with CN independent of z,
although the CN are allowed to tend to infinity.

We cannot hope that such an asymptotic condition could hold on an open
disc U = D(0, R) with R > 0, as that would imply that

an =
∂nf(0)

n!
,

and since f is supposed to be analytic on U = D(0, R), the series
;

n≥0 anzn

would converge in D(0, R) and hence would have a non-zero radius of conver-
gence.

We shall therefore require that the above condition holds in a small sector
S based at 0 of angle θ1 − θ0 less than 2π, i.e.,

S = {z = reiθ | 0 < r < R, θ0 < θ < θ1}.

In this case, one can show (this is the Borel–Ritt theorem) that for every
power series

;
n≥0 anzn there exists an analytic function f on S, such that

the series
;

n≥0 anzn is the asymptotic expansion of f about 0 in S, but the
function f is not unique (for example, if the sector is contained in C\ ]−∞, 0],
it is possible to add to f the function z → e−1/

√
z).

To obtain uniqueness results, we shall strengthen slightly the asymptotic
condition, as it leaves too much freedom in the terms CN |z|N since CN can
grow arbitrarily as N → +∞.

To make this precise, we introduce the condition of Gevrey asymptoticity
in a small sector S which consists of requiring of CN a growth rate of at most
BNN !, and one then requires that

|f(z) −
N−1:
n≥0

anzn| ≤ CBNN ! |z|N for all z ∈ S,

the above holding for all N ≥ 0, with constants C > 0 and B > 0 independent
of z ∈ S.

This condition implies that

f(z) − ;N−1
n≥0 anzn

zN
− aN → 0 when z → 0 in S,

and so it cannot be satisfied unless the coefficients an also satisfy an inequality
like
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|an| ≤ CBnn! .

We say in this case that the series
;

n≥0 anzn is Gevrey (or Gevrey of order 1).
We shall write this condition of Gevrey asymptoticity in S in the form

f(z) �
:
n≥0

anzn in S.

4.2 Exponential smallness and uniqueness

In the condition of Gevrey asymptoticity

|f(z) −
N−1:
n≥0

anzn| ≤ CBNN ! |z|N

the function R : N → CBNN ! |z|N is first decreasing and then increasing,
and so it has a minimum at N0 � (B|z|)−1, and takes a minimal value

R(N0) � A|z|−1/2e− 1
B|z|

with A > 0.
We therefore have an exponentially small remainder (when z → 0 in S) if

we take the sum as far as N0 (this justifies the method of summation up to
the smallest term, or the “astronomers’ method”).

Note that this implies that if we have

f(z) �
:
n≥0

0zn in S,

then the function f is exponentially decreasing in S, i.e.,

|f(z)| ≤ Ce−D/|z| in S.

Conversely, one can show that this inequality implies that f(z) �
;

n≥0 0zn

in S.

Conclusion. Given a formal series F =
;

n≥0 anzn that is Gevrey, we do not
have uniqueness of the function f such that

f(z) �
:
n≥0

anzn in S :

it is enough to add to f an analytic function decreasing exponentially in S.
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4.3 Gevrey summability

Given a divergent series of Gevrey type
;

n≥0 anzn a small sector S, does
there exist an unique analytic function f such that

f(z) �
:
n≥0

anzn in S ?

If one wants to guarantee the uniqueness of f it is enough to require that the
condition of Gevrey asymptoticity holds on a small sector S of angle > π.
Indeed, in this case one can show that the only analytic function of exponential
decrease in S is the zero function.

What about the existence of f? The condition: |an| ≤ CBnn! for all n,
guarantees the convergence of the power series

B(F )(ξ) =
:
n≥0

an

n!
ξn

for all ξ in the disc D(0, 1/B), and defines an analytic function in this disc.
For 0 < K < 1/B, we can define an analytic function

fB(z) =
1
z

# �

0
e−(ξ/z)B(F )(ξ)dξ

for z in C \ {0}. We can show that we have

fB(z) �
:
n≥0

anzn

in every small sector S� = {z = reiθ with − π
2 + ε < θ < π

2 − ε} of angle
< π. The disadvantage of this construction is the arbitrary choice of K, since
all we can say is that fB − fB� is an analytic function decreasing exponentially
in S. If one wants to guarantee existence and uniqueness of f we will need to
impose stronger hypotheses on the function B(F ).

5 Borel summability

Let F =
;

n≥0 anzn be a power series satisfying the Gevrey condition:
|an| ≤ CBnn! for all n. The function

B(F )(ξ) =
:
n≥0

an

n!
ξn

is defined and analytic in the disc D(0, 1/B). If we want to avoid the arbitrary
choice of K as above, we try to define the function
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f(z) =
1
z

# +∞

0
e−(ξ/z)B(F )(ξ)dξ.

To guarantee the existence of the integral we shall suppose that the function
B(F ) is continued analytically in a sector S = {z = reiθ with − ε < θ < +ε},
to give a function of at most exponential growth at infinity in this sector, i.e.,

|B(F )(ξ)| ≤ AeB|ξ| .

In this case we say that the series
;

n≥0 anzn is Borel-summable in the di-
rection θ = 0. The function f thereby defined is analytic in the domain
{z | Re(1/z) > B}, which is just the disc

D = D(
1

2B
,

1
2B

) = {z = reiθ | r <
1
B

cos(θ)},

(or if B = 0 it is the half-plane Re(z) > 0). Let ϕ ∈ ]−ε, ε[; then, setting

fϕ(z) =
1
z

# +∞eiϕ

0
e−(ξ/z)B(F )(ξ)dξ,

we obtain a function fϕ defined and analytic in the disc

Dϕ = {z = reiψ | r <
1
B

cos(ψ − ϕ)},

which is just the disc D(1/2B, 1/2B) rotated by the angle ϕ.
For z ∈ D ∩ Dϕ we see, using the analyticity of ξ → e−(ξ/z)B(f)(ξ) and

its decay at infinity, that

fϕ(z) − f(z) =
1
z

(# +∞eiϕ

0
e−(ξ/z)B(F )(ξ)dξ −

# +∞

0
e−(ξ/z)B(F )(ξ)dξ

/

=
1
z

lim
R→+∞

#
γR

e−(ξ/z)B(F )(ξ)dξ = 0

(the path γR consisting of the arc Re−it, t ∈ [0, ϕ]).
Letting ϕ vary in ]−ε, ε[, we obtain an analytic continuation of f in an

open set containing a small sector S of angle strictly greater than π.
Moreover, one can show that

|f(z) −
N−1:
n≥0

anzn| ≤ CBNN ! |z|N for all z ∈ S.

The function f defined this way in S is then the only analytic function in S
such that

f(z) �
:
n≥0

anzn in S.
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We call this the Borel sum of the formal series F =
;

n≥0 anzn, and we write
it f = s(F ).

In the same way we can define the notion of Borel-summability in the
direction θ 3= 0, and we write

fθ(z) =
1
z

# +∞eiθ

0
e−(ξ/z)B(F )(ξ)dξ.

The function fθ defined this way in eiθS is the the only analytic function in
eiθS such that

fθ(z) �
:
n≥0

anzn in eiθS,

and we call it the Borel sum in the direction θ of the formal series F =;
n≥0 anzn, we note it sθ(F ).

Remark. If the series F =
;

n≥0 anzn has radius of convergence R > 0,
then it is Borel-summable in every direction θ and the Borel sums sθ(F ) give
the analytic continuation of the function f : z → ;

n≥0 anzn to an open set
containing D(0, R).

Properties of sθ

a) sθ is linear:

sθ(F + G) = sθ(F ) + sθ(G),
sθ(c · F ) = c · sθ(F ) if c ∈ C,

since J , Lθ and B are linear.
b) sθ commutes with differentiation ∂ = d/dz:

sθ(∂F ) = ∂sθ(F ).

c) sθ is a morphism:

sθ(F · G) = sθ(F )sθ(G)

(where the product F · G denotes the usual product of formal series).

5.1 Connection with the usual Laplace transform

The integral formula

sθ(F )(z) =
1
z

# +∞eiθ

0
e−(ξ/z)B(F )(ξ)dξ,

which we use to construct the Borel sum of F =
;

n≥0 anzn, can be expressed
in terms of an ordinary Laplace integral as



From Analytic Functions to Divergent Power Series 33

1
z
Lθ(B(F ))(

1
z
)

where

Lθ(g)(z) =
# +∞eiθ

0
e−zξg(ξ)dξ.

Let J be the mapping

h → J(h),

J(h)(z) =
1
z
h(

1
z
).

This satisfies J ◦ J = Id and it interchanges behaviour at 0 and behaviour at
∞, as

J(
:
n≥0

anzn) =
:
n≥0

an
1

zn+1 .

We then have

sθ = J ◦ Lθ ◦ B.

The behaviour at 0 of sθ(F ) is then linked to the behaviour at ∞ of Lθ(B(F )).

The asymptoticity condition at 0:

fθ(z) �
:
n≥0

anzn in Sθ,

Sθ = {z = reiψ | r < R and θ − π

2
− ε < ψ < θ +

π

2
+ ε},

translates into the asymptoticity condition at ∞:

Lθ(B(F ))(z) �
:
n≥0

an
1

zn+1 in S∞,θ,

S∞,θ = {z = reiϕ | r > 1/R and − θ − π

2
− ε < ϕ < −θ +

π

2
+ ε}.

Given a formal series F =
;

n≥0 anzn that is Borel-summable in the di-
rection θ, then the function

Lθ(B(F ))(z) =
# +∞eiθ

0
e−zξB(F )(ξ)dξ

can be continued analytically in the sector

S∞,θ = {z = reiϕ | r > 1/R and − θ − π

2
− ε < ϕ < −θ +

π

2
+ ε},

and satisfies

Lθ(B(F ))(z) �
:
n≥0

an
1

zn+1 in S∞,θ.
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5.2 Alien derivations

Let F be a formal power series; then some ambiguities in summation can
appear in directions θ in which the function B(F ) has singularities.

Suppose for example that B(F ) possesses a singularity ω = reiθ, r 3= 0,
and that in a sector S containing the half-line in the direction θ one has

B(F )(ξ) =
1

2iπ
ϕ(ξ − ω) Log(ξ − ω) + ψ(ξ − ω),

where ϕ and ψ are analytic in an open neighbourhood of ω + S with sub-
exponential growth.

If we take two half-lines in S in the directions θ− < θ and θ+ > θ, we have

Lθ−(B(F ))(z) − Lθ+(B(F ))(z) =
# +∞eiθ

ω

e−zξϕ(ξ − ω)dξ

= e−ωzLθ(ϕ)(z).

Suppose that ϕ = B(Φ) where Φ is a formal power series, we have

Lθ−(B(F )) − Lθ+(B(F )) = e−ωzLθ(B(Φ)).

We can write this as

Lθ−(B(F )) = Lθ+(B(F )) + e−ωzLθ+(B(Φ)),

thus

sθ−(F ) = sθ+(F ) + e−ω/zsθ+(Φ).

The ambiguity in the summation shows itself in the appearance of the expo-
nential e−ω/z multiplied by the function sθ+(Φ). To allow for this we extend
the summation operators sθ to the formal products e−ω/z(Φ) by

sθ(e−ω/z(Φ)) = e−ω/zsθ(Φ)).

We can then write

sθ−(F ) = sθ+(F + e−ω/z(Φ)),

where the formal series Φ only depends on F and ω, since the singular part
of B(F ) at ω is

1
2iπ

B(Φ)(ξ − ω) Log(ξ − ω).

We shall write SωF = Φ; then SωF describes the singularity of B(F ) at the
point ω, and we then have
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sθ−(F ) = sθ+(F + e−ω/zSωF ).

This formula can be generalized to other singularities than logarithmic
ones; it is the basis of the definition of alien derivations due to J. Ecalle. Let
us show that Sω is a derivation, i.e., that it satisfies

Sω(FG) = (SωF )G + F (SωG).

If F and G are two formal series as above, such that we have

sθ−(F ) = sθ+(F + e−ω/zSωF ),

sθ−(G) = sθ+(G + e−ω/zSωG).

Using the fact that sθ− and sθ+ are morphisms, we deduce that

sθ−(FG) = sθ+((F + e−ω/zSωF )(G + e−ω/zSωG))

= sθ+(FG + e−ω/z(SωF )G + e−ω/zF (SωG) + e−2ω/z(SωF )(SωG)).

We see that the product of two formal power series F and G such that
B(F ) and B(G) have singularities at ω, can have one at ω, but the exponential
e−2ω/z show us that we can also have a singularity at 2ω.

On the other hand, we have as above

sθ−(FG) = sθ+(FG + e−ω/zSω(FG) + e−2ω/zS2ω(FG))

where S2ω(FG) represents the singularity of B(FG) at 2ω.
Equating the coefficients of the exponential, we obtain

Sω(FG) = (SωF )G + F (SωG),

or, in other words, the mapping Sω is a derivation; it is also written Δω.

More generally, in order to take arbitrary products of power series, it is
therefore necessary to allow B(F ) the possibility of singularities at the points
nω, n = 1, 2, . . . The ambiguity in summation is then described by all the
Snω, since

sθ−(F ) = sθ+(F + e−ω/zSωF + e−2ω/zS2ωF + . . . ).

The mappings Snω are defined as above, but for n ≥ 2 they are not deri-
vations; for example, we have

S2ω(FG) = (S2ω(F ))G + F (S2ω(G)) + Sω(F )Sω(G).

We can construct derivations Δnω by suitable combination of the Skω. To
find this combination, we use the mapping
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S(θ) : F → e−ω/zSωF + e−2ω/zS2ωF + . . . .

Since

(I + S(θ))(F ) = s−1
θ+sθ−(F ),

we see that

(I + S(θ))(F · G) = (I + S(θ))(F ) · (I + S(θ))(G).

We call the mapping I + S(θ) the passage morphism in the direction θ.
The mapping Δ(θ) given by

Δ(θ) =
:
n≥1

(−1)n−1

n
(S(θ))n.

is a derivation because it satisfies

I + S(θ) = exp(Δ(θ)),

This is the global alien derivation in the direction θ.
If we expand (S(θ))n we see that we can write

Δ(θ) = e−ω/zΔωF + e−2ω/zΔ2ωF + . . .

where

Δω = Sω,

Δ2ω = S2ω − 1
2
SωSω,

Δ3ω = S3ω − 1
2
(SωS2ω + S2ωSω) +

1
3
SωSωSω,

. . .

By construction, the Δnω are derivations, they are not of the form a(z) d
dz ,

they are the “alien derivations” of J. Ecalle.

5.3 Real summation

If F is a series
;

n≥0 anzn where the an are real, it is natural to calculate the
Borel sum of F in the real direction θ = 0 in order to obtain a real sum when
z ∈ R. If there exist singularities of B(F ) on R+, then we will have two lateral
sums s0+ = s+ and sθ− = s−, and the ambiguity in summation is described
by the global derivation Δ(0) = Δ.

If we take as the sum

s(F ) =
1
2
(s+(F ) + s−(F )),
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we do obtain a real sum for real z, although it does not necessarily have the
property

s(FG) = s(F )s(G).

In order to obtain a real sum with this property, we introduce the operator C
defined by

C(F )(z) = F (z).

We have C(F ) = F if F is a series
;

n≥0 anzn where the an are real; in this
case we wish to determine a sum f of F such that

C(f) = f.

We may see from the explicit formula for Borel summation that s+C = Cs−.
Since

C2 = I and s−1
+ s− = eΔ,

we deduce that

Cs+eΔ/2 = s+eΔ/2C.

This implies that

Cs+eΔ/2(F ) = s+eΔ/2(F ).

In other words, the function

s(F ) = s+eΔ/2(F )

has the property that s(F )(x) is real if x is real, and

s(FG) = s(F )s(G).
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1 Real and complex Fourier analysis

1.1 Fourier series

Let f be a real or complex-valued function defined on the real line R, having
period T > 0, say; by this we mean that f(t + T ) = f(t) for all real t. Then,
assuming that f is sufficiently well-behaved that the following definitions make
sense (in practice this means that f is locally Lebesgue integrable), we can
form its Fourier series

f(t) ∼ a0

2
+

∞:
k=1

*
ak cos

2πkt

T
+ bk sin

2πkt

T

1
,

where

ak =
2
T

# T

0
f(t) cos

2πkt

T
dt and bk =

2
T

# T

0
f(t) sin

2πkt

T
dt,

are the real Fourier coefficients of f .
For example, consider the sawtooth function, f(t) = t on (−π, π], extended

with period 2π to R. Then

f(t) ∼
∞:

n=1

2
n

(−1)n+1 sin nt

(the cosine terms vanish). The Fourier series converges to the function except
at odd multiples of π, where it is discontinuous.

We have used the symbol “∼” rather than “=” above, since, even for
continuous functions, the Fourier series need not converge pointwise. However,
if f is C1 (has a continuous derivative), then in fact there is no problem and
the series converges absolutely. For all continuous functions the partial sums

J.-D. Fournier et al. (Eds.): Harm. Analysis and Ratio. Approx., LNCIS 327, pp. 39–55, 2006.
© Springer-Verlag Berlin Heidelberg 2006
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sn(f)(t) =
a0

2
+

n:
k=1

*
ak cos

2πkt

T
+ bk sin

2πkt

T

1
converge in an L2 (mean-square) sense, by which we mean that# T

0
|f(t) − sn(f)(t)|2 dt → 0 as n → ∞,

and there are other famous results in the literature, such as Fejér’s theorem,
which asserts that the Cesàro averages

σm(f) =
1

m + 1
(s0(f) + . . . + sm(f))

converge uniformly to f whenever f is continuous. Thus a continuous periodic
function can always be approximated by trigonometric polynomials (finite
sums of sines and cosines).

It is often more convenient to re-express the Fourier series using the com-
plex exponential function eix = cos x + i sin x, and this produces a somewhat
simpler expression, namely

f(t) ∼
∞:

k=−∞
cke2πikt/T ,

where

ck =
1
T

# T

0
f(t)e−2πikt/T dt

are the complex Fourier coefficients of f , and often written ck = f̂(k). Indeed,
the real and complex coefficients are related by the identities

ak = f̂(k) + f̂(−k) and bk = i(f̂(k) − f̂(−k)).

There is no essential difference between these two approaches: the partial
sums are now given by

sn(f) =
n:

k=−n

cke2πikt/T ,

as is easily verified.
Underlying all this theory is an inner-product structure, and the basic

orthogonality relation

1
T

# T

0
e2πijt/T e2πikt/T dt =

	
1 if j = k,

0 otherwise,
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which can be used to deduce Parseval’s identity, namely

1
T

# T

0
|f(t)|2 dt =

∞:
k=−∞

|f̂(k)|2.

This expresses the idea that the energy in a signal is the sum of the energies
in each mode.

Fourier series can be used to study the vibrating string (wave equation),
as well as the heat equation, which was Fourier’s original motivation. We
illustrate this by an example.

The temperature in a rod of length π with ends held at zero temperature
is governed by the heat equation

∂2y

∂x2 =
1

K2

∂y

∂t
,

with boundary conditions y(0, t) = y(π, t) = 0. Suppose an initial temperature
distribution y(x, 0) = F (x).

We look for solutions y(x, t) = f(x)g(t), so that

f ��(x)g(t) = f(x)g�(t)/K2,

or
f ��(x)
f(x)

= C =
1

K2

g�(t)
g(t)

.

It turns out we should take f(x) = sin nx (times a constant), and C = −n2,
in which case

g�(t) + K2n2g(t) = 0.

Thus one solution is

y(x, t) = f(x)g(t),

with

f(x) = sin nx

and

g(t) = ane−K2n2t.

We can now superimpose solutions for different n, so we build in the initial
conditions and write

y(x, 0) = F (x) =
∞:

n=1

an sin nx.

We then arrive at the formal solution

y(x, t) =
∞:

n=1

an sin nx e−K2n2t.
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1.2 Fourier transforms

We now move to what is sometimes regarded as a limiting case of Fourier
series when T tends to infinity and infinite sums turn into integrals. Here we
work with real or complex functions f defined on R. In fact we assume that
f is in L1(R), i.e., Lebesgue integrable on the real line; in this case we can
define its Fourier transform by

f̂(w) =
# ∞

−∞
f(t)e−iwt dt.

This is a function of w, which is sometimes interpreted as denoting “fre-
quency”, while the variable t denotes “time”. WARNING: one can find various
alternative expressions in the literature, for example

1√
2π

# ∞

−∞
f(t)e−iwt dt or

# ∞

−∞
f(t)e−2πiwt dt.

Each has its advantages and disadvantages, so we have had to make a choice.
On another day we might prefer a different one.

Here is an important example. If

f(x) = e−x2/2,

then

f̂(w) =
√

2πe−w2/2 ;

that is, the Gaussian function is (up to a constant) the same as its Fourier
transform.

In the same way that one can reconstruct a function from its Fourier series,
it is possible to get back from the Fourier transform to the original function.
Accordingly, define the inverse Fourier transform by

ǧ(t) =
1
2π

# ∞

−∞
g(w)eiwt dw =

1
2π

ĝ(−t). (1)

We now have Fourier’s inversion theorem, which asserts that if f : R → C is
continuous and satisfies#

R
|f(t)| dt < ∞ and

#
R

|f̂(w)| dw < ∞, (2)

then (f̂ )̌ = f ; that is,

f(t) =
1
2π

# ∞

−∞
f̂(w)eiwtdw.
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We thus deduce a uniqueness theorem for Fourier transforms, namely, that
two continuous and integrable functions with the same Fourier transform must
be identical.

In the interests of beauty as well as truth, we mention Plancherel’s theorem,
which is a continuous analogue of Parseval’s identity. If (2) holds, and in
addition #

R
|f(t)|2 dt < ∞

(more concisely: if f and f̂ lie in L1(R) and f also lies in L2(R)), then# ∞

−∞
|f(t)|2 dt =

1
2π

# ∞

−∞
|f̂(w)|2 dw.

Thus, up to a possible constant, f and f̂ have the same energy.
We shall now say a few words about Fourier transforms in Rn, that is, for

functions f(x) = f(x1, . . . , xn). The appropriate definition is

f̂(w) =
#

Rn

f(x)e−iw.x dx,

giving another function defined on Rn. The corresponding inversion theorem
asserts that

f(x) =
*

1
2π

1n #
Rn

f̂(w)eiw.x dw,

at least if f is continuous and
$

Rn |f | and
$

Rn |f̂ | are both finite.
One application of the multi-dimensional Fourier transform is in the theory

of partial differential equations. The partial derivative
∂f

∂xk
has transform

iwkf̂(w), and so the Laplacian

∇2f =
n:

k=1

∂2f

∂x2
k

has transform equal to − w 2f̂(w); we shall not go into further details here.

1.3 Harmonic and analytic functions

For simplicity, let us consider 2π-periodic functions f . These correspond to
functions g defined on the unit circle

T = {z ∈ C : |z| = 1}
in the complex plane, by setting g(eit) = f(t). Conversely, any function g :
T → C gives a 2π-periodic function f by the same formula.
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Note that the formula for the Fourier coefficients can be written

ĝ(k) =
1
2π

# 2π

0
g(eit)e−ikt dt =

1
2πi

#
T

g(z)
zk+1 dz, (3)

where the last integral is a contour integral round the unit circle.
Suppose (for simplicity) that g is continuous. Then it has a harmonic

extension to the unit disc

D = {z ∈ C : |z| < 1},

namely

g(reiθ) =
∞:

k=−∞
ĝ(k)r|k|eikθ,

for 0 ≤ r < 1 and 0 ≤ θ ≤ 2π.
Write z = x + iy = reiθ as usual. Then the extension of g is a solution to

the Dirichlet problem, i.e., it satisfies Laplace’s equation

∂2g

∂x2 +
∂2g

∂y2 = 0,

with the boundary values of g specified on the unit circle.
One important special case arises if ĝ(k) = 0 for all k < 0; then the

harmonic extension is

g(reiθ) =
∞:

k=0

ĝ(k)rkeikθ,

or

g(z) =
∞:

k=0

ĝ(k)zk,

where again z = reiθ. This is an analytic function (not just harmonic).
There is a one–one correspondence between power series with square-

summable Taylor coefficients (the Hardy class H2), and square-integrable
functions g on the unit circle with ĝ(k) = 0 for all k < 0.

Suppose now that g has an analytic extension to an annulus containing
the unit circle, say, A = {A < |z| < B} with 0 < A < 1 < B. Then the
formula (3) can be replaced by integrals round circles of radius a or b for any
A < a < 1 < b < B, and we obtain useful estimates for the rate of decrease
of the Fourier coefficients, namely,

|ĝ(k)| ≤ Mbb
−k, and

|ĝ(−k)| ≤ Maak,
(4)
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for k ≥ 0, where Mr denotes the maximum value of |g| on the circle of radius r.
If now g has an isolated simple pole at a point z0 with A < |z0| < 1, with

residue c, but is otherwise analytic in the annulus A, then the identity

c

z − z0
= c

∞:
k=1

zk−1
0

zk
,

valid on |z| = 1, shows that ĝ(−k) is asymptotic to czk−1
0 as k → ∞. Likewise,

if the location of the pole satisfies 1 < |z0| < B instead, then the identity

c

z − z0
= −c

∞:
k=0

zk

zk+1
0

shows that ĝ(k) is asymptotic to −c/zk+1
0 as k → ∞. The extension to finitely

many poles, and to poles of multiplicity greater than 1, is similar. Thus the
singularities of g are reflected in the behaviour of its Fourier coefficients, a
phenomenon that we shall see again in Section 3.

2 DFT, FFT, windows

We consider again the following formula for Fourier coefficients:

ĝ(k) =
1
2π

# 2π

0
g(eit)e−ikt dt =

1
2πi

#
T

g(z)
zk+1 dz.

In order to compute Fourier transforms numerically from data, a natural ap-
proximation to the above integral is obtained by discretising. Let us take N
equally-spaced points: to do this set ω = e2πi/N and consider the expression

g̃N (k) =
1
N

N−1:
j=0

g(ωj)ω−jk.

This is a discrete Fourier transform of g. Since ωN = 1, the values of g̃N repeat
themselves, and we need only work with g̃N (−N

2 ), . . . , g̃N (N
2 − 1). It is not

difficult to convince oneself that, if g is continuous, then for each fixed k the
number g̃N (k) should be close to ĝ(k) when N is sufficiently large (basically,
we have replaced a Riemann integral by a Riemann sum). An approximation
to the Fourier series for g is now given by taking the function

gN (eit) =
N/2−1:

k=−N/2

g̃N (k)eikt,

The Fast Fourier Transform (FFT) was introduced by Cooley and Tukey
as a numerical algorithm for computing the discrete Fourier coefficients of g
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for values of N which are powers of 2, say N = 2n. At first sight it seems
that, starting with N values of g, we require approximately 2N2 operations
(additions and multiplications) to calculate the N values of g̃N . In fact, if
we have an even number of points, say 2r, and divide them into two halves
(the even ones and the odd ones), then we can exploit the algebraic relations
existing between g̃r and g̃2r. These imply that, if we can find the coefficients
gr in M operations, then we can obtain the coefficients g2r in not more than
2M + 8r operations.

The upshot is that, for N = 2n, computers can calculate the coefficients
g̃N in at most n2n+2 = 4N log2 N operations. This is a significant saving if N
is of the order of several thousand.

In many applications, it is convenient to work with a windowed discrete
Fourier transform of g, which is a function of the form

gw(eit) =
∞:

k=−∞
g̃N (k)wkeikt,

where (wk) is a sequence of weights, of which usually only finitely many are
non-zero. For example, for 0 ≤ m < N we may take the sequence

wk =

⎧⎨⎩
m + 1 − |k|

m + 1
for|k| ≤ m,

0 otherwise,

in which case the corresponding functions gw form a sequence of trigonometric
polynomials known as the Jackson polynomials, Jm,N (g). These have many
attractive properties, in particular they converge uniformly to the original
function g as N → ∞, for any sequence of m = m(N) remaining less than N
but also tending to infinity. They are also robust, in the sense that small mea-
surement errors or perturbations lead to small errors in the polynomials. For
rather more rapid convergence, one may use the discrete de la Vallée Poussin
polynomials, Vm,N (g), defined for N ≥ 3m using the following window:

wk =

⎧⎪⎪⎨⎪⎪⎩
1 for |k| ≤ m,
2m − |k|

m
for m ≤ |k| ≤ 2m,

0 otherwise.

These have been used in various interpolation and approximation schemes, for
example in the identification of linear systems from noisy frequency-domain
data.

3 The behaviour of f and f̂

We return to Fourier transforms for functions defined on L1(R), and consider
how the properties of f and f̂ are linked. For example, it is easily seen that,
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if f is a real function, then f̂(−w) = f(w); if f is a real even function, then
f̂ is purely real, and if f is a real odd function, then f̂ is purely imaginary.

The properties of f and f̂ behave well under translations and dilations:
let

(Taf)(t) = f(t − a) and (Dbf)(t) = f(t/b)

for a ∈ R and b > 0. Then

(Taf )̂ (w) = e−iawf̂(w) and (Dbf )̂ (w) = bf̂(bw).

Similarly, derivatives transform in a simple fashion: if f is an L1(R) func-
tion with a continuous derivative, such that

$
R |f �| < ∞, then

(f �)̂ (w) = iwf̂(w).

In particular, there is a constant C > 0 such that |f̂(w)| ≤ C/|w|. This argu-
ment can be repeated with higher derivatives, and we obtain the slogan: the
smoother the function, the faster its Fourier transform decays. A similar phe-
nomenon holds for Fourier series of periodic functions: for smooth functions
the Fourier coefficients tend rapidly to zero.

By means of the inversion theorem, we can argue in the other direction
too: if f̂ is smooth, then this corresponds to rapid decay of f at ∞.

In many applications, it is convenient to work with smooth functions of
rapid decay. Thus we define the Schwartz class, S, to be the class of all infi-
nitely differentiable functions f : R → C such that every derivative is rapidly
decreasing: thus, for all n, k, there is Cn,k > 0 such that

|f (n)(t)| ≤ Cn,k

(1 + |t|)k

for all t ∈ R. A simple example is exp(−at2) with a > 0, but one can even
find such functions with compact support (so-called “bump functions”).

Now if
$

R |tkf(t)| dt < ∞, it follows that f̂ is differentiable k times, and

(f̂)(k)(w) =
# ∞

−∞
(−it)kf(t)e−itw dt.

This can be used to show that the Fourier transform is a linear bijection from
S onto itself.

Suppose now that f is smooth apart from jump discontinuities of the
function and its derivatives at the origin, so that we may define

δk = lim
t→0+

f (k)(t) − lim
t→0−

f (k)(t)

for k = 0, 1, 2, . . . . Then it can be shown that f̂ possesses an asymptotic
expansion of the form
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f̂(w) ∼
∞:

k=0

δk

(iw)k+1

as |w| → ∞.
Moreover, since the Fourier transform and inverse Fourier transform are

related by (1), we may similarly conclude that jumps εk in f̂ and its derivatives
at the origin are reflected in an asymptotic expansion

f(t) ∼ 1
2π

∞:
k=0

εk

(−it)k+1

as |t| → ∞.
Finally, the expansions corresponding to jumps occurring at other points

on the real line may be derived by a straightforward change of variables.
We now consider the case when f has an analytic extension to a horizontal

band B = {A < Im z < B}, where A < 0 and B > 0. Then certain estima-
tes hold for the Fourier transform, which are analogous to those obtained for
Fourier coefficients in (4). If we take 0 < b < B and suppose that f is ab-
solutely integrable on the line {Im z = b}, tending to zero uniformly in B as
Re z → ±∞, then we can move the contour of integration, and obtain the
estimate

|f̂(−w)| ≤
# ∞

−∞
|f(x + ib)| |eiw(x+ib)| dx = O(e−bw)

as w → ∞. Similarly, analyticity in the lower half-plane leads to estimates of
the form |f̂(w)| = O(eaw) as w → ∞, provided that we may integrate along
the line {Im z = a} with A < a < 0.

Once more we may see the existence of singularities of f reflected in the
asymptotic behaviour of f̂ . The Fourier transform of the function f(t) =
c/(t − z0), with Re z0 > 0, is easily calculated by contour integration, and is
given by

f̂(w) =

	
2πice−iwz0 if w < 0,

0 if w > 0.

Similarly, if Re z0 < 0, the Fourier transform is

f̂(w) =

	
0 if w < 0,

−2πice−iwz0 if w > 0.

Thus, if f is sufficiently regular in B except for an isolated pole with residue
c occurring at p+ iq with q > 0, then there is an asymptotic formula valid for
w → −∞, namely

f̂(w) ∼ 2πice−ipweqw.
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The extensions to poles in the lower half-plane, to a finite number of poles, and
to poles of multiple order, are very similar and we omit them. As before, we
may exchange the roles of f and f̂ , using the identity (1), so that singularities
in f̂ are reflected in the asymptotic behaviour of f .

4 Wiener’s theorems

Suppose that a 2π-periodic function f has an absolutely convergent Fourier
series, that is

f(t) =
∞:

k=−∞
f̂(k)eikt,

with
;∞

k=−∞ |f̂(k)| < ∞. So in fact f is necessarily continuous (although this
is not a sufficient condition), but need not be differentiable. These functions
form a linear space, and indeed an algebra, closed under multiplication, since
if

f(t) =
∞:

k=−∞
f̂(k)eikt and g(t) =

∞:
k=−∞

ĝ(k)eikt,

then

f(t)g(t) =
∞:

k=−∞
ckeikt,

where

ck =
∞:

j=−∞
f̂(j)ĝ(k − j),

and so
∞:

k=−∞
|ck| ≤

∞:
k=−∞

∞:
j=−∞

|f̂(j)| |ĝ(k − j)|

=
∞:

j=−∞

∞:
l=−∞

|f̂(j)| |ĝ(l)| < ∞,

i.e., f.g has an absolutely convergent Fourier series.
It is a much deeper result, due to Wiener, that, if f never takes the value

0, then 1/f has an absolutely convergent Fourier series. Originally proved by
“hard” analysis, it can now be deduced more easily using the Gelfand theory
of commutative Banach algebras.
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There is an analogous result for Taylor series (linked by the change of
variable z = eit): suppose that

f(z) =
∞:

k=0

akzk

has an absolutely convergent Taylor series, so that
;∞

k=0 |ak| < ∞. Such
functions are analytic in the open unit disc D and continuous on the closed
disc D. If f(z) 3= 0 for z ∈ D, then the function 1/f also has an absolutely
convergent Taylor series.

A more general result is the Wiener–Lévy theorem: if G is a function
holomorphic in a neighbourhood of the range of f , then the composite function
G◦f also has an absolutely convergent Fourier series. The special case G(x) =
1/x is the classical Wiener theorem, but one can consider other functions such
as

√
f if |f(z) − 1| < 1 for all z, and these too have absolutely convergent

Fourier series.
There are analogous results for Fourier transforms. We remark first that

if f and g lie in L1(R), then their convolution f ∗ g, given by

(f ∗ g)(x) =
# ∞

−∞
f(x − y)g(y) dy,

also lies in L1(R). Indeed f ∗ g = g ∗ f , and we also have

 f ∗ g 1 ≤  f 1 g 1 and (f ∗ g)̂ (w) = f̂(w)ĝ(w).

The main consequence of the non-vanishing of the Fourier transform of f
is Wiener’s Tauberian theorem. This may be presented in three forms.

(i) If f ∈ L1(R), then the translates of f , namely fλ(x) = f(x − λ) for
λ ∈ R, span a dense subspace of L1(R) if and only if f̂ is non-zero everywhere.

(ii) If f ∈ L1(R), then the convolutions f ∗ g for functions g in L1(R) form
a dense subspace of L1(R) if and only if f̂ is non-zero everywhere.

(iii) If f ∈ L1(R) and f̂ is non-zero everywhere, and if in addition the
identity

lim
x→∞(f ∗ K)(x) = A

# ∞

−∞
f(x) dx,

holds for a given function K ∈ L∞(R) and A ∈ C, then in fact

lim
x→∞(g ∗ K)(x) = A

# ∞

−∞
g(x) dx.

holds for every g ∈ L1(R).
The first two forms of the theorem may be seen as results in approximation

theory; the last one, Wiener’s original version of the theorem, is a “Taube-
rian” theorem (a name given to a certain kind of theorem that deduces the
convergence of a series or integral from other hypotheses).
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There is also an L2 version of (i), which is useful in some applications.
(iv) If f ∈ L2(R), then the translates of f span a dense subspace of L2(R)

if and only if f̂ is non-zero almost everywhere.

5 Laplace and Mellin transforms

5.1 Laplace

The Laplace transform is an important tool in the theory of differential equa-
tions, and we give its basic properties. Let f be a measurable function defined
on (0, ∞). Then we define its Laplace transform F = Lf by

F (s) =
# ∞

0
f(t)e−st dt,

which will, in general be a holomorphic function of a complex variable lying
in some half-plane Re s > a. For example, if f is an exponential function
f(t) = eλt, then F (s) = 1/(s − λ), and the integral converges for Re s > Re λ.

There is an inversion formula available. Namely, if b > a, we have

f(t) = lim
y→∞

1
2πi

# b+iy

b−iy
F (s)est ds,

which is an integral along a vertical contour in the complex plane.
Suppose f is differentiable, and we take the Laplace transform of f �. We

may integrate by parts to obtain:

(Lf �)(s) =
# ∞

0
e−stf �(t) dt

= [e−stf(t)]∞t=0 + s

# ∞

0
e−stf(t) dt

= −f(0) + s(Lf)(s).

Thus a differential equation can be turned into an algebraic equation, using
Laplace transforms.

For example, suppose that we have a “linear system”

y��(t) + ay�(t) + by(t) = cu�(t) + du(t),

where a, b, c and d are real.
Here u is the input, and y the output. We suppose also (for simplicity)

that u(0) = y(0) = 0. Then, writing U = Lu and Y = Ly, we arrive at

(s2 + as + b)Y (s) = (cs + d)U(s),

and we have an algebraic relation between U and Y .
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Similarly, we may shift/translate/delay a function f by an amount T > 0,
to get g defined by

g(t) =

	
f(t − T ) if t ≥ T,

0 if t < T.

Then

(Lg)(s) =
# ∞

0
e−stg(t) dt

=
# ∞

T

e−stf(t − T ) dt

=
# ∞

0
e−s(x+T )f(x) dx = e−sT (Lf)(s).

Thus a differential–delay equation also looks simpler in the “frequency do-
main”.

For example, suppose we have (again with zero initial conditions for sim-
plicity) the equation

y�(t) + ay(t − 1) = u(t).

Taking Laplace transforms Y = Ly and U = Lu gives

(s + ae−s)Y (s) = U(s).

Thus, if we know u, we can find y by taking Laplace transforms and inverse
Laplace transforms.

A key theorem due to Paley and Wiener says that the Laplace transform
provides a linear mapping from the Lebesgue space L2(0, ∞) onto the Hardy
class H2(C+) of the right half-plane C+. This consists of all analytic functions
F : C+ → C such that

 F 2 :=
*

sup
x>0

# ∞

−∞
|F (x + iy)|2dy

11/2

< ∞,

(roughly speaking, functions analytic in the right half-plane, with L2 boundary
values), and moreover the Laplace transform is an isomorphism in the sense
that

 F 2 =
√

2π f 2.

This is the basis of various approaches to control theory and approximation
theory. One consequence is that if we have an input/output relation

Y (s) = G(s)U(s)

as in our examples, then we can decide whether L2 inputs (finite energy)
guarantee L2 outputs. The answer is that it is necessary and sufficient that
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G(s) be analytic and bounded in C+ (i.e., lie in the Hardy class H∞(C+)).
For example, if

y�(t) + ay(t − 1) = u(t),

then we have this form of stability precisely when

1
s + ae−s

∈ H∞(C+), i.e., for 0 < a < π/2.

5.2 Mellin

Note that the Laplace transform is closely related to the Fourier transform
(put s = iw), if we consider only functions which are 0 on the negative real
axis. A still closer analogue is the bilateral Laplace transform, where we define

G(s) =
# ∞

−∞
f(t)e−st dt = f̂(−is),

as this is simply the Fourier transform with a (sometimes useful) change of
variable.

A more complicated change of variable gets us to the Mellin transform.
For a function f defined on (0, ∞), we set

F (s) =
# ∞

0
xs−1f(x) dx,

so that F is the Mellin transform of f . The variable s will in general be
complex, and then the function F is holomorphic in some strip.

For example, if we take f(x) = e−x, then

F (s) =
# ∞

0
xs−1e−x dx = Γ(s),

which is in fact analytic in C+.
If we set x = e−t, so that t ∈ R, we obtain, at least formally,

F (s) =
# ∞

−∞
f(e−t)e−st dt,

which expresses the Mellin transform as a Fourier transform (or a bilateral
Laplace transform). The Mellin inversion formula asserts that for suitable
functions f such that xa−1f(x) is integrable, we have

f(t) =
1

2πi
lim

y→∞

# a+iy

a−iy
F (s)x−s ds,

which is again an integral along a vertical contour in the complex plane.
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We conclude with a further application. Let us consider Laplace’s equation
in a sector {(r, θ) : r > 0 and a < θ < b}. In polar coordinates we have

r2urr + rur + uθθ = 0,

with some appropriate boundary conditions. Let us take a Mellin transform
in r, i.e.,

U(s, θ) =
# ∞

0
rs−1u(r, θ) dr.

Then it is easily checked that we now have

Uθθ + s2U = 0,

for 0 < Re s < μ, if u(r, θ) = O(r−μ) at 0.
Suppose, to make life simple, we take 0 < θ < 1 and

u(r, 0) = 0, u(r, 1) =

	
1 for 0 ≤ r ≤ 1,

0 otherwise.

(This might represent the heat flow in a piece of cake, heated on one side
only.) Then it is easily verified that

U(s, θ) =
1
s

sin sθ

sin s
,

and we can find u by inverting the Mellin transform.

u(r, θ) =
1

2πi

# a+i∞

a−i∞

r−s

s

sin sθ

sin s
ds,

where 0 < a < π.
Curiously, the integral can be done using Cauchy’s residue theorem. In

that case our story comes full circle, as we obtain a Fourier series solution

u(r, θ) =
1
π

∞:
n=1

(−1)nr−nπ

n
sin nπθ.
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Padé Approximants
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1 Introduction

The frequent situation one encounters in applied science is the following: the
information we need is contained in values, or some features of the analy-
tical structure, of some function of which we have a knowledge only in the
form of its power expansion in a vicinity of some point. Favourably, it is the
Taylor expansion with some finite radius of convergence, but it may also be
an asymptotic expansion. Let us concentrate on the first case, some remarks
concerning the second one will be given later, if time allows.

If the information we need concerns points within the circle of convergence
of the Taylor series, then the problem is (almost) trivial. If it concerns points
outside the circle, then the problem becomes that of analytic continuation.
Unfortunately, the method of direct rearrangements of the series, used in
theoretical considerations on the analytic continuation, is practically useless
here. The method of the “practical analytic continuation” which I shall discuss
is called the method of “Padé Approximation”. There exist ample monographs
on Padé Approximants [6], [2], [3] and my purpose here is to present you a
subjective glimpse of the subject.

Actually, the method is based on the very direct idea of using rational
functions instead of polynomials to approximate the function of interest. They
are practically as easy to calculate as polynomials, but when we recall that the
truncated Laurent expansions is just a rational function, we can expect that
they could provide reasonable approximations of functions also in a vicinity of
the poles of the latter, not only in circles of analyticity. Therefore the concept,
born already in XIXth century, was to substitute partial sums of the Taylor
series, by rational functions having the corresponding partial sums of their
own Taylor series identical to that former one. To formulate it precisely, let
us assume we have a function f(z) with its Taylor expansion

f(z) =
∞:

i=0

fiz
i for |z| < R . (1)

J.-D. Fournier et al. (Eds.): Harm. Analysis and Ratio. Approx., LNCIS 327, pp. 59–69, 2006.
© Springer-Verlag Berlin Heidelberg 2006
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Having the partial sum of the above series up to the power M , we seek a
rational function rm,n(z) which will have first M + 1 terms of its Taylor
expansion identical to that of f(z) what I shall represent by

rm,n(z) − f(z) = O(zM+1) . (2)

Unfortunately this problem seems to be badly defined – there are probably
many rational functions that can satisfy this condition: possibly all such that
m + n = M . In other words, assuming for the moment that all such rational
functions can be found, to the infinite sequence of partial sums of the Taylor
series (1) there correspond an infinite table (or a double sequence) of rational
approximants defined by (2). As we are after the analytic continuation of
f(z), we expect that some sequence of rational approximants defined this way
would converge, in some sense, to f(z) outside the convergence circle of (1).
But which one? Is it a case of advantageous flexibility, or that of “embarras
du choix”? I shall argue in a moment that it is this first one!

2 The Padé Table

Let us, however, discuss first the problem of existence of rational functions
defined by (2). If we denote the numerator of rm,n(z) by Pm(z) and its deno-
minator by Qn(z) and rm,n(z) by [m/n]f (z) then (2) becomes

[m/n]f (z) − f(z) =
Pm(z)
Qn(z)

− f(z) = O(zm+n+1) . (3)

Let me make here an obvious remark that Pm depends also on n and Qn de-
pends on m and they should be denoted, e.g., P

[m/n]
m , but for hygienic reasons

I shall almost everywhere skip this additional index. Finding coefficients of
Pm and Qn by the expansion of [m/n]f (z) and then comparing the two series,
would be a horror, but the problem can immediately be reduced to the linear
one:

Pm(z) − Qn(z)f(z) = O(zm+n+1) . (4)

This is how Frobenius [5] defined “Näruhngsbrüchen” already in 1881 and
therefore (4) is called the Frobenius definition. One can immediately see that
it leads to a system of linear equations for coefficients of Qn(z) and formulae
expressing coefficients of Pm by those of Qn. Denoting the former by {pi}m

0
and the later by {qi}n

0 we have (assuming that fi ≡ 0 for i < 0)⎛⎜⎜⎝
fm+1 fm · · · fm−n+2 fm−n+1
fm+2 fm+1 · · · fm−n+3 fm−n+2
· · · · · · · · · · · · · · ·

fm+n fm+n−1 · · · fm+1 fm

⎞⎟⎟⎠
⎛⎜⎜⎝

q0
q1
· · ·
qn

⎞⎟⎟⎠ = 0 (5)
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and

p0 = f0q0

p1 = f1q0 + f0q1

p2 = f2q0 + f1q1 + f0q2

· · · · · ·

pm =
min(m,n):

i=0

fm−iqi .

(6)

The system (5) is an homogeneous one but it has n equations for n + 1
unknowns. The reason is that [m/n]f has m + n + 1 free coefficients, but we
have written equations for m + n + 2 ones. The result is that the system (5)
has always at least one nontrivial solution. One could think that we can take
then an arbitrary value for one of the coefficients qi and next solve (5) for the
remaining coefficients of Qn. However, it may happen that the determinant
of this linear system vanishes and either we have again an infinite number of
solutions, or no solution at all. The problem can also be stated in this way:
although the rational approximant defined by (4) always exists, it may happen
that it does not satisfy (3). The first study of the table of all approximants
[m/n]f has been done by Henry Padé [8] in his PhD dissertation and it is why
now they are called Padé Approximants and the table is called Padé Table. The
result was that there were square areas of the Padé Table where all entries were
identical rational functions of degrees equal to those of its upper left corner
and they all fulfill (4). However, only approximants on the antidiagonal of
the square and to the left (up) to it fulfill also (3). According to one of the
contemporary definitions introduced by Baker [1], we take Qn(0) 3= 0 (e.g. 1,
i.e. q0 = 1) which is possible only when (3) is satisfied, and say that only in
this case “Padé Approximants exist”. See Fig. 1.

I shall present here only the very brief discussion of situations leading to
an appearance of blocks in the Padé table. Of course their existence is due to
special relations between coefficients of the Taylor series – e.g. vanishing of
some coefficients or possibility of representing higher coefficients by algebraic
functions of lower ones.

The first situation is exemplified by the series containing only even powers
of the variable

f(z) =
log(1 + z2)

z2 = 1 − z2

2
+

z4

3
− z6

4
+

z8

5
+ · · ·

For this series we have

[2/2]f =
1 + z2

6

1 + 2z2

3

= 1 − z2

2
+

z4

3
− 2z6

9
+ · · ·

Obviously, [2/2]f is simultaneously [3/2]f and [2/3]f because its Taylor series
matches that of f(z) up to z5. On the other hand, there is no rational function
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[k/l]

[k+1/l]

.........
part of the table,
Padé Approximants 

Here, in the lower

do not exist
[k+j-1/l+1][k+j-1/l]

[k+j/l]

[k+2/l]

[k/l+1] [k/l+2] [k/l+j-1] [k/l+j]

[k+1/l+j-1]

..............

...............

............

............. ............

.............

...........

.............

 ............

Fig. 1. A block of the size j + 1 in the Padé Table. All Padé Approximants on
the positions indicated by their symbols, or by dots, exist and are identical to [k/l],
therefore they are rational functions of degrees k and l in the numerator and the
denominator, however they fulfill equation (3) with m and n corresponding to their
positions in the Padé Table.

of degrees of the numerator and of the denominator both ≤ 3 that would
match the series for f(z) up to z6. [4/2]f satisfies this condition, but then it
is identical with [5/3]f and [4/3]f

[4/2] =
1 + z2

4 − z4

24

1 + 3z2

4

= 1 − z2

2
+

z4

3
− z6

4
+

3z8

16
+ · · ·

In this case the whole Padé Table consists of blocks of the size 2.
The second situation appears typically when f(z) is a rational function

itself. In this case there is one infinite block with the left upper corner at
the entry corresponding to the exact degrees of the numerator and the deno-
minator of this function. Obviously all the Padé Approximants with degrees
of numerators and denominators larger or equal to these of the function, are
equal to this function, because it matches it own Taylor expansion to any
order!
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3 Convergence

Rational functions are meromorphic, and therefore the first speculation that
comes to the mind (at least mine) is that Padé approximants should be well
suited to approximate just the former ones.

This speculation appears to absolutely correct, because there holds the de
Montessus theorem ([3] p. 246):

Theorem 1 (de Montessus, 1902). Let f(z) be a function meromorphic in
the disk |z| < R with m poles at distinct points z1, z2, ..., zm with

0 < |z1| ≤ |z2| ≤ · · · ≤ |zm| < R .

Let the pole at zk have multiplicity μk and let the total multiplicity
m:

k=1

μk = M

precisely. Then

f(z) = lim
L→∞

[L/M ]

uniformly on any compact subset of

D = {z, |z| ≤ R, z 3= zk, k = 1, 2, . . . , m} .

One could be very enthusiastic about this theorem, considering that it “solves”
completely the problem of analytic continuation inside a disc of meromorphy.
There is however a practical obstacle in applying the theorem: generally, we
cannot say what M we should use. We cannot expect anything particularly
interesting if M is too small (e.g. smaller than the multiplicity of the nearest
singularity), but when it is too large, the uniform convergence can be expected
only for subsequences on rows in the Padé Table. This is well illustrated by [4]:

Theorem 2 (Beardon, 1968). Let f(z) be analytic in |z| ≤ R. Then an
infinite subsequence of [L/1] Padé approximants converges to f(z) uniformly
in |z| ≤ R.

which casts into doubt whether the sequence [L/1] must converge even in a
disc of analyticity of the function! Although the theorem does not exclude
that the subsequence could be the complete sequence, many counterexamples
were constructed to show that the above theorem is the optimal result. Maybe
the best known is the one due to Perron [9] – he has constructed the series
representing an entire function, but such that poles of [L/1] were dense in the
plane.

On the other hand such ugly phenomena do not appear in “practice” – e.g.
for f(z) = ez poles of [L/a] lie at L+1, while these of [L/2] at L+1± i

√
L + 1

and both rows (and also all the other ones) of the Padé table converge to f(z)
on any compact subset of the complex plane containing the origin.

Happily, problems caused by the stray poles are not as acute as one could
think, as explained by the following theorem ([3] p. 264)
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Theorem 3. Let f(z) be analytic at the origin and also in a given disk |z| ≤ R
except for m poles counting multiplicity. Consider a row of Padé table [L/M ]
of f(z) with M fixed, M ≥ m, and L → ∞. Suppose that arbitrarily small,
positive ε and δ are given. Then L0 exists such that |f(z) − [L/M ]| < ε for
any L > L0 and for all |z| ≤ R except for z ∈ EL where EL is a set of points
in the z-plane of measure less than δ.

This type of convergence is known as the convergence in measure and seems to
be used in this context first by Nuttal [7]. It means that we cannot guarantee
convergence at any given point in the z-plane, but it assures us that the area
where our Padé approximants do not approximate f(z) arbitrarily well can
be made as small as we wish.

It is important to understand that the theorem says nothing about where
this set EL is, and the practice shows that undesired poles are accompanied by
undesired zeros and form so called defects which spoil convergence in smaller
and smaller neighborhoods, but shift unpredictably from order to order.

But what about functions with more rich analytical structure – essential
singularities and branch points?

The amazing (at least for me) fact is that if we are content with conver-
gence in measure (or even stronger convergence in capacity) also such func-
tions can be approximated by Padé approximants, if we consider sequences
with growing degrees of the numerator and of the denominator. The fun-
damental theorem on convergence of Padé approximants for functions with
essential singularities is due to Pommerenke [10]

Theorem 4 (Pommerenke, 1973). Let f(z) be a function which is analytic
at the origin and analytic in the entire z-plane except for a countable number
of isolated poles and essential singularities. Suppose ε > 0 and δ > 0 are given.
Then M0 exists such that any [L/M ] Padé approximant of the ray sequence
(L/M = λ; λ 3= 0, λ 3= ∞) satisfies

|f(z) − [L/M ]f (z)| < ε

for any M ≥ M0, on any compact set of the z-plane except for a set EL of
capacity less than δ.

As you see, the essential notion here is that of capacity. It is also known
as Chebishev constant, or transfinite diameter. I do not have time here to
define it, as it is a difficult concept concerning geometry of the complex plane.
Anyway to understand practical implications of the theorem above and the
ones to follow, it is sufficient to know that the capacity is a function on sets
in the complex plane such that it vanishes for countable sets of points, but
is different from zero on line segments, e.g. for a section of a straight line it
equals to one fourth of its length. For a circle it is the same as for the disk
inside the circle and equals to their radius. Actually it is proportional to the
electrostatic capacity in the plane electrostatics.
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If we want to approximate functions having branchpoints the first question
that comes to mind is how can rational functions approximate a function in
a vicinity of its branchpoint? The astonishing answer is – they can do it very
well, simulating a cut as a line of coalescence of infinite number of zeros and
poles! This answer may seem puzzling for you – which cut? There seem to be
the enormous arbitrariness in joining branchpoints by cuts, and why should
Padé approximants choose just this set of cuts and not another, or why should
all Padé approximants choose the same cuts? The answer to these questions
lies in the interesting fact that although “all cuts are equal”, but some of them
“are more equal than others”.

This fact is established by the following theorem (Ĉ denotes here the ex-
tended complex plane) [11]

Theorem 5 (Stahl, 1985). Let f be given by an analytic function element
in a neighborhood of infinity. There uniquely exists a compact set K0 ⊆ C such
that

(i) D0 := Ĉ\K0 is a domain in which f(z) has a single-valued analytic conti-
nuation,

(ii) cap(K0) = inf cap(K), where the infimum extends over all compact sets
K ⊆ C satisfying (i),

(iii) K0 ⊆ K for all compact sets K ⊆ C satisfying (i) and (ii).

The set K0 is called minimal set (for single-valued analytical continuation
of f(z)) and the domain D0 ⊆ Ĉ – extremal domain.

The following theorem, due to H. Stahl [11], refers to, so called, close-
to-diagonal sequences of Padé approximants. By the latter one means the
sequence [m/n] such that limm+n→∞ m/n = 1.

Theorem 6 (Stahl, 1985). Let the function f(z) be defined by

f(z) =
∞:

j=0

fjz
−j

and have all its singularities in a compact set E ⊆ Ĉ of capacity zero. Then
any close to diagonal sequence of Padé approximants [m/n](z) to the function
f(z) converges in capacity to f(z) in the extremal domain D0.

In simple words, the theorem says that close-to-diagonal sequences of Padé
approximants converge “practically”, for a very wide class of functions, ever-
ywhere, except on a set of “optimal” cuts. However, we must keep in the mind
that it is not the uniform convergence, therefore when applying Padé appro-
ximants, we must be careful and compare few different approximants from a
close-to-diagonal sequence.
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4 Examples

Let us see some examples how Padé approximants work for different types
of functions. In illustrations below, I shall devote more attention to demon-
strating that Padé approximants “discover” correctly singularities and zeros
than to approximating values of functions, though I shall not forget about the
latter.

Let f(z) = tanh(z)/z + 1/[2(1 + z)]. This function has an infinite number
of poles uniformly distributed on the imaginary axis at z = (2k + 1)π/2
k = 0, ±1, ±2, . . . and the pole at z = −1. It has also infinite number of
zeros, the ones closest to origin are: z = −2.06727, −.491559 ± 2.93395i,
−.535753±6.17741i, −.545977±12.5134i and so on. I have added the geometric
series mainly to have a function with a series containing all powers of z, not
the one with even powers only. A small curiosity is that there is a block in the
Padé table of this function – the one consisting of [0/1], [0/2], [1/1], [1/2].

As in any circle centred at the origin there is an odd number of zeros and
poles, we consider the sequence [M/3]. In the tables below I shall compare
positions of zeros and poles of the approximants in this sequence.

P.A. zeros poles
[3/3] − 2.06806, −1.02990 ± 3.17939i −1.00065, −.002435 ± 1.58229i

[4/3] −1.98353, −.963506 ± 2.89352i −.999348, −.006303 ± 1.57462i
25.5413

[5/3] −2.06711, −.645195 ± 2.98225i −.999974, −.000237 ± 1.57193
−6.10166, 8.37705

[6/3] −2.08494, −.632818 ± 2.91477i −1.00003, −.000584 ± 1.57118i
−4.85867, 10.7332 ± 4.29698i

[7/3] −2.06730, −.547353 ± 2.93852i −1.00000, −.000025 ± 1.57091i
−4.73415 ± 2.76689i,
5.76997 ± 3.47249i

[8/3] −2.06422, −.540386 ± 2.91715i −.999999, −.000062 ± 1.57084i
−4.13620 ± 2.49272i, 11.6809

5.90481 ± 4.63395i

We clearly see that first three poles and first three zeros of [M/3] converge
to corresponding zeros and poles of f(z) as expected from the de Montessus
theorem. We could have also checked that values of [M/3] converge to values
of f(z) in the circle of the radius smaller than 3π/2 – the distance of the next
pair of poles. There appeared also “stray zeros” but they were outside this
circle.

Our function has infinite number of poles, so let us see how “diagonal”
Padé approximants work here.
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P.A. zeros poles
[4/4] − 2.02230, −.906076 ± 3.08279i −.999772, −.001036 ± 1.57569i

2.07416 2.08395

[5/5] −2.06727, −.499934 ± 2.93370i −1.00000, −2 · 10−6 ± 1.57081i
−2.74928 ± 8.40343i −.003750 ± 5.06207i

[6/6] −2.06716, −.497714 ± 2.93312i −1.00000, −1 · 10−6 ± 1.57080i
2.03302, −2.66063 ± 8.25624i 2.03304, −.003394 ± 5.02527i

If we remember that [7/3] and [5/5] both use the same number of the
coefficients (11), we can conclude that the diagonal Padé approximants ap-
proximate our function better than approximants with a prescribed degree of
the denominator. We could say, there is a price to pay: [4/4] – using 9 coef-
ficients like [5/3] – has an unwanted pole at 2.08395. We see however that it
is accompanied by a zero at 2.07416 and can (correctly) guess that values of
[4/4] deviate considerably from those of f(x) only close to the pair, which is
called the defect. The analogous defect appears in [6/6], but the pair is much
more “tight” here and we can (correctly) guess that it spoils the approxima-
tive quality of [6/6] in even smaller area close to the defect. This is just how
convergence in measure (and in capacity) manifests itself.

We can also see on Fig. 2 how the behavior of some Padé approxi-
mants, mentioned above, compares with the behavior of f(x) on the interval
[−6, −1.5] i.e. “behind” the singularity at x = −1.

If you are curious what happens when f(z) has a multiple pole – let me
tell you that in that case Padé approximants have as many single poles as is
a multiplicity of that pole and they all converge to this one when order the of
the approximation increases.

Finally, let me say that I would be glad if you have read the message:
diagonal Padé approximants are beautiful – do not be discouraged by their
defects – others can also have defects, but none are as useful.

You should not, however, think that diagonal Padé approximants are
always the best ones – there are some situations when paradiagonal sequences
of Padé approximants, i.e. sequences [m + k/m] with k constant, are optimal.
It can happen if we have some information on the behavior of the function at
infinity. Obviously [m + k/m](x) behaves like xk for x → ∞. If our function
behaves at infinity in a similar way, such sequences of Padé approximants can
converge faster. This is well exemplified by a study of Padé approximants for
f(x) =

√
x + 1

√
2x + 1 + 2/(1 − x). It has zeros at 1.60415 and −1.39193, a

pole at x = 1 and two branch points at x = −1/2 and x = −1. Look at zeros
and poles of [4/3] and [4/4], remembering that [4/4] uses one coefficient the
series more.
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[4/3]
[7/3]

[4/4] 

[5/5] 
f(x) 

[5/3] 

[6/3] 

–0.2

–0.1

0

0.1y

–5 –4 –3 –2

x

Fig. 2. Values of different PA to f(x) = tanh(x) + 1/(1 + x)/2

P.A. zeros poles
[4/3] − 1.38833, −.754876, −.782628, −.564096

−.556928, 1.60403 .999985

[4/4] −1.38548, −.739811, −2499.85, −.767038
−.552442, 1.60441 −.558807, 1.00002

Positions of zeros and of the pole are clearly better reproduced by [4/3]
than [4/4]. Moreover, when x → ∞ [4/3](x) behaves like 1.4146x (

√
2 ≈

1.4142). Additionally we see that the cut (−1, −1/2) is simulated by a line of
interlacing zeros and poles – the line of minimal capacity connecting branch-
points.



Padé Approximants 69

5 Calculation of Padé approximants

In practical applications there appears a problem of how to calculate the given
Padé approximants. In principle one should avoid solving a system of linear
equations, because it is the process very sensitive both to errors of data and to
precision of calculations. Forty and thirty years ago much activity was devoted
to finding different algorithms of recursive calculation of Padé approximants.
It is well documented in [3] ch. 2.4. However you can see that the system
of equations for coefficients of the denominator is the one with the Toeplitz
matrix and for such systems there exist relatively fast and reliable routines
in all numerical programs libraries. With the speed of computers now in use,
quadruple precision as a standard option in all modern Fortran compilers
and also multiprecision libraries spreading around, I think that finding Padé
approximants this way is in practice the most convenient solution. This is,
e.g., the method used for calculation of Padé approximants in the symbolic
algebra system Maple.
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6. J. Gilewicz. Approximants de Padé. Number 667 in Springer Lecture Notes

in Mathematics. Springer Verlag, 1978.
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Logarithmic potential theory is an elegant blend of real and complex analysis
that has had a profound effect on many recent developments in approximation
theory. Since logarithmic potentials have a direct connection with polynomial
and rational functions, the tools provided by classical potential theory and
its extensions to cases when an external field (or weight) is present, have
resolved some long-standing problems concerning orthogonal polynomials, ra-
tes of polynomial and rational approximation, convergence behavior of Padé
approximants (both classical and multi-point), to name but a few.

In this article we provide an introduction to the tools of classical and
“weighted” potential theory, along with a taste of various applications. We
begin by introducing three “different” quantities associated with a compact
(closed and bounded) set in the plane.

1 Classical Logarithmic Potential Theory

Potential theory has its origin in the following

Problem 1 (Electrostatics Problem). Let E be a compact set in the com-
plex plane C. Place a unit positive charge on E so that equilibrium is reached
in the sense that the energy is minimized.

To create a mathematical framework for this problem, we let M(E) denote
the collection of all positive unit measures μ supported on E (so that M(E)
contains all possible distributions of charges placed on E). The logarithmic
potential associated with μ is

Uμ(z) :=
#

log
1

|z − t|dμ(t),
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which is harmonic outside the support S(μ) of μ and is superharmonic in C.
The latter means that the value of the potential at any point z is not less
than its average over any circle centered at z. Notice that, since μ is a unit
measure,

lim
z→∞ (Uμ(z) + log |z|) = 0. (1)

The energy of such a potential is defined by

I(μ) :=
#

Uμdμ =
# #

log
1

|z − t|dμ(t)dμ(z).

Thus, the electrostatics problem involves the determination of

VE := inf{I(μ) : μ ∈ M(E)},

which is called the Robin constant for E. Note that since E is bounded, we
have

diam E := sup
z,t∈E

|z − t| < ∞,

which implies that

−∞ < VE ≤ +∞.

The logarithmic capacity of E, denoted by cap(E), is defined by

cap(E) := e−VE .

If VE = +∞, we set cap(E) = 0. Such sets are called polar and they are
very “thin”. In particular, the “area” (= planar Lebesgue measure) and the
“length” (= one-dimensional Hausdorff measure) of any polar set, are both
equal to zero. For example, any countable set has capacity zero. (However,
the classical Cantor set has positive capacity.)

A fundamental theorem of Frostman asserts that if cap(E) > 0, there
exists a unique measure μE ∈ M(E) such that I(μE) = VE . This extremal
measure is called the equilibrium measure (or Robin measure) for E.

We do not dwell on the proof of the Frostman result, but only mention
that it utilizes three important properties:

(i) M(E) is compact with respect to weak-star convergence of measures;
(ii) I(μ) is a lower semi-continuous function on M(E);
(iii) I(μ) is a strictly convex function on M(E).

The existence of μE follows from (i), (ii), while (iii) guarantees the uniqueness.
The weak-star convergence (denoted weak*) is defined as follows: we say that
a sequence {μn} converges weak* to μ (write μn

∗→ μ), if



Potential Theoretic Tools in Polynomial and Rational Approximation 73#
fdμn →

#
fdμ as n → ∞

for any function f continuous in C.
The potential UμE associated with μE is called the equilibrium potential

(or conductor potential) for E. Some basic facts about cap(E) and UμE are:

(a) Let ∂∞E denote the outer boundary of E (that is, the boundary of the
unbounded component of C \ E; see Fig. 1). Then μE is supported on ∂∞E:

!!!!!!!!!!!!!
!!!!!!!!!!!!!
!!!!!!!!!!!!!
!!!!!!!!!!!!!
!!!!!!!!!!!!!
!!!!!!!!!!!!!

"""""""""""""
"""""""""""""
"""""""""""""
"""""""""""""
"""""""""""""

∂∞E

E

Fig. 1. Outer boundary of E

S(μE) ⊆ ∂∞E.

Moreover, if strict inclusion takes place, then the set ∂∞E\S(μE) has capacity
zero. It follows from the above inclusion that, being unique, the equilibrium
measures for E and for ∂∞E coincide. Therefore

cap(E) = cap(∂∞E).

(b) For all z ∈ C,

UμE (z) ≤ VE

with equality holding quasi-everywhere on E; that is, except possibly for a set
of capacity zero. We write this as

UμE (z) = VE = log
1

cap(E)
q.e. on E. (2)

Moreover, such equality characterizes μE :
If the potential of some μ ∈ M(E) is constant q.e. on E and I(μ) < ∞, then
μ = μE .

(c) A point z ∈ E is called regular if (2) holds at z. If the interior1 IntE of E
is not empty, it follows from (a) that the conductor potential is harmonic there.
1 A point z0 ∈ Int E if and only if there is some open disk with center at z0 that

lies entirely in E.
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Then (b) guarantees that (2) holds at every point of IntE. The following fact is
deeper: if ∂∞E is connected, then every point of ∂∞E is regular. Furthermore,
at every regular point the conductor potential is continuous.

It is helpful to keep in mind the following two simple examples.

Example 1. Let E be the closed disk of radius R, centered at 0. Then dμE =
ds/2πR, where ds is the arclength on the circle |z| = R. One way to derive this
is to observe that E is invariant under rotations. The equilibrium measure,
being unique and supported on |z| = R, must enjoy the same property, and
therefore must be of the above form. Calculating the potential, we obtain

UμE (z) = log
1
|z| , |z| > R and UμE (z) = log

1
R

, |z| ≤ R.

Therefore (see (2)), cap(E) = R.

Example 2. Let E = [a, b] be a segment on the real line. Then cap(E) =
(b − a)/4 and dμE is the arcsine measure; i.e.

dμE =
1
π

dx8
(x − a)(b − x)

, x ∈ [a, b].

If a = −1, b = 1, the conductor potential is given by

UμE (z) = log 2 − log |z +
8

z2 − 1|

(for arbitrary a, b the expression is a bit more complicated). These results
can be obtained from Example 1 by applying the Joukowski conformal map
of C \ [−1, 1] onto |w| > 1.

There is an important relation between the equilibrium potential and the
notion of Green function. Assume, for simplicity, that ∂∞E is connected and
let Ω denote the unbounded component of C \ E (so that ∂Ω = ∂∞E and
Ω ∪ {∞} is a simply connected domain in the extended complex plane).

Let w = Φ(z) denote the conformal map of Ω onto |w| > 1, normalized by
Φ(∞) = ∞, Φ�(∞) > 0. That is, for some constant c > 0,

Φ(z) =
1
c
z + lower order terms, as z → ∞.

By the Riemann Mapping Theorem, such a Φ exists and is unique. Moreover,
its absolute value |Φ| becomes a continuous function in the whole plane if we
set

|Φ(z)| = 1, z ∈ E.

Let us examine some properties of the function g = log |Φ|.
First, g is the real part of log Φ(z) which is analytic in Ω. Therefore
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(i) g is harmonic in Ω;
Second, our normalization implies that

(ii) lim
z→∞(g(z) − log |z|) exists and is finite;
Finally,

(iii) g is continuous in the closed domain Ω and equals zero on its boundary.

There is a unique function that enjoys these three properties. It is called
the Green function for Ω with pole at infinity and is denoted by gΩ(·, ∞). So
we have just shown that

log |Φ(z)| = gΩ(z, ∞)

(and that the limit in (ii) is equal to log(1/c)). It is now easy to see that

UμE (z) = log
1

cap(E)
− gΩ(z, ∞). (3)

Indeed, let h denote the difference of the two sides of (3). Then h is harmonic
in the domain Ω, and is equal to zero on its boundary. Moreover, h has a
finite limit at infinity, namely log(1/c) − log(1/cap(E)), recall (1). By the
maximum principle, h is identically zero and we are done. We also obtain
that the constant c is just cap(E).

In the case when ∂∞E is a smooth closed Jordan curve, there is a simple
representation for μE . The equilibrium measure of any arc γ on ∂∞E is given
by

μE(γ) =
1
2π

#
γ

∂gΩ

∂n
ds =

1
2π

#
γ

|Φ�|ds,

where the derivative in the first integral is taken in the direction of the ou-
ter normal on ∂∞E. Alternatively, μE(γ) is given by the normalized angular
measure of the image Φ(γ):

μE(γ) =
1
2π

#
Φ(γ)

dθ (4)

(for this representation, the smoothness of ∂∞E is not needed).
The reader is invited to carry out the above calculations, for the special

case of a disk, considered in Example 1.
We now introduce another quantity associated with E. It arises in the

following

Problem 2 (Geometric Problem). Place n points on E so that they are
“as far apart” as possible in the sense of the geometric mean of the distances
between the points. Since the number of different pairs of n points is n(n−1)/2,
we consider the quantity

δn(E) := max
z1,... ,zn∈E

⎛⎝ 5
1≤i<j≤n

|zi − zj |
⎞⎠2/n(n−1)

.
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Any system of points Fn =
�

z
(n)
1 , . . . , z

(n)
n

�
for which the maximum is at-

tained, is called an n-point Fekete set for E; the points z
(n)
i in Fn are called

Fekete points.
For example, if n = 2, then F2 =

�
z
(2)
1 , z

(2)
2

�
, where

>>>z(2)
1 − z

(2)
2

>>> =
diam E. Obviously, these 2 points lie on the outer boundary of E. In ge-
neral, it follows from the maximum modulus principle for analytic functions,
that for all n, the Fekete sets lie on the outer boundary of E.

It turns out (cf. [11], [12]), that the sequence δn decreases, so we may
define

τ(E) := lim
n→∞ δn(E).

The quantity τ(E) is called the transfinite diameter of E.

Example 3. Let E be the closed unit disk. Then one can show that the set
of n-th roots of unity is an n-point Fekete set for E (and so is any of its
rotations). Furthermore, τ(E) = 1.

Example 4. Let E = [−1, 1]. Then (cf. [15]) the set Fn turns out to be unique
and it coincides with the zeros of (1 − x2)P (1,1)

n−2 (x), where P
(1,1)
n−2 is the Jacobi

polynomial with parameters (1, 1) of degree n − 2. Also, τ(E) = 1/2.

Finally, we introduce a third quantity — the Chebyshev constant, cheb(E)
— which arises in a mini-max problem.

Problem 3 (Polynomial Extremal Problem). Determine the minimal
sup-norm on E for monic polynomials of degree n. That is, determine

tn(E) := min
p∈Pn−1

 zn + p(z) E ,

where Pn−1 denotes the collection of all polynomials of degree ≤ n − 1 and
 ·  E is defined by

 f E := max
z∈E

|f(z)|.

We assume that E contains infinitely many points (which is always the case
if cap(E) > 0). Then for every n there is a unique monic polynomial Tn(z) =
zn + · · · such that  Tn E = tn(E). It is called the n-th Chebyshev polynomial
for E.

In view of the simple inequality

tm+n(E) =  Tm+n E ≤  TmTn E ≤  Tm E Tn E = tm(E)tn(E),

one can show (cf. [11], [12]) that the sequence tn(E)1/n converges, so we may
define

cheb(E) := lim
n→∞ tn(E)1/n.
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Example 5. Let E be the closed disk of radius R, centered at 0. For any p ∈
Pn−1, the ratio (zn + p(z))/zn represents an analytic function in |z| ≥ 1 that
takes the value 1 at ∞. By the maximum principle,

 zn + p(z) E = max
|z|=R

|zn + p(z)| = Rn max
|z|=R

>>>>zn + p(z)
zn

>>>> ≥ Rn,

and strict inequality takes place if p(z) is not identically zero. It follows that
Tn(z) = zn. Therefore tn(E) = Rn and cheb(E) = R.

Example 6. Let E = [−1, 1]. Then Tn is the classical monic Chebyshev poly-
nomial

Tn(x) = 21−n cos(n arccos x), x ∈ [−1, 1], n ≥ 1.

Also, tn(E) = 21−n from which it follows that cheb(E) = 1/2.

Closely related to Chebyshev polynomials are Fekete polynomials. An n-th
Fekete polynomial Fn(z) is a monic polynomial having all its zeros at the n
points of a Fekete set Fn.

Example 7. If E is the closed unit disk centered at 0, then one can take Fn(z) =
zn − 1, so that  Fn E = 2. Comparing this with Example 5 we see that the
Fn’s are asymptotically optimal for the Chebyshev problem:

lim
n→∞  Fn 1/n

E = lim
n→∞  Tn 1/n

E = 1 = cheb(E).

Moreover, uniformly on compact subsets of |z| > 1, we have

lim
n→∞ |Fn(z)|1/n = lim

n→∞ |Tn(z)|1/n = |z| = exp{−UμE (z)},

(the last equality follows from Example 1). Finally, it is easy to see that the
zeros of Fn are asymptotically uniformly distributed on |z| = 1. By that we
mean that for any arc γ on this circle,

1
n

× {number of zeros of Fn in γ} → 1
2π

× {length of γ}, n → ∞.

Note that the second ratio coincides with μE(γ) (cf. Example 1).

The examples of this section illustrate the following fundamental theorem,
various parts of which are due to Fekete, Frostman, and Szegő.

Theorem 1 (Fundamental Theorem of Classical Potential Theory).
For any compact set E ⊂ C,

(a) cap(E) = τ(E) = cheb(E);
(b) Fekete polynomials are asymptotically optimal for the Chebyshev problem:

lim
n→∞  Fn 1/n

E = cheb(E) = cap(E).

If cap(E) > 0 (so that μE is defined), then we also have:
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(c) Uniformly on compact subsets of the unbounded component of C \ E,

lim
n→∞ |Fn(z)|1/n = exp{−UμE (z)};

(d) Fekete points (the zeros of Fn) have asymptotic distribution μE.

The last statement is illustrated in Example 7, but let us make it more
precise. Let

Pn(z) =
n5

k=1

(z − zk)

and let δzk
denote the unit mass placed at zk. Then U δzk (z) = log

1
|z − zk| ,

and we see that

|Pn(z)|1/n = e−Uν(z),

where ν is the unit measure (normalized zero counting measure for Pn) given
by

ν = νPn
:=

1
n

n:
k=1

δzk
.

Notice that for any set K,

ν(K) =
1
n

× {number of zeros of Pn in K}.

We can now rigorously formulate part (d) of the Fundamental Theorem:
The normalized zero counting measures for Fekete polynomials converge weak*
to μE.

In applications, the following result is also useful:
Let {Pn} be any sequence of monic polynomials having all their zeros in E

and such that νPn

∗→ μE. If ∂∞E is regular (e.g., if it is connected), then the
assertions (b) and (c) of the Fundamental Theorem hold for the Pn’s.

Such sequences can be constructed by various “discretization” techniques.
One of the simplest discretizations was employed by J.L. Walsh in his work
on polynomial and rational approximation; see Remark (a) at the end of the
next section.

2 Polynomial Approximation of Analytic Functions

Let f be a continuous function on a compact set E (symbolically, f ∈ C(E))
and let
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en(f ; E) = en(f) := min
p∈Pn

 f − p E (5)

be the error in best uniform approximation of f by polynomials of degree at
most n. We denote by p∗

n the polynomial of best approximation:  f − p∗
n E =

en(f).
If en(f) → 0 as n → ∞, the series

p∗
1 +

∞:
n=1

(p∗
n+1 − p∗

n)

converges to f uniformly on E, so that the continuous function f must be
analytic at every interior point of E. (The collection of all functions that are
continuous on E and analytic in IntE is denoted by A(E).) Furthermore, it
follows from the maximum principle, that the above series automatically con-
verges on every bounded component of C \ E, so that its sum represents an
analytic continuation of f to these components (e.g., if E is the unit circle
|z| = 1, then the convergence holds in the unit disk |z| ≤ 1). Such a con-
tinuation, however, may be impossible. Therefore, in order to ensure that
en(f) → 0 for every function f in A(E), it is necessary to assume that the
only component of C \ E is the unbounded one; that is, C \ E is connected
(so that E does not separate the plane).

A celebrated theorem of S.N. Mergelyan (cf. [3]) asserts that this assump-
tion is also sufficient. Here we prove this result in a special case when E is
connected and f is analytic in some neighborhood of E. The proof will also
give the rate of approximation.

So let C \ E and E both be connected. Then the complement of E with
respect to the extended complex plane is a simply-connected domain. Let Φ
be the conformal map considered in Section1 and recall that

log |Φ(z)| = log
1

cap(E)
− UμE (z) = gC\E(z, ∞), z ∈ C \ E. (6)

For any R > 1, let ΓR denote the level curve {z : |Φ(z)| = R}, see Fig. 2 (we
call such a curve a level curve with index R).

!!
!!
""
""

!!!!!
!!!!!
"""""
""""" Φ

1

ΓR

E

R

Fig. 2. Level curve of Φ

Note that ΓR is also a level curve for the potential:
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UμE (z) = log
1

R cap(E)
, z ∈ ΓR. (7)

Let Fn+1 be the (n+1)-st Fekete polynomial for E and let Pn be the polyno-
mial of degree ≤ n that interpolates f at the zeros of Fn+1. We are given that
f is analytic in a neighborhood of E; hence there exists R > 1 such that f is
analytic on and inside ΓR. For any such R, the Hermite interpolation formula
yields

f(z) − Pn(z) =
1

2πi

#
ΓR

Fn+1(z)
Fn+1(t)

f(t)dt

t − z
, z inside ΓR. (8)

(The validity of the Hermite formula follows by first observing that the right-
hand side vanishes at the zeros of Fn+1(z), and then by replacing f(z) by its
Cauchy integral representation to deduce that the difference between f and
the right-hand side is indeed a polynomial of degree at most n).

Formula (8) leads to a simple estimate:

en(f) ≤  f − Pn E ≤ K
 Fn+1 E

minΓR
|Fn+1(t)| ,

where K is some constant independent of n. Applying parts (b), (c) of the
Fundamental Theorem we obtain, with the aid of (7), that

lim sup
n→∞

en(f)1/n ≤ cap(E)
R cap(E)

=
1
R

< 1. (9)

We have proved that indeed en(f) → 0 and that the convergence is geome-
trically fast. Since R > 1 was arbitrary (but such that f is analytic on and
inside ΓR), we have actually proved that (9) holds with R replaced by R(f),
where

R(f) := sup{R : f admits analytic continuation to the interior of ΓR}.

Can we improve on this? The answer is — no! In order to show this, we need
the following very useful result.

Theorem 2 (Bernstein-Walsh Lemma). Assume that both E and C \ E
are connected. If a polynomial p of degree n satisfies |p(z)| ≤ M for z ∈ E,
then |p(z)| ≤ Mrn for z ∈ Γr, r > 1.

The proof uses essentially the same argument as in Example 5. The fun-
ction p(z)/Φn(z) is analytic outside E, even at ∞. Since |Φ| = 1 on ∂E, we
know that |p(z)/Φn(z)| ≤ M for z ∈ ∂E. Hence the maximum principle yields>>>> p(z)

Φn(z)

>>>> ≤ M, z ∈ C \ E

and the result follows by the definition of Γr.
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Assume now that (9) holds for some R > R(f) and let R(f) < K < R.
Then for some constant c > 1,

en(f) ≤ c

Kn
, n ≥ 1.

Since, from the triangle inequality,

 p∗
n+1 − p∗

n E =  p∗
n+1 − f + f − p∗

n E ≤ en+1(f) + en(f) ≤ 2cK−n,

we obtain from the Bernstein-Walsh Lemma that for any r > 1,

 p∗
n+1 − p∗

n ΓR
≤ 2c

*
r

K

1n

, n ≥ 1.

If we choose R(f) < r < K, we obtain that the series p∗
1 +

;∞
n=1(p

∗
n+1 − p∗

n)
converges uniformly inside Γr. Hence it gives an analytic continuation of f to
the interior of Γr, which contradicts the definition of R(f).

Let us summarize what we have proved.

Theorem 3 (Walsh [17, Ch. VII]). Let the compact set E be connected
and have a connected complement. Then for any f ∈ A(E),

lim sup
n→∞

en(f)1/n =
1

R(f)
.

Remarks.
(a) The proof of this theorem shows that on interpolating f at Fekete points we
obtain a sequence of polynomials that gives, asymptotically, the best possible
rate of approximation. It may be not easy, however, to find these points and
it is desirable to have other methods at hand. Assume, for example, that E
is bounded by a smooth Jordan curve Γ . With Φ as above, let the points
w1, . . . , wn be equally-spaced on |w| = 1 and let zi = Φ−1(wi) ⊂ ∂E be their
preimages. These points (called the Fejér points) divide Γ into n subarcs,
each having μE-measure 1/n (the latter can be derived from the formula (4)).
Therefore, the Fejér points have asymptotic distribution μE . Let Pn be the
monic polynomial with zeros at z1, . . . , zn. According to the statement in the
end of Section 1, the sequence {Pn} enjoys the same properties (b), (c) as
{Fn} does, and the proof of Theorem 3 shows that

lim sup
n→∞

 f − Pn 1/n
E =

1
R(f)

.

(b) R(f) is the first value of R for which the level curve ΓR contains a
singularity of f . It may well be possible that f is analytic at some other points
of ΓR(f), but the geometric rate of best polynomial approximation “does not
feel this” — whether every point of ΓR(f) is a singularity or merely one point is
a singularity, the rate of approximation remains the same as if f was analytic
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only inside of ΓR(f)! To take advantage of any extra analyticity, different
approximation tools are needed; e.g., rational functions. We demonstrate this
in Section 6.

(c) It follows from (6) that

ΓR = {z ∈ C \ E : gC\E(z, ∞) = log R}. (10)

Assume now that C \ E is connected but is E not. Then one can still define
the Green function gC\E via the formula

gC\E = log
1

cap(E)
− UμE ,

from which it follows that properties (i)–(iii) described in Section 1 will hold,
provided E is regular. Then, with ΓR defined by (10), it is easy to modify the
above proof to show that Walsh’s Theorem 3 holds in this case as well.

Example 8. Let E = [−1, −α] ∪ [α, 1], 0 < α < 1, and let f = 0 on [−1, −α]
and f = 1 on [α, 1]. Some level curves ΓR of gC\E are depicted on Fig. 3. For
R small, ΓR consists of two pieces, while for R large, ΓR is a single curve.
There is a “critical value” R0 = gC\E(0, ∞) for which ΓR0 represents a self-
intersecting lemniscate-like curve (the bold curve in Fig. 3). Clearly, f can be
extended as an analytic function to the interior of ΓR0 (define f = 0 inside
the left lobe and f = 1 inside the right lobe). For R > R0, the interior of ΓR

is a (connected) domain; hence there is no function analytic inside of ΓR that
is equal to 0 on [−1, −α] and to 1 on [α, 1]. Therefore

R(f) = R0 = exp


gC\E(0, ∞)

�
,

and by the (extension of) Walsh’s theorem:

lim sup
n→∞

en(f)1/n = exp

−gC\E(0, ∞)

�
.

3 Approximation with Varying Weights — a background

We start with two problems that have triggered much of the recent potential
theoretic research on polynomial and rational approximation and on orthogo-
nal polynomials.

Let 0 < θ < 1. A polynomial P (x) =
;n

k=0 akxk is said to be incomplete
of type θ (P ∈ Iθ), if ak = 0 for k < nθ. The study of such polynomials was
introduced in [6] by Lorentz who proved the following.

Theorem 4 (G.G. Lorentz, 1976). If Pn ∈ Iθ, deg Pn → ∞ as n → ∞
and
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ΓR, R > R0

−1

ΓR, R < R0

−α 1α0

ΓR0

Fig. 3. Level curves of gC\E

 Pn [0,1] = max
[0,1]

|Pn(x)| ≤ M, all n,

then

Pn(x) → 0 for x ∈ [0, θ2).

Concerning the sharpness of this result, we state

Problem 4. Is [0, θ2) the largest interval where the convergence to zero is
guaranteed?

Another problem, dealing with the asymptotic behavior of recurrence co-
efficients for orthogonal polynomials, was posed by G. Freud, also in 1976 [2].
Let

wα(x) := e−|x|α , α > 0 (11)

be a weight on the real line and let {pn} be orthonormal polynomials with
respect to this weight:# ∞

−∞
pm(x)pn(x)e−|x|αdx = δmn

(for α = 2 these are the classical Hermite polynomials). Since the weight is
even, the polynomials pn satisfy the following 3-term recurrence relation

xpn(x) = an+1pn+1(x) + anpn−1(x),

where {an} is some sequence of real numbers (cf. [15]). For the weights (11),
G. Freud conjectured that

lim
n→∞ n1/αan exists.

Problem 5. Resolve this conjecture.
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Seemingly very different, these two problems are connected by a common
thread — both can be formulated in terms of weighted polynomials of the
form

wn(x)Pn(x), deg Pn ≤ n.

For the Lorentz Problem, one simply observes that any P ∈ Iθ of degree
n/(1 − θ) (which for simplicity we assume to be an integer) can be written in
the form

P (x) = xnθ/(1−θ)Pn(x),

where Pn is a polynomial of degree ≤ n. Therefore, this problem deals with
sequences of weighted polynomials that satisfy

 wnPn [0,1] ≤ M, w(x) = xθ/(1−θ), deg Pn ≤ n.

Regarding Problem 5, we observe that from the normalization# ∞

−∞
p2

n(x)e−|x|αdx = 1

the substitution

x → n1/αx, pn(x) → Pn(x) := n1/2αpn(n1/αx)

leads again to a sequence of weighted polynomials for which

 wnPn L2(R) = 1, w(x) = e−|x|α/2, degPn ≤ n,

where  ·  L2(R) is defined by

 f L2(R) :=
*#

R
|f(x)|2dx

11/2

.

In this framework, the following question is of fundamental importance:

Problem 6 (Generalized Weierstrass Approximation Problem). For
E ⊂ R closed, w : E → [0, ∞), characterize those functions f continuous on
E that are uniform limits on E of some sequence of weighted polynomials
{wnPn}, degPn ≤ n.

It turns out that Problems 4, 5, and 6 can be resolved with the aid of
potential theory, when an external field is introduced.
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4 Logarithmic Potentials with External Fields

Let E be a closed (not necessarily compact) subset of C and let w(z) be a
nonnegative weight on E. We define a new “distance function” on E, replacing
|z − t| by |z − t|w(z)w(t). This gives rise to weighted versions of logarithmic
capacity, transfinite diameter and Chebyshev constant.

Weighted capacity: cap(w, E).
As before, let M(E) denote the collection of all unit measures supported

on E. We set

Q := log
1
w

and call it the external field. Consider the modified energy integral for
μ ∈ M(E):

Iw(μ) :=
# #

log
1

|z − t|w(z)w(t)
dμ(z)dμ(t)

=
# #

log
1

|z − t|dμ(z)dμ(t) + 2
#

Q(z)dμ(z)
(12)

and let

Vw := inf
μ∈M(E)

Iw(μ).

The weighted capacity is defined by

cap(w, E) := e−Vw .

In the sequel, we assume that w satisfies the following conditions:

(i) w > 0 on a subset of positive logarithmic capacity;
(ii) w is continuous (or, more generally, upper semi-continuous);
(iii) If E is unbounded, then |z|w(z) → 0 as |z| → ∞, z ∈ E.

Under these restrictions on w, there exists a unique measure μw ∈ M(E),
called the weighted equilibrium measure, such that

I(μw) = Vw.

The above integral (12) can be interpreted as the total energy of the unit
charge μ, in the presence of the external field Q (in this electrostatics inter-
pretation, the field is actually 2Q). Since this field has a strong repelling effect
near points where w = 0 (i.e. Q = ∞), assumption (iii) physically means that,
for the equilibrium distribution, no charge occurs near ∞. In other words, the
support S(μw) of μw is necessarily compact. However, unlike the unweighted
case, the support need not lie entirely on ∂∞E and, in fact, it can be quite an
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arbitrary closed subset of E. Determining this set is one of the most important
aspects of weighted potential theory.

Weighted transfinite diameter: τ(w, E).
Let

δn(w) := max
z1,... ,zn∈E

⎛⎝ 5
1≤i<j≤n

|zi − zj |w(zi)w(zj)

⎞⎠2/n(n−1)

.

Points z
(n)
1 , . . . , z

(n)
n at which the maximum is attained are called weighted

Fekete points. The corresponding Fekete polynomial is the monic polynomial
with all its zeros at these points.

As in the unweighted case, the sequence δn(w) is decreasing, so one can
define

τ(w, E) := lim
n→∞ δn(w),

which we call the weighted transfinite diameter of E.

Weighted Chebyshev constant: cheb(w, E).
Let

tn(w) := min
p∈Pn−1

 wn(z)(zn − p(z)) E .

Then the weighted Chebyshev constant is defined by

cheb(w, E) := lim
n→∞ tn(w)1/n.

The following theorem (due to Mhaskar and Saff) generalizes the classical
results of Section 1.

Theorem 5 (Generalized Fundamental Theorem). Let E be a closed
set of positive capacity. Assume that w satisfies the conditions (i)–(iii) and let
Q = log(1/w). Then

cap(w, E) = τ(w, E) = cheb(w, E) exp
�

−
#

Qdμw

�
.

Moreover, weighted Fekete points have asymptotic distribution μw as n → ∞,
and weighted Fekete polynomials are asymptotically optimal for the weighted
Chebyshev problem.

How can one find μw?
In most applications, the weight w is continuous and the set E is regu-

lar. Recall that the latter means that the classical (unweighted) equilibrium
potential for E is equal to VE everywhere on E, not just quasi-everywhere.
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Under these assumptions, the equilibrium measure μ = μw is characterized
by the conditions that μ ∈ M(E), I(μ) < ∞ and, for some constant cw, the
following variational conditions hold:	

Uμ + Q = cw on S(μ)
Uμ + Q ≥ cw on E.

(13)

On integrating (against μ = μw) the first condition, we obtain that the con-
stant is given by

cw = Iw(μw) +
#

Qdμw = Vw −
#

Qdμw.

When trying to find μw, an essential step (and a nontrivial problem in its
own right!) is to determine the support S(μw). There are several methods
by which S(μw) can be numerically approximated, but they are complicated
from the computational point of view. Therefore, knowing properties of the
support can be useful and we list some of them.

Properties of the support S(μw)

(a) The sup-norm of weighted polynomials “lives” on S(μw). That is, for any
n and for any polynomial Pn of degree at most n, there holds

 wnPn E =  wnPn S(μw).

(b) Let K be a compact subset of E of positive capacity, and define

F (K) := log cap(K) −
#

K

QdμK ,

where μK is the classical (unweighted) equilibrium measure for K. This so-
called F-functional of Mhaskar and Saff is often a helpful tool in finding
S(μw). Since cap(K) and μK remain the same if we replace K by ∂∞K, we
obtain that F (K) = F (∂∞K). It turns out that the outer boundary of S(μw)
maximizes the F-functional:

max
K

F (K) = F (∂∞S(μK)).

This result is especially useful when E is a real interval and Q is convex. It
is then easy to derive from (13) that S(μw) is an interval. Thus, to find the
support, one merely needs to maximize F (K) only over intervals K ⊂ E,
which amounts to a standard calculus problem for the determination of the
endpoints of S(μw).

Example 9 (Incomplete polynomials). Here E = [0, 1] and
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Q(x) = log(1/w(x)) = − θ

1 − θ
log x

is convex. Maximizing the F-functional one gets S(μw) = [θ2, 1]. (For details,
see [12, Sec. IV.1]).

Example 10 (Freud Weights). Here E = R and w(x) = exp(−|x|α). Hence
Q(x) = |x|α is convex provided that α > 1, and we obtain Sw = [−aα, aα],
where aα can be given explicitly in terms of the Gamma function. (Actually,
this result also holds for all α > 0; see [12, Sec. IV.1].) For example, when
α = 2, we get Sw = [−1, 1].

5 Generalized Weierstrass Approximation Problem

We address here Problems 4, 5, and 6. Let E be a regular closed subset of R
and w(x) be continuous on E. Then we have the following weighted analogue
of the Bernstein-Walsh lemma:

|wn(x)Pn(x)| ≤  wnPn S(μw) exp{−n(Uμn(x) + Q(x) − cw)}, x ∈ E \ S(μw).

With the aid of (13) and a variant of the Stone-Weierstrass theorem (cf.
[12]), one can show that if a sequence {wn(x)Pn(x)}, degPn ≤ n, converges
uniformly on E, then it tends to 0 for every x ∈ E \ S(μw).

Thus, if some f ∈ C(E) is a uniform limit on E of such a sequence, it
must vanish on E \ S(μw). The converse is not true, in general, but it is true
in many important cases.

Incomplete polynomials

For the weight w = xθ/(1−θ), we have mentioned that S(μw) = [θ2, 1]. It was
proved by Saff and Varga and, independently, by M. v. Golitschek (cf. [13],
[5]), that any f ∈ C[0, 1] that vanishes on [0, θ2] is a uniform limit on [0, 1] of
incomplete polynomials of type θ.

In particular, choosing f(x) = 0 for x ∈ [0, θ2], and f(x) = x − θ2 for
x > θ2, the sequence of type θ polynomials converging uniformly to f on [0, 1]
is uniformly bounded on [0, 1], but does not tend to zero for x > θ2. Thus the
answer to Problem 4 is — yes, Lorentz’s Theorem 4 is indeed sharp!

Freud Conjecture

For α > 1, let [−aα, aα] be the support of the equilibrium measure for the
weight e−|x|α . Lubinsky and Saff showed in [7], that any f ∈ C(R) that
vanishes outside this support is a uniform limit of a sequence of the form
exp{−n|x|α}Pn(x), n ≥ 1. This result was the major ingredient in the ar-
gument given by Mhaskar, Lubinsky, and Saff [8], that resolved the Freud
Conjecture in the affirmative.

Concerning more general weights, Saff made the following conjecture:
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Conjecture 1. Let E be a real interval, and assume that Q = log(1/w) is
convex on E. Then any function f ∈ C(E) that vanishes on E \ S(μE) is
the uniform limit on E of some sequence of weighted polynomials {wnPn},
degPn ≤ n.

This conjecture was proved by V. Totik [16] utilizing a careful analysis
of the smoothness of the density of the weighted equilibrium measure. We
remark that for more general Q and E, the conjecture is false, and additional
requirements on f are needed.

6 Rational Approximation

For a rational function R(z) = P1(z)/P2(z), where P1 and P2 are monic
polynomials of degree n, one can write

− 1
n

log |R(z)| = Uν1(z) − Uν2(z),

where ν1, ν2 are the normalized zero counting measures for P1, P2, respectively.
The right-hand side represents the logarithmic potential of the signed measure
μ = ν1 − ν2:

Uν1(z) − Uν2(z) = Uμ(z) =
#

log
1

|z − t|dμ(t).

The theory of such potentials can be developed along the same lines as in
Section 1. We present below only the very basic notions of this theory that
are needed to formulate the approximation results. A more in-depth treatment
can be found in the works of Bagby [1], Gonchar [4], as well as [12].

The analogy with electrostatics problems suggests considering the follo-
wing energy problem. Let E1, E2 ⊂ C be two closed sets that are a positive
distance apart. The pair (E1, E2) is called a condenser and the sets E1, E2
are called the plates. Let μ1 and μ2 be positive unit measures supported on
E1 and E2, respectively. Consider the energy integral of the signed measure
μ = μ1 − μ2:

I(μ) =
# #

log
1

|z − t|dμ(z)dμ(t).

Since μ(C) = 0, the integral is well-defined, even if one of the sets is unbo-
unded. While not obvious, it turns out that such I(μ) is always positive. We
assume that E1 and E2 have positive logarithmic capacity. Then the minimal
energy (over all signed measures of the above form)

V (E1, E2) := inf
μ

I(μ)

is finite and positive. We then define the condenser capacity cap(E1, E2) by
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cap(E1, E2) := 1/V (E1, E2).

One can show, as with the Frostman theorem, that there exists a unique
signed measure μ∗ = μ∗

1 − μ∗
2 (the equilibrium measure for the condenser) for

which I(μ∗) = V (E1, E2). Furthermore, the corresponding potential (called
the condenser potential) is constant on each plate:

Uμ∗
= c1 on E1, Uμ∗

= −c2 on E2, (14)

(we assume throughout that E1, E2 are regular — otherwise the above equa-
lities hold only quasi-everywhere). On integrating against μ∗, we deduce from
(14) that

c1 + c2 = V (E1, E2) = 1/cap(E1, E2). (15)

We mention that (similar to the case of the conductor potential) the relations
of type (14) characterize μ∗. Moreover, one can deduce from (14) that the
measure μ∗

i is supported on the boundary (not necessarily the outer one) of
Ei, i = 1, 2. Therefore, on replacing each Ei by its boundary, we do not change
the condenser capacity or the condenser potential.

Example 11. Let E1, E2 be, respectively, the circles |z| = r1, |z| = r2, r1 < r2

These sets are invariant under rotations. Being unique, the measure μ∗ is
therefore also invariant under rotations and we obtain that

μ∗
1 =

1
2πr1

ds, dμ∗
2 =

1
2πr2

ds,

where ds denotes the arclength over the respective circles E1, E2. Applying
the result of Example 1, we find that

Uμ∗
(z) =

⎧⎪⎨⎪⎩
0, |z| > r2

log(r2/|z|), r1 ≤ |z| ≤ r2

log(r2/r1), |z| < r1.

Therefore (recall (15))

cap(E1, E2) = 1/ log
r2

r1
. (16)

Assume now that each plate of a condenser is a single Jordan arc or curve
(without self-intersections), and let G be the doubly-connected domain that
is bounded by E1 and E2, see Fig. 4. We call such a G a ring domain.

For ring domains one can give an alternative definition of condenser capa-
city. Let

u(z) :=
#

log(z − t)dμ∗(t) + c1.
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Fig. 4. Ring domains

This function is locally analytic but not single-valued in G (notice that there
is no modulus sign in the integral). Moreover, if we fix t and let z move along
a simple closed counterclockwise oriented curve in G that encircles E1, say,
then the imaginary part of log(z − t) increases by 2π, for t ∈ E1, while for
t ∈ E2 it returns to the original value. Since μ∗

1 and μ∗
2 are unit measures, it

follows that the function φ : z → w = exp(u(z)) is analytic and single-valued.
Moreover, it can be shown to be one-to-one in G. By its definition, φ satisfies

log |φ| = −Uμ∗
+ c1 = 0 on E1; log |φ| = −Uμ∗

+ c1 = c1 + c2 on E2.

Therefore φ maps G conformally onto the annulus 1 < |w| < ec1+c2 .
It is known from the theory of conformal mapping, that, for a ring domain

G, there exists unique R > 1, called the modulus of G (we denote it by
mod(G)), such that G can be mapped conformally onto the annulus 1 <
|w| < R. We have thus shown that

cap(E1, E2) = 1/ log(mod(G)). (17)

We remark that if G1 ⊃ G2 are two ring domains, then mod(G1) ≥mod(G2).

Example 12. Let E1, E2 be as above, and assume that E2 is the R-th level
curve for E1. That is, |Φ(z)| = R for z ∈ E2, where Φ maps conformally
the unbounded component of C \ E1 onto |w| > 1. In particular, Φ maps the
corresponding ring domain G onto the annulus 1 < |w| < R, and we conclude
that mod(G) = R (so that cap(E1, E2) = 1/ log R). Applying this to the
configuration of Example 11, we see that Φ(z) = z/r1, so that R = r2/r1, and
we obtain again (16).

We now turn to rational approximation. Let E ⊂ C be compact. We denote
by Rn the collection of all rational functions of the form R = P/Q, where
P , Q are polynomials of degree at most n, and Q has no zeros in E. For
f ∈ A(E), let

rn(f ; E) = rn(f) := inf
r∈Rn

 f − r E

be the error in best approximation of f by rational functions from R\. Clearly,
since polynomials are rational functions, we have (cf. (5)) rn(f) ≤ en(f). A
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basic theorem regarding the rate of rational approximation was proved by
Walsh [17, Ch.IX]. Following is a special case of this theorem.

Theorem 6 (Walsh). Let E be a single Jordan arc or curve and let f be
analytic on a simply connected domain D ⊃ E. Then

lim sup
n→∞

rn(f)1/n ≤ exp{−1/cap(E, ∂D)}. (18)

The proof of (18) follows the same ideas as the proof of inequality (9). Let
Γ be a contour in D\E that is arbitrarily close to ∂D. Let μ∗ = μ∗

1−μ∗
2 be the

equilibrium measure for the condenser (E, Γ ). For any n, let α
(n)
1 , . . . , α

(n)
n be

equally spaced on E (with respect to μ∗
1) and let β

(n)
1 , . . . , β

(n)
n be equally spa-

ced on Γ (with respect to μ∗
2). Then one can show that the rational functions

rn(z) with zeros at the α
(n)
i ’s and poles at the β

(n)
i ’s satisfy⎛⎝max

E
|rn|

min
Γ

|rn|

⎞⎠1/n

→ e−1/cap(E,Γ ). (19)

Let Rn = pn−1/qn be the rational function with poles at the β
(n)
i ’s that

interpolates f at the points α
(n)
i ’s. Then the Hermite formula (cf. (8)) takes

the following form:

f(z) − Rn(z) =
1

2πi

#
Γ

rn(z)
rn(t)

f(t)
t − z

dt, z inside Γ,

and it follows from (19) that

lim sup
n→∞

rn(f)1/n ≤ lim sup
n→∞

 f − Rn 1/n
E ≤ e−1/cap(E,Γ ).

Letting Γ approach ∂D, we get the result.

Remarks.
(a) Unlike in the polynomial approximation, no rate of convergence of rn(f)
to 0 can ensure that a function f ∈ C(E) is analytic somewhere beyond E.

(b) One can construct a function for which equality holds in (18), so that
this bound is sharp. Such a function necessarily has a singularity at every
point of ∂D; otherwise f would be analytic in a larger domain, so that the
corresponding condenser capacity will become smaller. In view of Theorem 6,
this would violate the assumed equality in (18).

Although sharp, the bound (18) is unsatisfactory, in the following sense.
Assume, for example, that E is connected and has a connected complement,
and let ΓR, R > 1, be a level curve for E. Let f be a function that is analytic
in the domain D bounded by ΓR and such that the equality holds in (18).
According to Example 12 we then obtain that
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lim sup
n→∞

rn(f)1/n =
1
R

. (20)

By Remark (b) above, such f must have singularities on ΓR. Hence (recall
Remark (b) following Theorem 3) the relation (20) holds with rn(f) replaced
by en(f). But the family Rn contains Pn and it is much more rich than Pn —
it depends on 2n + 1 parameters while Pn depends only on n + 1 parameters.
One would expect, therefore, that at least for a subsequence of n’s, rn(f)
behaves asymptotically like e2n(f). This was a motivation for the following
conjecture.

Conjecture 2 (A.A. Gonchar). Let E be a compact set and f be analytic in
an open set D containing E. Then

lim inf
n→∞ rn(f ; E)1/n ≤ exp{−2/cap(E, ∂D)}. (21)

This conjecture was proved by O. Parfenov [9] for the case when E is a
continuum with connected complement and in the general case by V. Prok-
horov [10]; they used a very different method — the so-called “AAK Theory”
(cf. [18]). However this method is not constructive, and it remains a challen-
ging problem to find such a method. Yet, potential theory can be used to
obtain bounds like (21) in the stronger form

lim
n→∞ rn(f ; E)1/n = exp{−2/cap(E, ∂D)}

for some important subclasses of analytic functions, such as Markov functions
[4]) and functions with a finite number of algebraic branch-points [14]).
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15. G. Szegő, Orthogonal Polynomials, volume 23 of Colloquium Publications,
Amer. Math. Soc., Providence, R.I., 1975.

16. V. Totik, Weighted polynomial approximation for convex external fields, Con-
str. Approx., 16:261-281, 2000.

17. J.L. Walsh, Interpolation and Approximation by Rational Functions in the
Complex Plane, volume 20 of Colloquium Publications, Amer. Math. Soc., Pro-
vidence, R.I., 1960.

18. N. Young, An Introduction to Hilbert Space, Cambridge University Press, Cam-
bridge, 1988.



Good Bases

Jonathan R. Partington

School of Mathematics,
University of Leeds,
Leeds LS2 9JT, U.K.
J.R.Partington@leeds.ac.uk

1 Introduction

There are two standard approaches to finding rational approximants to a given
function. The first approach, which we shall review in this paper, is to employ
a “basis” of possible functions (interpreted in a fairly loose sense) such that the
possible rational approximants are linear combinations of the basis functions,
and thus given by a simple parametrization. In this situation it is required
to choose the most appropriate parameters or coordinates. An alternative,
which we shall not discuss, is the situation when the possible approximants
are not linearly parametrized: this is seen in Padé approximation, Hankel-
norm approximation, and similar schemes.

Thus the theme of this paper is to describe some families of bases that have
been found to be particularly useful in problems of approximation, identifi-
cation, and analysis of data. The techniques employed are mostly Hilbertian;
even in a comparatively simple Banach space such as the disc algebra (the
space of functions continuous on the closed unit disc and analytic on the open
disc), the technical problems involved in constructing bases well-adapted to
the given norm are much more complicated. In this case the functions con-
structed also tend to have a much less natural appearance, and seem to be of
mainly theoretical interest.

Our material divides naturally into two sections. In Section 2 we shall
explore situations when we have an orthonormal basis of rational functions and
can use inner-product space techniques, such as least squares. Then in Section
3 we review the theory of wavelets, where the basis functions are obtained
by translation and dilation of one fixed function: under these circumstances
rational approximation is most usefully achieved in the context of frames,
which are a convenient generalization of orthonormal bases.
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2 Orthogonal polynomials and Szegö bases

2.1 Functions in the unit disc

We recall that the Hardy space H2(D) is the Hilbert space consisting of all
functions f(z) =

;∞
n=0 anzn analytic in the unit disc D, such that  f 2 =;∞

n=0 |an|2 < ∞. These functions have L2 boundary values on the unit circle
T, and we have

 f 2 =
1
2π

# 2π

0
|f(eit)|2 dt.

The inner product is � ∞:
n=0

anzn,

∞:
n=0

bnzn

�
=

∞:
n=0

anbn.

The functions {1, z, z2, z3, . . . } provide a simple orthonormal basis of
H2(D) and of course they connect very well with the theory of Fourier se-
ries, since a 2π-periodic function g(t) may be identified with a function on the
circle, by writing g(t) = f(eit).

Now let w be a positive continuous (weight) function defined on T. Then
it is possible to define a new inner product on H2(D), by

�f, g�w =
1
2π

# 2π

0
f(eit)g(eit)w(eit) dt.

With a view to analysing certain questions of weighted approximation, one can
construct a new sequence (gn)n≥0 of polynomials, defined to be orthonormal
with respect to the inner product � . , . �w. These can be obtained by applying
the Gram–Schmidt procedure to {1, z, z2, z3, . . . }.

It is clear that deg gn = n for all n, and that for any f ∈ H2(D), the
polynomial p = pN of degree N that minimizes the quantity

1
2π

# 2π

0
|f(eit) − p(eit)|2w(eit) dt

is simply pN =
;N

k=0�f, gk�wgk.
These orthogonal functions are sometimes known as Szegö polynomials.

Indeed, it was Szegö who made the first systematic study of the asymptotic
properties of such polynomials; he also looked at the convergence of expansions
of analytic functions in orthogonal polynomials, and studied the location of the
zeroes of such polynomials (in the situation described above, all the zeroes
of gn lie in the open unit disc). Moreover, Szegö’s work goes further and
includes an analysis of the behaviour of functions orthogonal with respect to
a line integral along a general curve in the plane.
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One particular case in which the orthogonal polynomials can be calculated
very simply is when v(eit) := w(eit)−1 is a positive trigonometric polynomial.
In that case, by a theorem of Fejér and Riesz, v has a spectral factorization
as v(eit) = |h(z)|2, where h is a polynomial in z = eit having no zeroes in the
unit disc. It can easily be verified that

gn(z) = znh(z−1) for n ≥ deg h,

where h denotes the polynomial whose coefficients are the complex conjugates
of the coefficients of h; thus we have an explicit expression for all but a finite
number of the gn. The remaining ones are easy to calculate as well.

We shall now consider bases of more general rational functions in H2(D).
Let (zn)∞

n=1 be a sequence of distinct points in the unit disc satisfying

∞:
n=1

(1 − |zn|) = ∞,

which implies that the only function f ∈ H2(D) such that f(zn) = 0 for all n
is the identically zero function. (The negation of this condition is called the
Blaschke condition.)

We define the Malmquist basis (gn)∞
n=1 in H2(D) by

g1(z) =
(1 − |z1|2)1/2

1 − z1z
,

and

gn(z) =
(1 − |zn|2)1/2

1 − znz

n−15
k=1

z − zk

1 − zkz
, for n ≥ 2.

Note that each gn has zeroes in the disc at z1, . . . , zn−1 and poles outside
the disc. In fact the functions (gn) form an orthonormal basis for H2(D). The
Fourier coefficients of a function f with respect to this basis are given by
interpolation at the points (zn), since

f(zm) =
∞:

n=1

�f, gn�gn(zm),

for each m, and we observe that gn(zm) = 0 if n > m, and so we have the
following formulae, which are a form of multi-point Padé approximant:

f(z1) = �f, g1�g1(z1),
f(z2) = �f, g1�g1(z2) + �f, g2�g2(z2),
f(z3) = �f, g1�g1(z3) + �f, g2�g2(z3) + �f, g3�g3(z3),
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and so on. Indeed, the Malmquist basis can also be obtained by applying the
Gram–Schmidt procedure to the reproducing kernels kzn

(z) = 1/(1 − znz),
which satisfy f(zn) = �f, kzn� for f ∈ H2(D).

Thus if we want the best rational H2(D) approximant to f with poles at
1/z1, . . . , 1/zn, then the above interpolation procedure explains how to find
it.

2.2 Functions in the right half-plane

Recall that H2(C+) consists of all analytic functions F : C+ → C such that

 F 2 :=
*

sup
x>0

# ∞

−∞
|F (x + iy)|2dy

11/2

< ∞,

(roughly speaking, functions analytic in the right half-plane, with L2 boundary
values). These are the Laplace transforms of functions in L2(0, ∞).

We cannot use polynomial approximation this time, since there are no
non-constant polynomials in the space. However, two simple rational bases
are of interest, namely the Laguerre basis (with poles all at one point), and
the Malmquist basis (with poles all at different points).

To construct the Laguerre basis, we fix a number a > 0 and write

ek(s) =
9

a

π

(a − s)k

(a + s)k+1 , k = 0, 1, . . . .

These are a natural analogue of {1, z, z2, . . . } in H2(D). Note that the func-
tions ek all have zeroes at a and poles at −a. Moreover, they form an ortho-
normal basis of H2(C+). Their inverse Laplace transforms form an orthogonal
basis of L2(0, ∞) and have the form

fk(t) = pk(t)e−at,

where pk is a polynomial of degree k. In fact

pk(t) =
9

a

π
Lk(2at),

where Lk denotes the Laguerre polynomial

Lk(t) =
et

k!
dk

dtk
(tke−t).

Alternatively some people use Kautz functions, which are more appropriate
for approximating lightly damped dynamical systems. These have all their
poles at two complex conjugate points: the approximate models have the form

p(s)
(s2 + bs + c)m

,
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where p is a polynomial.
It is also possible to construct Malmquist bases in the half-plane using the

reproducing kernel functions for H2(C+). Recall the defining formula for a
reproducing kernel, namely

f(sn) = �f, ksn�.
In this case the reproducing kernel functions have the formula

ksn(s) =
1

2π(s + sn)
.

The Malmquist basis functions for the right half-plane are given by

g1(s) =

9
1
π

(Re s1)1/2

s + s1

and

gn(s) =

9
1
π

(Re sn)1/2

s + sn

n−15
k=1

s − sk

s + sk
, for n ≥ 2.

In some examples from the theory of linear systems, an approximate loca-
tion of the poles of a rational transfer function is known, and these techniques
enable one to construct models with poles in the required places. In the next
section we shall see how wavelet theory enables one to gain further insight
into the local behaviour of functions.

3 Wavelets

3.1 Orthonormal bases

One of the purposes of wavelet theory is to provide good orthonormal bases
for function spaces such as L2(R). These basis functions are derived from a
single function ψ by taking translated and dilated versions of it, and will be
denoted (ψj,k)j,k∈Z, where the parameter j controls the scaling and k controls
the positioning. Thus the inner product �f, ψj,k� gives information on f at
“resolution” j and “time” k. One may compare classical Fourier analysis,
where the Fourier coefficients

f̂(k) =
1
T

# T

0
f(t)e−2πikt/T dt = �f, ek�, say,

give us information about f at frequency 2πk.
To illustrate this, we construct the Haar wavelets. Let V0 ⊂ L2(R) be the

closed subspace consisting of all functions f that are constant on all intervals
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(k, k + 1), k ∈ Z. Let φ(t) = χ(0,1)(t) and φk(t) = φ(t − k) for k ∈ Z. Then
(φk)k∈Z is an orthonormal basis of V0. Any function f ∈ V0 has the form

f =
∞:

k=−∞
�f, φk�φk,

and

 f 2 =
# ∞

−∞
|f(t)|2 dt =

∞:
k=−∞

|�f, φk�|2.

Next, for j ∈ Z, let Vj be the space of functions constant on all intervals
(k/2j , (k + 1)/2j), k ∈ Z. Functions in Vj have steps of width 2−j . Then we
have a chain of subspaces,

. . . ⊂ V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ . . . .

Also
=

Vj = L2(R) and
&

Vj = {0}. Now we have a rescaling property,

f(t) ∈ Vj ⇐⇒ f(2−jt) ∈ V0,

and Vj has orthonormal basis consisting of the functions 2j/2φ(2jt − k) for
k ∈ Z. Any chain of subspaces with these properties is called a multi-resolution
approximation or multi-resolution analysis of L2(R).

We cannot directly use the φ functions as an orthonormal basis of L2(R),
and one new trick is needed. We build the Haar wavelet, which is a function
bridging the gap between V0 and V1.

We define the Haar wavelet by

ψ(t) = φ(2t) − φ(2t − 1) = χ(0,1/2)(t) − χ(1/2,1)(t).

The functions ψk(t) = ψ(t − k), k ∈ Z, form an orthonormal basis for a space
W0 such that V0 ⊕ W0 = V1 (orthogonal direct sum). Then Vj ⊕ Wj = Vj+1,
where Wj has orthonormal basis

ψj,k(t) = 2j/2ψ(2jt − k), k ∈ Z.

Finally

L2(R) = . . . ⊕ W−2 ⊕ W−1 ⊕ W0 ⊕ W1 ⊕ . . .

and has orthonormal basis (ψj,k)j,k∈Z. Hence, if f ∈ L2(R), we have

f =
∞:

j=−∞

∞:
k=−∞

�f, ψj,k�ψj,k,

converging in L2 norm.
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In the construction sketched above, the ψj,k are very simple functions, but
they are all discontinuous. By working harder, one may obtain wavelets that
are better adapted to approximation problems.

Here is a list of the wavelets most commonly seen in the literature. To
obtain good properties of ψ and its Fourier transform ψ̂ is not straightforward,
and the following are listed in (approximately) increasing order of difficulty.1

Wavelet Properties of ψ(t) Properties of ψ̂(w)
Haar C.S., discontinuous O(1/w), C∞

Littlewood–Paley O(1/t), C∞ C.S., discontinuous
Meyer Rapidly-decreasing, C∞ C.S., can be C∞

Battle–Lemarié Rapidly-decreasing, Ck O(1/wk), C∞

Daubechies C.S., Ck O(1/wk), C∞

3.2 Frames

For rational approximation, orthogonal wavelets are not so useful, and we
settle for something weaker. A frame (ψj,k) in a Hilbert space H is a sequence
for which there are constants A, B > 0 such that

A f 2 ≤
:
j,k

|�f, ψj,k�|2 ≤ B f 2 for all f ∈ H.

This is a weaker notion than an orthonormal basis (in a finite-dimensional
vector space it would correspond to a finite spanning set), but an element
f ∈ H can be reconstructed from its frame coefficients, the numbers �f, ψj,k�.
Namely, there exist dual functions (φj,k) such that every f ∈ H has the
representation

f =
:
j,k

�f, ψj,k�φj,k.

The (φj,k) also form a frame, the dual frame.
There is a general condition, due to Daubechies, which shows that the

following two examples, and many others, produce frames.

• If we take

ψ(t) = (1 − t2)e−t2/2,

the Mexican hat function (the puzzled reader is invited to sketch it), then
the functions ψj,k(t) = 2j/2ψ(2jt − k), with j, k ∈ Z, form a frame for
L2(R); these were used by Morlet in the analysis of seismic data.

1 In the table C.S. is short for “Compact support”
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• An example involving rational functions can be found by taking ψ(t) =
(1 − it)−n, with n ≥ 2, which leads to frames in H2(C+), the Hardy space
of the upper half-plane (and thus, by conformal mapping, one obtains
rational frames in H2(D)). We easily obtain rational frames in H2(C+),
i.e., functions of the form

2j/2(1 + 2jt + ik)−n.

Their poles lie on a dyadic lattice in the right half-plane, and they have
been used for approximation purposes in linear systems theory.

One advantage of such frames over orthonormal bases is their built-in re-
dundancy; they represent a function that is, in general, less sensitive to errors
or perturbations in the frame coefficients. It is this property that makes frames
so useful in problems of reconstruction, as well as in certain approximation
problems. Certainly non-orthogonal expansions (“non-harmonic Fourier se-
ries”) have shown themselves to be an efficient alternative to more traditional
methods within the last few years; nowadays, a familiarity with both methods
is essential in many branches of analysis and its applications.
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CNRS UMR 7644 Ecole Polytechnique
F-91128 Palaiseau Cedex (France)
collet@cpht.polytechnique.fr

1 Introduction

Very often the observation of natural phenomena leads to an average trend
with fluctuations around it. One of the most well known example is the ob-
servation by Brown and others of a pollen particle in water. The particle is
subject to many collisions with water molecules and an average behaviour
follows by the law of large numbers. Here the average velocity of the particle
is zero, and the particle should stay at rest. However the observation reveals
an erratic motion known as Brownian motion. The goal of the central limit
theorem (abbreviated below as CLT) and the related results is to study these
fluctuations around the average trend.

The CLT is historically attributed to De Moivre and then to Laplace for
a more rigorous study. The original argument is interesting for its relation to
Statistical Mechanics and we will come back to this approach several times. I
will therefore briefly present this argument although it is not the most efficient
approach nowadays.

Consider a game of head or tail. One performs independent flips of a coin
which has a probability p to display head and q = 1 − p to display tail. We
assume 0 < p < 1 and leave to the reader the discussion of the extreme cases.
One performs a large number n of independent flips and records the number
N(n) of times the coin displayed head. This is equivalent to a simple model of
Statistical Mechanics of n uncoupled 1/2 spins in a magnetic field. The law of
large numbers gives the average behaviour of N(n) for large n. Namely, with
probability one

lim
n→∞

N(n)
n

= p .

In other words, if the number of flips n is large, we typically observe np times
the coin displaying head and n(1 − p) times the coin displaying tail. However
the law of large numbers only tells us that (N(n) − np)/n tends to zero with

J.-D. Fournier et al. (Eds.): Harm. Analysis and Ratio. Approx., LNCIS 327, pp. 105–127, 2006.
© Springer-Verlag Berlin Heidelberg 2006
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probability one. This does not say anything about the size of N(n) − np,
namely the fluctuations.

Since the flips are independent, the probability that a sequence of n flips
gives r heads (and hence n − r tails) is prqn−r. Therefore we obtain

P
)
N(n) = r) =

*
n

r

1
prqn−r . (1)

In particular, since the events {N(n) = r} are mutually exclusive and one of
them is realized, we have

1 =
n:

r=0

P
)
N(n) = r) =

n:
r=0

*
n

r

1
prqn−r .

It turns out that relatively few terms contribute to this sum. By the law of
large numbers, only those terms with r ≈ np contribute. More precisely, using
Stirling’s approximation, one gets the following result for r − np = O

)√
n
0

P
)
N(n) = r) =

e−(r−np)2/(2npq)
√

2πnpq
+ O

*
1
n

1
. (2)

We will discuss later on in more detail the case |r − np| ( O
)√

n
0

and it will
turn out that the event

|N(n) − np| ( O
)√

n
0

has a probability which tends to zero when n tends to infinity.
Coming back to formula (2), we see that since the Gaussian function decays

very fast, the number r−np should be of order
√

npq. In other words, we now
have the speed of convergence of N(n)/n toward p (of the order of 1/

√
n), or

equivalently the size of the fluctuations of N(n) − np (of the order of
√

n).
This can be measured more precisely by the variance of N(n) which is equal
to npq

Var
)
N(n)

0
=

:
r

r2 P
)
N(n) = r

0 −
(:

r

rP
)
N(n) = r

0/2

= npq .

Notice that for p fixed, with a probability very near to 1 (for large n), the
observed sequence of heads and tails satisfies

r = np + O
)√

npq
0

.

All these sequences have about the same probability e−nh and their number
is about enh where h is the entropy per flip

h = −)
p log p + q log q) .
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Using formula (1), the reader can give a rigorous proof of these results (see
also [21]).

A more modern and more efficient approach to the CLT is due to Paul
Lévy. This approach is based on the notion of characteristic function. Before
we present this method, we will briefly recall some basic facts in probability
theory and introduce some standard notations.

2 A short elementary probability theory refresher

We will give in this section a brief account of probability theory mostly to
fix notations and to recall the main definitions and results. Fore more details
we refer the reader to [13], [24], [25], [36], [17] and to the numerous other
excellent books on the subject.

A real random variable X is defined by a positive measure on R with total
mass one. In other words, for any (measurable) subset A of R, we associate a
number (weight) P(A) which is the probability of the event {X ∈ A} (“X falls
in A”). We refer to the previously mentioned references for a discussion of the
interpretation of a probability. If A and B are two disjoint subsets of R, we
have P (A ∪ B) = P(A)+P(B). This means that the probability of occurrence
of one or the other of the two events is the sum of their probabilities (it is
important that they are mutually exclusive for this formula to hold, namely
that A and B are disjoint). If f is a function of a real variable, f(X) is also
a random variable, and we have

P
)
f(X) ∈ A

0
= P

)
f−1(A)

0
where since f may not be invertible, f−1(A) is defined as the set of points
whose image by f is in A, namely

f−1(A) =


x

>> f(x) ∈ A
�

.

The expectation of f(X) denoted by E
)
f(X)

0
is defined by

E
)
f(X)

0
=

#
f(x)dP(x) .

In particular

P
)
f(X) ∈ A

0
= E

)
1f(X)∈A

�
,

where 1C(y) is the function equal to 1 if y ∈ C and zero otherwise. The
variance of f(X) denoted by Var

)
f(X)

0
is defined by

Var (f(X)) = E
)
f(X)2

0 − E
)
f(X)

02 = E
*'

f(X) − E(f(X))
.2

1
.
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Observe that the variance is always non-negative, and it is equal to zero if
the random variable f(X) is constant except on a set of measure zero. The
standard deviation is the square root of the variance. For f(x) = x we obtain
the average and the variance of the random variable X.

The law of X (also called its distribution) is the function FX(x) =
P((−∞, x]). It is equivalent to know the probability P or the function FX .
The characteristic function of X is defined by

ϕX(t) = E
)
eitX0

.

It is nothing else than the Fourier transform of P.
We say that a property of X is true almost surely if it holds except on a

set of probability zero. For example consider the Lebesgue measure on [0, 1]
and the random variable X(x) = x. Then the value of X is almost surely
irrational.

We recall that the measure P can be of different nature. It can be a finite
(or countable) combination of Dirac (atomic) point mass measures. In this case
X takes only a finite (or countable) number of different values. The measure
P can also be absolutely continuous with respect to the Lebesgue measure,
namely have a density h which should be a nonnegative integrable function
(of integral one)

dP(x) = h(x)dx .

There are other types of measures called singular continuous (like the Can-
tor measure described in section 7), which are neither atomic nor absolutely
continuous with respect to the Lebesgue measure. The general case is a com-
bination of these three types of measure but we emphasize that a probability
measure is always normalized to have total mass one (and is always a positive
measure).

We often have to consider several real random variables X1, . . . , Xn at
the same time. In order to describe their joint properties, we need to extend
slightly the above definition. One considers a set Ω (equipped with a measu-
rable structure) and a positive measure P of total mass one on this set (we
refer to [15] for all measurability questions). In order to complete the link with
the previous definition, the above simple definition corresponds to Ω = R. We
now define as a real random variable Y as a (measurable) real valued function
on Ω. Define a measure ν on R by

ν
)
A

0
= P

)
Y −1(A)

0
where Y −1(A) is as before the set of points ω in Ω such that Y (ω) belongs
to A. We leave to the reader the easy exercise to check that ν is a probability
measure, and if Y is the function Y (x) = x we recover the above definition.

The set Ω can be chosen in various ways, for n real random variables
X1, . . . , Xn (and not more) it is convenient to take Ω = Rn, P is now a
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measure of total mass one on this space. Two real random variables X1 and
X2 are said to be independent if for any pair A and B of (measurable) subsets
of R we have

P
)


X1 ∈ A
� ∩ 


X2 ∈ B
�0

= P
)


X1 ∈ A
�0

P
)


X2 ∈ B
�0

.

Equivalently, X1 and X2 are independent if for any pair of real (measurable)
functions f and g we have

E
)
f
)
X1

0
g
)
X2

00
= E

)
f
)
X1

00
E

)
g
)
X2

00
.

3 Another proof of the CLT

Consider a sequence X1, X2, . . . of real random variables independent and
identically distributed (with the same law). This is often abbreviated by i.i.d.
Denote by μ the common average of these random variables and by σ their
common standard deviation (both assumed to be finite and σ > 0).

As in section 1, by the law of large numbers, the sum

Sn =
n:

j=1

Xj

behaves like nμ for large n. It is therefore natural to subtract this dominant
term and to consider the sequence of random variables Sn − nμ. In order to
understand the behaviour of this random variable for large n, it is natural
to look for a normalization (a scale), namely for a sequence of numbers

)
an

0
such that

)
Sn − nμ

0
/an stabilizes to something nontrivial (i.e. non-zero and

finite). Of course, if (an) diverges too fast,
)
Sn − nμ

0
/an tends to zero, while

if (an) diverges too slowly the limit will be almost surely infinite.
The method of characteristic functions to prove the CLT is based on the

asymptotic behaviour of the sequence of functions

ϕn(s) = E
*

eis
)
Sn−nμ

0
/an

1
.

A very important result of Paul Lévy is the following.

Theorem 1. If for any real number s, we have ϕn(s) → ϕ(s), and the func-
tion ϕ(s) is continuous at s = 0, then ϕ is the Fourier transform of a proba-
bility measure ν (on R), and

P
*

Sn − nμ

an
≤ x

1
n→∞−→ ν

)
(−∞, x]

0
.
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We refer to [24] or other standard probability books for a proof. We will say
that a sequence

)
Kn

0
of probabilities on R converges in law to the probability

ν if for any real number x we have

lim
n→∞ Kn((−∞, x]) = ν((−∞, x]) .

This implies (see [31]) that for any (measurable) set B such that ν(∂B) = 0,

lim
n→∞ μn(B) = ν(B) .

In other words, Lévy’s Theorem relates the convergence in law to the conver-
gence of the characteristic functions.

In order to be able to apply Lévy’s Theorem, we have to understand the
behaviour of ϕn(s) for large n. Since the random variables X1, X2, . . . are
independent, we have

ϕn(s) = ψ(s/an)n

where

ψ(s) = E
*

e−is
)
Xj−μ

01
.

If we assume that the numbers an diverge with n, we have for any fixed s

ψ(s/an) = 1 − s2σ2

2a2
n

+ o

*
1
a2

n

1
.

This estimate follows from the Lebesgue dominated convergence theorem. It
also follows more easily if the fourth order moment is finite. We now see that
except for a fixed change of scale, there is only one choice of the sequence

)
an

0
(more precisely of its asymptotic behaviour) for which we obtain a non-trivial
limit, namely an =

√
n. Indeed, with this choice we have

ϕn(s) =
*

1 − s2σ2

2a2
n

+ o

*
1
a2

n

11n
n→∞−→ e−s2σ2/2 .

We now observe that

e−s2σ2/2 =
1√
2π σ

# ∞

−∞
e−ixe−x2/(2σ2)dx

and we can apply the above Lévy theorem which proves the following version
of the CLT.

Theorem 2. Let
)
Xj

0
be a sequence of i.i.d. real random variables with mean

μ (finite) and standard deviation σ (finite and non-zero). Then, for any real
number x,

lim
n→∞ P

*
Sn − nμ

nσ
≤ x

1
=

1√
2π

# x

−∞
e−y2/2dy .
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4 Some extensions and related results

Unless otherwise stated, we will all along this section consider a sequence of
i.i.d. real random variables

)
Xj

0
. We will denote by μ their common average

(assumed to be finite), and by σ2 their common variance (assumed to be finite
and non-zero). The sequence Sn of partial sums is defined by

Sn =
n:

j=1

Xj .

4.1 Other proofs of the CLT

We have already seen the combinatorial proof of De Moivre and the proof
using characteristic functions. There are many other proofs, for example the
proof due to Lindeberg based on a semi-group idea (see [13]), the proof of
Kolmogorov also based on a semi-group idea (see [6]), the so-called Stein
method (see [32]), and many others. A useful extension deals with the case of
independent random variables but with different distributions. In this context
one has the well known Lindeberg-Feller theorem (see [13]).

Theorem 3. Let
)
Xj

0
be a sequence of independent real random variables

with averages
)
μj

0
(finite) and variances

)
σ2

j

0
(finite and non-zero). In other

words

E
)
Xj

0
= μj , σj =

7
Var

)
Xj

0
=

7
E

)
X2

j

0 − E (Xj)
2

.

Let

s2
n =

n:
j=1

σ2
j .

If for any t > 0

lim
n→∞

1
s2

n

n:
j=1

E
*

X2
j 1
>>Xj

>>>tsn

�1
= 0 ,

then
)
Sn −;n

j=1 μj

0
/sn converges in law to a Gaussian random variable with

zero mean and unit variance.

4.2 Rate of convergence in the CLT

One can control the rate of convergence if something is known about moments
higher than the second one. A classical result is the Berry-Esseen theorem for
i.i.d. real random variables.
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Theorem 4. Let K = E
)>>Xj

>>30 < ∞, then for any real number x and for any
integer n

sup
x

>>>>P*
Sn − nμ√

nσ
≤ x

1
− 1√

2π

# x

−∞
e−s2/2ds

>>>> ≤ 33
4

K

σ3
√

n
.

This result can be used for finite n if one has information about the three
numbers μ, σ and K. If one assumes that higher order moments are finite, one
can construct higher order approximations. They involve Hermite functions
(Edgeworth expansion). We refer the reader to [13] and [4] for more details.

4.3 Other types of convergence

A first result is the so-called local CLT which deals with the convergence of
probability densities (if they exist). The simplest version is as follows.

Theorem 5. If the common characteristic function ψ of the real i.i.d. random
variables

)
Xj

0
is summable (its modulus is integrable), then for any integer n

the random variable
)
Sn − nμ

0
/(σ

√
n) has a density fn (its distribution has

a density with respect to the Lebesgue measure), and we have uniformly in x

lim
n→∞ fn(x) =

1√
2π

e−x2/2 .

Stronger versions of this result have been proved recently. We refer the reader
to [2] for the convergence in the sense of Fischer information and in the sense
of relative entropy.

One may wonder if a stronger form of convergence may hold. For example
one could be tempted (as is often seen in bad texts) to formulate the CLT
by saying that there is a Gaussian random variable ξ with zero average and
variance unity such that

Sn − nμ√
n

= σξ + εn (3)

with εn → 0 when n tends to infinity. This is not true in general, one can
consider for example the case of i.i.d. Gaussian random variables and use the
associated Hilbert space representation. This only holds in the weaker sense of
distributions as stated above. There is however a so-called almost sure version
of the CLT. In some sense it accumulates all the information gathered for the
various values of n. A simple version is as follows.

Theorem 6. For any real number x, we have almost surely

lim
n→∞

1
log n

n:
j=1

1
j
ϑ

*
x − Sj − jμ

σ
√

j

1
=

1√
2π

# x

−∞
e−s2/2ds .

where ϑ(y) is the Heaviside function which vanishes for y < 0 and equals 1 for
y > 0. We refer to [3] for references and a review of the results in this domain.
We only emphasize that 1/j is essentially the unique weight for which the
result holds.
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4.4 Bounds on the fluctuations

A classical theorem about fluctuations is the law of iterated logarithms which
gives the asymptotic size of the fluctuations.

Theorem 7. Assume that for some δ > 0, 0 < E
)
[Xj |2+δ

0
< ∞. Then we

have almost surely

lim sup
n→∞

Sn − nμ)
nσ2 log log

)
nσ2

001/2 = 1 .

There is of course an analogous result for the lim inf. We refer the reader to
[33] for a proof and similar results.

4.5 Brownian motion

It is also quite natural to study the sequence Sn − nμ as a function of n and
to ask if there is a normalization of the sequence and of the time (n) such that
one obtains a non-trivial limit. Let ξn(t) be the sequence of random functions
of time (t) defined by

ξn(t) =
1

σ
√

n

[nt]:
j=1

)
Xj − μ

0
,

where [ · ] denotes the integer part. This function is piecewise constant and has
discontinuities for some rational values of t. One can also interpolate linearly
to obtain a continuous function. Note that this is a random function since it
depends on the random variables

)
Xj

0
. More generally, a random function on

R+ (or R) is called a stochastic process.
An important result is that this sequence of processes converges to the

Brownian motion in a suitable sense. We recall that the Brownian motion
B(t) is a real valued Gaussian stochastic process with zero average and such
that

E
)
BtBs

0
= min{t, s} .

We refer the reader to [5] or [14] for the definition of convergence and the proof.
We refer to [37] for the description of the original experimental observation
by Brown.

A related result is connected with the question of convergence of the se-
quence of random variables

)
Sn − nμ

0
/
√

n to a Gaussian random variable.
This is the almost sure invariance principle.

Theorem 8. For any sequence
)
Xj

0
of i.i.d. real random variables with zero

average, non-zero variance σ2, and such that for some δ > 0,

E
)
[X1|2+δ

0
< ∞ ,
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there exists another (enriched) probability space with a sequence
)
S̃n

0
or real

valued random variables having the same joint distributions as the sequence)
Sn

0
, a Brownian motion B̃(t), and two constants C > 0 and 0 < λ < 1/2

such that almost surely>>>)S̃n − nμ
0 − σB̃(n)

>>> ≤ Cn1/2−λ .

In other words, there exists on this other probability space an integer valued
random variable Ñ such that for any n > Ñ the above inequality is satisfied.
Using the scaling properties of the Brownian motion, we have also (with C � =
C/σ) >>>>> S̃n − nμ

σ
√

n
− B̃(1)

>>>>> ≤ C �n−λ .

We see how this result escapes from the difficulty mentioned about the for-
mulation (3) by constructing in some sense a larger probability space which
contains the limit. We refer the reader to [28] or [33] for a proof.

We also stress an important consequence of the central limit theorem which
explains the ubiquity of the Brownian motion. A stochastic process (random
function) is called continuous if its realizations are almost surely continuous.

Theorem 9. Any continuous stochastic process with independent increment
has Gaussian increments.

We refer to [14] for a proof. It is also possible to express any such process in
terms of the Brownian motion. Indeed, if ξ(t) is a continuous stochastic process
(with ξ(0) = 0) with independent increments, there are two (deterministic)
functions e(t) and σ(t) such that

ξ(t) = e(t) +
# t

0
σ(s)dBs .

The integral in the above formula has to be defined in a suitable way since the
function Bs is almost surely not differentiable. We refer to [14] for the details.
In the physics literature, the derivative of B (in fact a random distribution) is
known as a white noise. The independence of the increments reflects the fact
that the system is submitted to a noise which is renovating at a rate much
faster than the typical rate of evolution of the system. We also refer to [37]
for more discussions on this subject.

4.6 Dependent random variables

There are many extensions of the CLT and of the above mentioned results to
the case of dependent random variables under different assumptions. A first
difficulty is that even for non-trivial random variables, the asymptotic variance
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may vanish. Indeed, let (Yj) be a sequence of real i.i.d. random variables with
finite non-zero variance σ2, and consider the sequence (Xj) given by

Xj = Yj+1 − Yj .

It is easy to verify that E
)
Xj

0
= 0 and the common variance is 2σ2 > 0.

However, we have

Sn =
n:

j=1

Xj = Xn+1 − X1

which implies that Sn/
√

n converges in law to zero. Also, the variance of
Sn/

√
n is equal to 2σ2/n and tends to zero when n tends to infinity. We refer

to [19] for a general discussion around this phenomenon.
For a sequence of non-independent random variables (Xj), the variance of

Sn/
√

n involves the correlation functions

Ci,j = C(Xi, Xj) = E (XiXj) − E (Xi)E (Xj) .

If we moreover assume that the sequence is stationary (i.e. the joint distributi-
ons of Xi1 , . . . , Xik

are equal to those of Xi1+l, . . . , Xik+l for any k, i1, . . . , ik
and any l > − min{i1, . . . , ik}), then Ci,j depends only on |i− j|. In this case,
if as a function of |i − j|, |Ci,j | is summable, then

lim
n→∞ E

()
Sn − nμ

02

n

/
= E

')
X1 − μ

02
.

+ 2
∞:

j=2

E
))

X1 − μ
0
(
)
Xj − μ

00
.

(4)

Under slightly stronger assumptions on the decay of correlations (and some
other technical hypothesis) one can prove a CLT and many other related
results. We refer to [30] for the precise hypothesis, proofs and references.

A situation where non-independent random variables appear naturally is
the case of dynamical systems. Consider for example the map of the unit
interval f(x) = 2x (mod 1). It is easy to verify that the Lebesgue measure is
invariant (μ

)
f−1(A)

0
= μ(A)) and ergodic (the law of large numbers holds).

It is a probability measure on the set Ω = [0, 1]. If g is a real function, one
defines a sequence of identically distributed real random variables

)
Xj

0
by

Xj(x) = g
)
f j−1(x)

0
where fn denotes the nth iterate of f . Namely, f0(x) = x, and for any integer
n, fn(x) = f

)
fn−1(x)

0
. In general the random variables

)
Xj

0
are not inde-

pendent. Note that here the randomness is only coming from the choice of the
initial condition x under the Lebesgue measure. In this context it is natural
to ask about the asymptotic fluctuations of ergodic sum
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Sn(x) =
1
n

n:
j=1

g
)
f j−1(x)

0
=

n:
j=1

Xj ,

and to wonder if there is a central limit theorem. In order to ensure that the
asymptotic variance does not vanish, one has to impose that g is not of the
form u − u ◦ f and with this assumption one can prove a CLT. We refer to
[16] or [8] for the details and to [38] for more general cases.

Of course it may happen that even though the
)
Xj

0
have a finite variance,

the quantity (4) diverges. This is for example the case for some observables
in a second order phase transition in Statistical Mechanics. One should use a
non-trivial normalization to understand the fluctuations. Some non-Gaussian
limiting distributions may then show up. We refer to [18] for a review of this
question in connection with probability theory.

5 Statistical Applications

The CLT is one of the main tool in statistics. For example it allows to construct
confidence intervals for statistical tests. We refer to [7] for a detailed exposition
and many other statistical applications. There are also many results about
fluctuations of empirical distributions, we refer to [35] for more on this subject.

6 Large deviations

The CLT describes the fluctuations of order
√

n of a sum of n random varia-
bles having zero average. One can also ask what would be the probability of
observing a fluctuation of larger (untypical) size. For example, a giant fluctua-
tion (large deviation) which would provide a wrong estimate of the average
(i.e. an anomaly in the law of large numbers). There are many results in this
direction starting with Chernov’s exponential bound. We will give some ideas
for the i.i.d. case, and refer to the literature for deeper results.

We will assume that for any real s, the random variable exp(sXj) is inte-
grable (existence of exponential moments). One can then define the sequence
of functions

Zn(s) = E
)
esSn

0
. (5)

Using the i.i.d. property, it follows immediately that

Zn(s) =
)
E

)
esX1

00n
. (6)

Therefore we immediately conclude the existence of the limit

lim
n→∞

1
n

log Zn(s) = P (s) = log E
)
esX1

0
.
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We now come back to (5). If we want to know (estimate) the probability of
the event



Sn > nα

�
(α > 0), we can obtain an upper bound as follows using

Chebishev’s inequality. Starting from (5) we have for any s

Zn(s) ≥ E
*

esSn1

Sn>nα

�1
≥ ensαP

)

Sn > nα

�0
.

Using (6) we have

P
)


Sn > nα
�0 ≤ e−n

)
sα−P (s)

0
.

α being kept fixed, we now choose s optimally. In other words, we take the
value of s minimizing sα − P (s). In doing so there appears the so called
Legendre transform of the function P defined by

ϕ(α) = sup
s

)
sα − P (s)

0
. (7)

If the function P is differentiable, the optimal s is obtained by solving the
equation

α =
dP

ds
(s) . (8)

One may wonder (and should wonder) if the solution is unique. It is easy to
see that P is a convex function. We leave to the reader the interesting exercise
of computing P �(s) and P ��(s) and to interpret the results in particular for
s = 0. The solution of the problem (7) is unique unless P has affine pieces.
This occurs in statistical mechanics in the presence of phase transitions (we
refer to [22] for more details). Finally, we have

lim sup
n→∞

1
n

log P
)


Sn > nα
�0 ≤ −ϕ(α) .

With some more work, one can also obtain a lower bound. The following result
is due to Plachky and Steinebach.

Theorem 10. Let
)
Wj

0
be a sequence of real random variables and assume

that there exists a number T > 0 such that

i)

Zn(t) = E
)
etWn

0
< ∞

for any 0 ≤ t < T and any integer n.
ii)

P (t) = lim
n→∞

1
n

log Zn(t)

exists for any 0 < t < T , is differentiable on (0, T ), and P � is strictly
monotone on the interval (0, T ).
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Then for any

α ∈ 

P �(t)

>> t ∈ )
0, T )

�
we have

lim
n→∞

1
n

log P (Wn > nα) = −ϕ(α)

where

ϕ(α) = sup
t∈(0,T )

)
αt − P (t)

0
.

We refer to [29] for a proof. In the present context, one applies this result
with Wn = Sn − nμ, or Wn = −Sn + nμ to obtain information on the large
deviations in the other direction. In the case where μ = 0, it is an interesting
exercise to compute the first and second derivatives of ϕ(α) in α = 0 and to
relate at least intuitively the above result to the CLT.

We now give an application to the (easy) case of the game of head or tail
discussed in the introduction. Formula (1) already solves the problem in this
case, namely one gets easily for q > x > 0 using Stirling’s formula

P
)
N(n) > n(p + x)

0 ∼ O(1)√
n

e(q−x) log(q−x)+(p+x) log(p+x)−(q−α) log q−(p+x) log p .

In other words,

ϕ(p + x) = (q − x) log(q − x) + (p + x) log(p + x) − (q − x) log q − (p + x) log p .
(9)

A similar formula holds for the large deviations below np. Let us recover this
expression using the large deviation formalism (this is essentially the original
Chernov’s bound). We first have to compute the partition function

Zn(s) = E
'
es(N(n)−np)

.
= e−nps

n:
r=0

esrP
'
N(n) = r

.
= e−nps (pes + q)n

.

This immediately implies

P (s) = log (pes + q) − ps .

We therefore get

α =
pes

pes + q
− p .

After easy manipulations we obtain

ϕ(α) = (α + p) log(α + p) + (q − α) log(q − α) − (α + p) log p − (q − α) log q
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which is identical to (9).
The initial paper by Lanford [22] is still a fundamental reference. In par-

ticular, it makes the connection with the formalism of Statistical Mechanics.
One can also refer to [29], [11], [10] and many other books and articles.

Note that these results are formulated in terms of the asymptotics of

1
n

log P
)


Sn > nα
�0

.

In other words, they don’t say anything on the behaviour of enϕ(α)×
P

)

Sn > nα

�0
except that it should be sub-exponential. One can compare

for example with the more precise formula (9). For results in this direction
one can refer to [27], or [26]. This question also falls in the realm of recent
results concerning the so called concentration phenomenon (see [34]).

7 Multifractal measures

One among the numerous applications of large deviations is the analysis of the
multifractal behaviour of measures. We first introduce briefly this notion. In
order to simplify the discussion we will restrict ourselves to (positive) measures
on the unit interval, the extension to higher dimension being more or less
immediate. The driving question in the multifractal analysis of a (positive)
measure μ is what is the measure of a small interval. The simplest behaviour
that immediately comes to mind is that the measure of any interval of length
r could be proportional to r. More precisely, we will say that a measure is
monofractal if there is a number δ > 0 and two positive numbers C1 < C2
such that for any point x ∈ [0, 1] belonging to the support of μ and for any
r > 0 small enough

C1r
δ ≤ μ

)
Br(x)

0 ≤ C2r
δ (10)

where Br(x) is the interval [x−r, x+r] (or more precisely [x−r, x+r]∩ [0, 1]).
The Lebesgue measure satisfies this property with δ = 1 (with C2 = 2 and
C1 = 1 because of the boundary points). The number δ is intuitively related
to a dimension. If one considers the Lebesgue measure in dimension two, one
gets a similar relation with exponent two, and this extends immediately to
any dimension. We will say more about this below. Another interesting case
is the Cantor set K. This set can be defined easily as the set of real numbers
in [0, 1] whose triadic expansion does not contain one. In other words

K =

⎧⎨⎩
∞:

j=1

ηj3−j

>>>> ηj ∈ 

0, 2

�⎫⎬⎭ .

It is well known (see [12] or [23]) that this set has dimension log 2/ log 3. This
set can also be defined as the intersection of a decreasing sequence of finite
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unions of closed intervals. Namely for any n ≥ 1 and for any finite sequence
η1, . . . , ηn of numbers 0 or 2, let

xη1,... ,ηn
=

n:
j=1

ηj3−j ,

and

Iη1,... ,ηn
=

�
xη1,... ,ηn

, xη1,... ,ηn
+ 3−n

�
.

It is left to the reader to verify that

K =
%
n

<
η1,... ,ηn

Iη1,... ,ηn .

Since each interval Iη1,... ,ηn
has length 3−n, and there are 2n such intervals,

this almost immediately leads to the above mentioned fact that the (Haus-
dorff) dimension of K is log 2/ log 3. Let us now define a measure μ on K (the
Cantor measure) by imposing

μ
)
Iη1,... ,ηn

0
= 2−n .

There are various ways to prove that this indeed defines a probability measure
supported by K. We refer to [12] or [23] for the details. We now check (10).
For x ∈ K and a given r > 0 (r < 1/3), let n be the unique integer such that
3−n ≤ r ≤ 3−n+1. It is easy to check that there is a finite sequence η1, . . . , ηn

of numbers equal to 0 or 2 such that

Iη1,... ,ηn
⊂ Br(x) and Br(x) ∩ K ⊂ Iη1,... ,ηn−1 .

Therefore

2−n ≤ μ
)
Br(x)

0 ≤ 2−n+1

and we obtain an estimate (10) with δ = log 2/ log 3 (it is left to the reader
to compute the two constants C1 and C2). We see again a relation between
δ and the dimension. This is a general fact discovered by Frostman, namely
if (10) holds, the dimension of any set of non-zero μ measure is at least δ.
There is a converse to this result known as Frostman’s Lemma. We refer to
[20] for the complete statement and a proof. We only sketch the proof of the
direct (easy) part. Recall (see [20], [12] or [23]) that the Hausdorff dimension
of a set A is defined as follows. Let Brj

)
xj

0
be a sequence of balls covering

A, namely

A ⊂
<
j

Brj

)
xj

0
.

For a numbers d > 0 and ε > 0, define
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Hd(ε) = inf
A⊂∪jBrj

(xj) , supj rj≤ε

:
j

rd
j .

This is obviously a non-increasing function of ε which may diverge when ε
tends to zero. Moreover, if the limit when ε � 0 is finite for some d, it is
equal to zero for any larger d. This limit is also non-increasing in d. Moreover,
if it is finite and non-zero for some d, it is infinite for any smaller d. The
Hausdorff dimension of A, denoted below by dH(A) is defined as the infimum
of the set of d such that the limit vanishes (for this special d the limit may
be infinite). This is also the supremum of the set of d such that the limit is
infinite. Coming back to (10), let Brj

)
xj

0
be a sequence of balls covering a

set A. Using (10) we have immediately

μ(A) ≤
:

j

μ
)
Brj

)
xj

00 ≤ C2

:
j

rδ
j .

Therefore, if μ(A) > 0,

lim
ε�0

Hδ(ε) > 0 ,

and hence the Hausdorff dimension of A is at least δ.
Monofractal measures are relatively simple objects and one often encoun-

ters more complicated situations. The notion of multifractal measures origi-
nated from theoretical investigations on turbulence. There a whole spectrum
of values for the exponent δ is allowed. The multifractal analysis is devoted to
understanding the characteristics of the sets where the exponent has a given
value. For δ > 0 we define the set

Eδ =

	
x

>>>> lim
r→0

log μ
)
Br(x)

0
log r

= δ

�
. (11)

Roughly speaking, if x ∈ Eδ, then μ
)
Br(x)

0 ∼ rδ. One way to say something
interesting about these sets is to compute their (Hausdorff) dimension. Note
that for monofractal measures, these sets are all empty except one which is
the support of the measure. In the simplest generalization, all these sets have
measure zero except one which has full measure. The corresponding δ is called
in this case the dimension of the measure. We warn the reader that one can
construct wilder examples of measures μ where the set of δ with μ

)
Eδ

0
> 0

is of cardinality larger than one, and even wilder examples where the sets Eδ

are not well defined.
A way to obtain the Hausdorff dimension of the sets Eδ is to use the

thermodynamic formalism. This method works under some assumptions on
the measure μ for which we refer the reader to the literature (see for example
[9] or [1]). We first consider a sequence

)
An

0
of partitions of the support of

μ with atoms of decreasing diameter. The simplest case is to use a partition
with atoms of equal size, for example p dyadic partition. We also assume that
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the cardinality of An grows exponentially fast with n, more precisely that
there is a number γ > 0 such that

lim
n→∞

1
n

log #
)
An

0
= γ

where #( · ) denotes the cardinality. From now on we will only consider this
case. We then consider the sequence of partition functions at inverse tempe-
rature β defined by

Zn(β) =
1

#
)
An

0 :
I∈An

μ(I)β .

The parameter β may be chosen positive or negative (this is a difference with
standard Statistical Mechanics where temperature which is proportional to
the inverse of β is non-negative). We now define the pressure function P (β)
(if it exists) by

P (β) = lim
n→∞

1
n

log Zn(β) .

Note that

−d log Zn

dβ
(1) = −

:
I∈An

μ(I) log μ(I)

which is the entropy of μ with respect to the partition An. For β 3= 1, the
quantity P (β)/(β − 1) is often referred to as the Renyi entropy. At this point,
provided the function P is non-trivial, we can make the link with large devia-
tions. For this purpose, we first define a sequence (Wn) of random variables.
The values of Wn are the numbers β log μ(I) (I ∈ An) and the corresponding
probability is 1/#

)
An

0
. Of course, we should take care that μ(I) 3= 0. Howe-

ver, if μ(I) = 0 we can simply ignore the atom I since it does not belong to
the support of μ. We now immediately see that our partition function Zn(β) is
exactly the expectation appearing in hypothesis i) of Theorem 10. Therefore,
if the second hypothesis ii) of this Theorem is also satisfied, we get

lim
n→∞

1
n

log
#



I ∈ An

>> μ(I) ∼ enα
�

enγ
= −ϕ(α) .

Here we assume a little more than the conclusion of Theorem 10, namely that
instead of having information about those atoms I for which μ(I) > enα, we
have information for μ(I) ∼ enα. This follows easily if ϕ(α) is differentiable
with non-zero derivative for this value of α.

From this result we can come back to the Hausdorff dimension of the sets
Eδ. For this purpose, we will assume that there is a number K ∈ (0, 1) such
that all atoms of An are intervals of length Kn (uniform partition). Therefore
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using definition (11), we need about enγe−nϕ(δ log B) balls of radius Kn to cover
Eδ. In other words

inf
Eδ⊂∪jBrj

(xj) , supj rj≤Bn

:
j

rd
j ≤ Knde−nϕ(δ log B)enγ .

If d > (ϕ(δ log K) − γ)/ log K, the above quantity tends to zero when n tends
to infinity and we conclude that dH

)
Eδ

0 ≤ (ϕ(δ log K)−γ)/ log K. Under some
bounded distortion properties, one can prove that this is also a lower bound
(see [9] and [1]).

As an easy example consider on the Cantor set K the measure μ defined
for 0 < p < 1 (and q = 1 − p) by

μ
)
Iη1,... ,ηn

0
= p

�n
j=1 ηj/2qn−�n

j=1 ηj/2 .

When p = q = 1/2 we get the Cantor measure defined above which has
a trivial mono-fractal structure. From now on we assume p 3= q. Consider
the sequence of partitions An =



Iη1,... ,ηn

�
. It is easy to prove that the

multifractal formalism applies to this measure using the large deviation results
previously established. One gets since γ = log 2

P (β) = log
)
pβ + qβ

0 − log 2 ,

and assuming for example p > q (the other case is left to the reader) it follows
that

s =
log

)
log p − α

0 − log
)
α − log q

0
log q − log p

,

and one deduces immediately

ϕ(α) =

)
log p − α

0
log

)
log p − α

0
log p − log q

+

)
α − log q

0
log

)
α − log q

0
log p − log q

+ log 2 − log
)
log p − log q

0
.

Therefore, since K = 1/3 we get α = −δ log 3 (see the definition (11)) and

dH
)
Eδ

0
= −

)
log3 p + δ

0
log

)
log3 p + δ

0
log3 p − log3 q

−
) − δ − log3 q

0
log

) − δ − log3 q
0)

log3 p − log3 q
0

+ log3
)
log3 p − log3 q

0
.

When we consider the graph of dH
)
Eδ) in figure 1, there are four par-

ticularly interesting points. First of all there are the two extreme points
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Fig. 1. The Hausdorff dimension dH
�
Eδ) as a function of δ for p = 2/3.

δmin = − log3 p and δmax = − log3 q where dH
)
Eδ

0
vanishes (recall that p > q).

These correspond respectively to the largest and smallest measure of atoms
of fixed size, namely for an atom I of An we have qn ≤ μ(I) ≤ pn, and there
is only one atom reaching each bound. The constraint − log3 p ≤ δ ≤ − log3 q
can also be deduced from the formula

α =
ps log p + qs log q

ps + qs
.

There is a unique maximum for dH
)
Eδ

0
at δ∗ = −)

log3 p+log3 q
0
/2 which

gives dH
)
Eδ∗

0
= log 2/ log 3, namely the Hausdorff dimension of the support

K of μ. Note that it corresponds to the value of δ such that Eδ is covered by
the largest number of atoms of An. However the total contribution of these
atoms to the weight of μ is asymptotically negligible, namely:

I∈An , μ(I)∼e−nδ∗ log 3

μ(I) ∼ 2ne−nδ∗ log 3e−nϕ(−δ∗ log 3) ∼ (2
√

pq)n

which tends to zero when n tends to infinity since for p 3= 1/2 one has p(1−p) <
1/4.

Finally there is the point δH = −p log3 p−q log3 q where the slope is equal
to one. Since ϕ�(α) = s, this gives s = 1. Note also that by the normalization
of the probability measure μ, we have for each δ:

I∈An , μ(I)∼e−nδ log 3

μ(I) ∼ 2ne−nδ log 3e−nϕ(−δ log 3) ∼ 2nenP
)
βδ

0
≤ 1 ,
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where βδ = ϕ�) − δ log 3
0
. In particular we obtain immediately

dH
)
Eδ

0 ≤ δ .

We can have equality only if P
)
βδ

0
= log 2, and this must be a tangency.

This equation leads immediately to pβ + qβ = 1, and since p + q = 1 we
deduce β = 1. From α = P �(β) we deduce α = p log p + q log q, and an easy
calculation leads indeed to ϕ�) − δH log 3

0
= 1. The number dH

)
EδH

0
= δH

is called the dimension of the measure μ. This quantity is defined in general
as the infimum of the dimensions of sets of measure one. We see here that
because of the multifractal behaviour, this dimension is strictly smaller than
the dimension of the support (since p 3= q). We also see again a phenomenon
reminiscent of Statistical Mechanics. If we consider atoms of a given size only a
very small percentage contribute to the total mass of the measure. Moreover,
these atoms have about the same measure (roughly equal to the inverse of
their number).

For p = q = 1/2, the curve collapses to one point and we recover the
monofractal Cantor measure.

We refer to the literature (see for example [9] and [1]) for other examples
and extensions.

We also mention that although most of the sets Eδ have zero μ measure,
they may be of positive (and even full) measure for another measure. This is
why in certain situations they may become important and in fact observable.
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Paris 1968.

25. J. Neveu. Calcul des Probabilités. Masson, Paris 1970.
26. P. Ney. Notes on dominating points and large deviations. Resenhas 4:79-91

(1999).
27. V.V. Petrov. Limit Theorems of Probability Theory. Sequences of independent

random variables. Clarendon Press, Oxford 1995.
28. W. Philipp, W. Stout. Almost sure invariance principles for partial sums of

weakly dependent random variables. Memoirs of the AMS, 161:1975.
29. D. Plachky, J. Steinebach. A theorem about probabilities of large deviations

with an application to queuing theory. Periodica Mathematica 6:343-345 (1975).
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Springer, Berlin 2000.
31. L. Schwartz. Cours d’Analyse de l’Ecole Polytechnique. Hermann, Paris 1967.
32. C. Stein. Approximate Computations of Expectations. IMS, Hayward Cal.

1986.
33. W. Stout. Almost Sure Convergence.Academic Press, New York 1974.
34. M. Talagrand. Concentration of measure and isoperimetric inequalities in

product spaces. Inst. Hautes Études Sci. Publ. Math. 81:73-205 (1995).
35. W. van der Vaart, J. Wellner. Weak convergence and empirical processes :

with applications to statistics. Springer, Berlin 1996.



Some Aspects of the Central Limit Theorem and Related Topics 127
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1 Introduction

Random polynomials appear naturally in different fields of physics, like quan-
tum chaotic dynamics, where one has to study the statistical properties of
wavefunctions of chaotic systems and the distribution of their zeros [2, 11].
Our personal interest lies rather in their connection with noisy data analy-
sis, especially in the context of the linear parametric modelization of random
processes [5, 3, 16] and the problem of the resonance recognition, i.e. the iden-
tification of the poles of rational estimators of the power spectrum, computed
from a measured sample of the signal.

In this contribution we address a probabilistic question concerning the real
and complex roots of certain classes of random polynomials, the coefficients
of which are random real numbers. The roots of such polynomials are random
variables, real or complex conjugates, and one is interested in the mathema-
tical expectation of their distribution in the complex plane, according to the
degree of the polynomial and the statistics of its coefficients.

Because of mathematical simplicity, we study in section 2 the statistics
of the real roots of polynomials with real random Gaussian coefficients. This
material is taken from the historical papers by Kac [8, 9] and subsequent works
[6, 4, 12]. In section 3 are introduced several directions of generalization; we
investigate the statistics of the roots in the whole complex plane, and introduce
the notion of generalized monic polynomials. We just give an outline of the
derivation of the density of complex roots by recalling the passage from the
real case to the complex one, the proof of which can be found in [13]. We use
this result in order to understand and characterize the behavior of the roots
in the two extreme cases, homogeneous random polynomials on the one hand,
monic polynomials with weak disorder on the other hand. We briefly look
at the particular class of self-inversive random polynomials [2], whose roots
have an interesting behavior on the unit circle; the case of random complex
coefficients is just mentioned in the conclusion.

J.-D. Fournier et al. (Eds.): Harm. Analysis and Ratio. Approx., LNCIS 327, pp. 129–143, 2006.
© Springer-Verlag Berlin Heidelberg 2006
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2 Real roots

The first problem about random polynomials is the question of the average
number of real roots of a polynomial of degree n and was solved by Kac in the
40’s [8] in the simple case of coefficients ak independent identically distributed
(i.i.d.) with Gaussian probability density function (pdf) N(0, 1) of average zero
and variance 1. Let

Pn(z) =
n:

k=0

akzk (1)

be a random polynomial, and Nn the number of different real roots, called
t
(n)
k , of Pn. In the following it is assumed that the probability to have multiple

roots is negligible. Nn is the integral on the real axis of the counting measure

σn(t) ≡
Nn:
k=0

δ(t − t
(n)
k ) = |P �

n(t)| δ(Pn(t)), (2)

the Jacobian being due to the change of independent variable in the Dirac
distribution. σn(t) is actually the exact density of the roots for a given rea-
lization, and one can calculate its mathematical expectation

Kn(t) ≡ E(σn(t)) =
#

R2
dP dP � P(P, P �) |P �| δ(P ) (3)

considering, for any fixed t ∈ R, Pn(t) and P �
n(t) as two correlated random

variables written P and P �. Let us now make the hypothesis that the ak are
i.i.d. N(0, 1); since Pn(t) and P �

n(t) are linear combinations of the ak, they are
themselves Gaussian variables with zero mean and joint pdf

P(P, P �) =
1

2π
8

det(C)
exp

�
−1

2
(P, P �)C−1

*
P
P �

1�
, (4)

given the correlation matrix C =
*

E(P 2) E(PP �)
E(PP �) E(P �2)

1
.

Equations (3) and (4) lead to the average density

Kn(t) =
1

2π
√

Δ

#
R

dP � |P �| exp
�

− 1
2Δ

E(P 2)P �2
�

=
√

Δ

πE(P 2)
, (5)

where Δ = E(P 2)E(P �2) − E(PP �)2.

Replacing P and P � by their respective values
;n

0 ak tk and
;n

0 k ak tk−1 we
obtain the exact formula of the average density of real roots
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Kn(t) =
1
π

� 1
(1 − t2)2

− (n + 1)2t2n

(1 − t2n+2)2
�1/2

. (6)

Figure 1 shows the distribution of real roots for n = 10 and 100. The dotted
line is the theoretical density Kn(t) given by (6); it has two peaks centered
near ±1 and these peaks get narrower when the degree of the polynomial
n increases. The black line is an histogram over 1000 realizations of the real
roots of random polynomials as defined by (1), and we see that the simulations
match the theory quite well.
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Fig. 1. Density of real roots and histograms over 1000 realizations for polynomials
of degrees n = 10 and n = 100.

The number of real roots is then

Nn =
#

R
dt σn(t). (7)

Since the integrals on t and on P , P � can be inverted, the average number of
real roots is

E(Nn) =
#

R
dt Kn(t) =

1
π

#
R

dt
� 1

(1 − t2)2
− (n + 1)2t2n

(1 − t2n+2)2
�1/2

. (8)

This integral is bounded by

2
π

{ln n + ln(2 − 1
n

)} ≤ E(Nn) ≤ 2
π

{ln n + ln 2 + 4
√

3} ∀n ∈ N, (9)

so for large degrees the main term of E(Nn) varies like 2
π ln n, as illustrated

in Fig. 2 with numerical simulations.
Several other works have been carried out on this problem, relaxing the

hypothesis of independence or gaussianity of the coefficients ak. Littlewood
and Offord [12] worked with uniform and bimodal distributions of the ak, and
proved that for large degrees the order of magnitude of E(Nn) kept on growing
like 2

π ln n.
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Fig. 2. Average number of real roots of Pn over 1000 realizations, as a function of
the degree of the polynomial n.

Edelman and Kostlan [4] developed another method based on geometrical
considerations that led them to Kac’s formula (6). Their method, just like the
calculation above, can be generalized to correlated and non-centered Gaussian
coefficients, as long as the joint pdf P(P, P �) is Gaussian. The average density
is not so easy to write, mainly because of the emergence of an error function
erf, but the asymptotic limit for E(Nn) remains generally valid. Ibragimov
and Maslova [6] extended this result to any i.i.d. centered variables whose
probability laws belong to the basin of attraction of the normal law according
to the central limit theorem.

The logarithmic growth of the average number of real roots as a function
of the degree is thus a common feature of random real polynomials. Although
its Lebesgue measure is zero, the real axis of the complex plane, which is a
symmetry axis for the set of the roots, is a singularity for the distribution of
roots.

3 Complex roots

3.1 Complex roots

We are now interested in the average distribution in the whole complex plane
of the roots of the random polynomial Pn, at least in the limit n ( 1. The
same argument as in section 2 can be applied so we get an integral formula
for the roots density, with slight modifications. The counting measure in the
plane is

σn(z) =
:

k

δ(2)(z − z
(n)
k ) = |P �

n(z)|2 δ(2)(Pn(z)), z ∈ C. (10)

The change between formulæ (2) and (10) is due to the transition from a 1-
dimensional space to a 2-dimensional space, and to the holomorphy of Pn. The
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notation is the same as in section 2, P and P � being the random variables
that are the polynomial and its derivative at point z. Those quantities are
complex, since z is complex, so we actually have 4 random variables, the real
and imaginary parts of P and P �, that we must take in account when writing
the average density of roots

Kn(z) =
#

d2P � |P �|2 P(0, 0, Re(P �), Im(P �)). (11)

The average number of roots in a domain Ω ⊂ C is the integral

E(Nn(Ω)) =
#

Ω

d2z Kn(z). (12)

3.2 Generalized monic polynomials

Motivated by the remarkable properties of the roots of Szegö polynomials,
Mezincescu et al. [13] became interested in the case of monic polynomials, and
more widely, in the class of random generalized monic polynomials, defined
as

Pn(z) = Φ(z) +
n:

k=0

akfk(z), z ∈ C. (13)

Φ, f0, . . . , fn are holomorphic functions, and the ak are the real random co-
efficients. We will later focus on two cases of particular interest: taking Φ = 0
and fk = zk returns an homogeneous random polynomial as studied in section
2; taking Φ(z) as a polynomial of degree n and fk = zk, we get a monic – in
the classical sense – polynomial.

With the hypothesis that the joint pdf of P and P � is Gaussian, computing
the integral over P � becomes possible and leads to the density of complex roots.
Let us suppose that the ak are i.i.d. N(0, 1); this hypothesis is not restrictive,
since a judicious choice of Φ and fk allows one to reduce systematically the
coefficients to zero-mean and same variance random variables.

Working with 4 random variables instead of 2 makes the calculations more
mathematically intensive but does not change the principle, so we just give
the final result. Let us first introduce some notations adapted to the problem
[13, 14, 16]. Let v and w be two complex vectors of dimension n, (v, w) is
defined as the 2 × 2 matrix

(v, w) ≡
*

Re(v) · Re(w) Re(v) · Im(w)
Im(v) · Re(w) Im(v) · Im(w)

1
(14)

The transposed column vector of (f0(z), . . . , fn(z)) and its derivative are writ-
ten f and f � · Φ is considered as a 2-dimensional vector (Re(Φ(z)), Im(Φ(z)))
of derivative Φ�. With those notations, the mathematical expectation of the
counting measure of the complex roots is, at the points where det(f , f) 3= 0,
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E(Kn) =
1
2π

18
det(f , f)

exp− 1
2 Φ·(f ,f)−1Φ × (15)

×
�

Tr[(f �, f �) − (f �, f)(f , f)−1(f , f �)] +  Φ� − (f �, f)(f , f)−1Φ 2
�

3.3 Strong disorder limit: classical homogeneous polynomial

When Φ = 0 and fk = zk, the polynomial is an homogeneous random po-
lynomial of degree n. The average pdf of its complex roots can be explicitly
computed for any z = reiθ ∈ C \ R according to

1
2π

18
det(f , f)

Tr[(f �, f �) − (f �, f)(f , f)−1(f , f �)]. (16)

This expression is a function of r, θ and n, plotted in Fig. 3 for n = 10 and
100. As one can see, the area of the plane where this function is not negligible
is an annulus around the unit circle that becomes narrower when the degree
n increases. This result is not valid on the real axis, where det(f , f) = 0;
function (16) is equal to zero, as it appears on the plot, but we have already
seen in section 2 that the global measure has a singular component on the
real axis given by (6).

Re(z)

Im(z)
Re(z)

Im(z)

n=10

n=100Density of complex roots of Pn

Fig. 3. 3-dimensional representation of the density of complex roots of an homoge-
neous random polynomial of degree n, for n = 10 (left) and 100 (right).

In the domain of the plane defined by>>> 1
ln r

1 − r2n+2

1 + r2n+2 sin θ
>>> ( 1, z = reiθ, (17)

i.e. close to the unit circle and far enough from the real axis, as shown in Fig. 4
for n = 10, and which corresponds to the interesting area of strong density,
the average density can be approximated by
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Interesting domain for the 
study of the density of 
complex roots 

n=10

Fig. 4. 3-dimensional representation of the function (17) for n = 10.

Kn(reiθ) < 1
π

� 1
(ln r2)2

− (n + 1)2r2n+2

(1 − r2n+2)2
�

. (18)

With this approximation, Kn(z) is a function of the radial variable r only
and is independent of the angular variable θ, which implies a certain unifor-
mity of the angular distribution of the roots. The curve, plotted in Fig. 5 for
n = 10 and 100, has a peak for r = 1.

This behavior is characterized by two asymptotic results in the limit n ( 1,
still valid in the case of an α-stable distribution of the coefficients [7]. The
first theorem concerns the fraction of roots in a disc of radius R

1
n

E(Nn(D(0, R))) n→∞−→ 0 in probability ∀R < 1. (19)

Since the ak are i.i.d., the statistics of the distribution of complex roots
is invariant under the transformation z /→ z−1, and (19) implies that most of
the roots are present in a neighborhood of the unit circle. The other result
concerns the fraction of roots in an angular sector [α, β]

1
n

E(Nn(α, β)) n→∞−→ |α − β|
2π

in probability ∀ [α, β] ⊂ ]0, π[. (20)

Because of the symmetry with regards to the real axis, and apart from is
singularity, formula (20) implies an angular uniform distribution. In Fig. 5 are
plotted, on the left, the 10000 roots of 1000 random polynomials of degree 10.
We observe the strong concentration of points around the unit circle, and the
singularity of the real axis. On the right are plotted histograms of the moduli
of the complex (non-real) roots for n = 10 and 100, and with dotted lines the
asymptotic curves given by (18); for the angular distribution, see Fig. 10.

Let us now call Λ the order of magnitude of the parameters of the deter-
ministic term Φ. In the limit Λ , 1, i.e. for a strong disorder, the governing
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Fig. 5. On the left, the location in the complex plane of the roots of an homogeneous
random polynomial of degree 10, for 1000 realizations. On the right, the radial
distribution of complex roots and histograms of the moduli for n = 10 and 100.

term of Pn is its random part; the resulting density of roots is similar to the
density for the homogeneous polynomial, and this behavior remains true as
long as Λ = O(1).

3.4 Weak disorder limit: monic polynomials

In the weak disorder limit Λ ( 1, Pn is dominated by ΛΦ(z); the main
contributions to the density of roots (given by formula (15)) come from

Λ28
det(f , f)

 Φ� − (f �, f)(f , f)−1Φ 2 × exp

 − 1

2
Λ2 Φ · (f , f)−1Φ

�
. (21)

Let Φ be a polynomial of degree n, and z0 a root of Φ of multiplicity M . In
a neighborhood of z0, Φ(z) can be written as Φ

(M)
0 (z−z0)M +O((z−z0)M+1).

The first function grows then like Λ2M2 z − z0 2M−2, when the other one is
a decreasing exponential of the shape exp{−Λ2C z − z0 2M}; C is a positive
quantity depending on z and z0, of order 0 in  z − z0 .

If the root is simple, for M = 1, the result is simply Gaussian, and the
density has a peak centered on z0, with a width of order Λ−1.

If M > 1, the areas of strong density result from a balance between the po-
sitive power of  z−z0 and the decreasing exponential exp{−Λ2C z − z0 2M}.
The average modulus of (z−z0) is not zero but is such that Λ2C z−z0 2M =
O(1), as illustrated in Fig. 6. The roots are then located in an annulus centered
on z0, with radius of order C−1/(2M)Λ−1/M .

A rough estimate of the integral of the density in a domain surrounding
z0 shows that the relative weight of the annulus circling a root of multiplicity
M , with regards to the weight of the peak corresponding to a simple root,
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Fig. 6. Function �z − z0�2M−2 exp{−�z − z0�2M} for different values of M .

is of order M . In other words, each peak in density centered on a root of
multiplicity M does actually contain the equivalent of M roots.

Furthermore, the dependence of C with regards to the argument of (z−z0)
causes some directions to possibly be more favorable. This phenomenon is
strongly related to the expression of Φ, so nothing more can be said at this
level of generality, but we will observe the emergence of an angular structure
with the example Φ(z) = zn.

In Fig. 7 are plotted the 10 roots of the random polynomial

P10(z) = 20 (z2 + 4) (z +
1
2

− i
2
)(z +

1
2

+
i
2
) (z − 1 − i)3(z − 1 + i)3 +

10:
0

akzk

(22)

for 500 realizations. We observe the presence of four (very) sharp peaks of
density around the four simple roots ±2i and −0.5±0.5i. The 2×3 remaining
roots are located on two circles surrounding the roots of order M = 3, 1 ± i.

Let us now consider the particular case of a root of multiplicity n at the
origin by taking Φ(z) = zn. The density has then the shape

Λ2r2n−2 exp
�

− 1
2

Λ2r2n−2 sin2 nθ + O(r2)
sin2 θ + O(r2)

�
, z = reiθ ∈ R \ C ; (23)

it is of order 1 as long as Λ2r2n−2 sin2 nθ � 1, which means on a circle,
the radius of which varies like Λ−1/(n−1), more particularly in the directions
θ = kπ/n, for k = 0, . . . , 2n − 1. Outside of those areas, the density of roots
is negligible. This result can be recovered using dimensional analysis. Let us
introduce the rescaled variable y ≡ Λ1/n|a0|z. The roots of Pn are given by
the roots of the new polynomial

P̃n(y) = yn +
n−1:
k=1

ak |a0| k
n −1 Λ− k

n yk + sgn(a0). (24)
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Fig. 7. Positions of the roots of 500 realizations of a random polynomial of degree
10. The deterministic part Φ has 4 simple roots in ±2i, −0.5 ± 0.5i, and 2 roots of
multiplicity 3 in 1 ± i, indicated by a circle, and is of order Λ = 20.

Since Λ ( 1 we neglect all the negative powers of Λ. The roots of P̃n(y)
are then the nth roots of ±1, depending on the sign of the random variable
a0, and the roots of Pn(z) are located on a circle of average radius

Λ−1/nE(a−1/n
0 ) = Λ−1/n 21/2n 1√

π
Γ(

n + 1
2n

), (25)

where Γ(t) =
# ∞

0
dz zt−1e−z is the Euler function,

at the favored angles 2kπ/n, k = 0, . . . , n − 1, if a0 ≥ 0, and (2k + 1)π/n if
a0 ≤ 0, which happens with equal probability since a0 is N(0, 1).

Figures 8, 9 and 10 demonstrate this particular behavior of the distribution
of the roots of monic polynomials. The roots form what is called a “quasi-
crystal” [1, 5], with a specific angular structure, located at a distance of the
origin that depends on the order of magnitude of the deterministic part and
the degree n. On the left are located in the plane the roots of 1000 monic
polynomials with Φ(z) = zn for n = 4 (Fig. 8) and n = 10 (Fig. 9). On the
right of Fig. 8 is plotted a function of the shape given by (23), for n = 4. We
observe 8 peaks of density at the regular angular intervals kπ/4, k = 0, . . . , 7.

The radial behavior is studied in Fig. 9. On the right are plotted histograms
of the moduli of complex (non-real) roots of monic polynomials of degree
n = 10 and 100. As n increases, the peak gets sharper and its location tends
to 1.

The radial and angular behaviors of the density of roots for respectively
homogeneous and monic random polynomials are characterized and compa-
red in Fig. 10. On the left we observe the evolution of the average modulus
of complex roots as a function of the degree of the polynomial n. In the ho-
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Fig. 9. On the left, position in the plane of the roots of 1000 monic random poly-
nomials with Φ(z) = z10 and Λ = 20. On the right, histograms of the moduli of the
non-real roots of monic polynomials for n = 10 and 100.

mogeneous case, the position of the peak is almost constant, close to 1; in the
monic case, we have an exponential law of the inverse of n, corresponding to
the order of magnitude Λ−1/n. On the right, we study the angular distribution
with histograms of the arguments of the complex (non real) roots. We observe
the appearance of an angular structure in the monic case, while the angular
distribution is quite uniform in the homogeneous case.

3.5 Self-inversive polynomials

Let us finally mention the particular case when the polynomial Pn has the
self-inverse symmetry, which means that its coefficients have the reflective
property ak = an−k, k = 0, . . . , n, with the consequence that the set of its
roots is invariant through the transformation z /→ z−1.
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Fig. 10. Left, the average moduli of the complex roots of homogeneous and monic
(Λ = 20) random polynomials, as a function of the inverse of the degree 1/n, com-
pared to their theoretical values (the constant 1 and Λ−1/n). Right, histograms of
the positive arguments of the complex roots of homogeneous and monic (Λ = 20,
Φ = zn) random polynomials of degree n = 10.

Such polynomials have been studied by Bogomolny et al. [1, 2] and we
just recall here their main result, which more generally holds for complex
coefficients. The roots of a self-inversive random polynomial Pn have this
remarkable property that they are not only concentrated in the neighborhood
of the unit circle, but that a macroscopic fraction of them stands precisely on
the circle, a fraction equal on average to

1
n

E(Nn({|z| = 1})) =

9
n − 2
3n

, (26)

which tends to 1/
√

3 < 0.577 in the limit of large degrees. In contrast to the
fraction of real roots of real random polynomials, this fraction does not tend
to zero as n tends to infinity.

This behavior is illustrated in Fig. 11. On the left are plotted the roots of
1000 self-inversive real polynomials of degree n = 10. Apart from the singu-
larity of the real axis, we observe that a certain number of them is located
exactly along the circle. On the right is plotted the average fraction of roots lo-
cated exactly on the unit circle, as a function of the degree of the polynomial.
As n tends to infinity, this fraction tends to the asymptotic value 1/

√
3.

4 Conclusion

We have discussed two classes of random real polynomials, according to the
order of magnitude of the random part with regards to the deterministic
component. In the strong disorder case, the roots are concentrated around
the unit circle. The second class concerns random monic polynomials in the
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presence of weak disorder. Their roots are located in the neighborhood of the
roots of the non perturbed polynomial if those roots are simple, and in the
case of multiple roots, on a quasi-crystal centered on the root.

We have seen two examples of polynomials whose roots have a certain
symmetry, with regards to the real axis when the coefficients are real, or with
regards to the unit circle in the self-inversive case. In both situations, the
symmetry line “attracts” a certain fraction of the roots.

We have not studied here the case of random polynomials with complex
coefficients. Yet, many studies have been carried out concerning this problem
[1, 2, 15]. For high degrees, the roots are located in an annulus around the
unit circle, with a uniform angular distribution, as one can see in Fig. 12 with
the roots of 1000 random polynomials of degree 10 with complex coefficients
whose real and imaginary parts are i.i.d. Gaussian variables. Histograms of
the moduli and arguments complete this illustration.

The accumulation of the roots around the unit circle is related to the
existence of a natural boundary of analyticity on this circle of the random
series [10]

∞:
k=0

akzk. (27)

The zeros of homogeneous random polynomials, i.e. partial sums of this series,
are located in the neighborhood of the boundary [15].

It is possible to pursue the study of the statistical properties of the zeros
of random polynomials with the determination of the k-point correlation fun-
ctions Kk(z1, . . . , zk) using the same method [14]. Taking k = 1 returns the
density of zeros, and K2(z1, z2) characterizes the correlation between the roots.
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1 Introduction

In the previous lecture I discussed (and advertised) a special type of rational
approximation to functions of the complex variable – the one that can be
constructed when the information on the function approximated is given in the
form of coefficients of its power (favorably Taylor) expansion. The knowledge
of the Taylor series coefficients specifies a function completely and, as we have
seen, one can construct from a finite number of coefficients a rational function
which (almost everywhere) approximates this function better and better when
we take into account more and more coefficients. There are however other
interesting sequences of rational approximants and I shall first say few words
about them. They use the information on a behaviour of the function at
several points. In either case, every application of this or other approximation
scheme encounters in practice the additional difficulty: all the information we
want and can use to construct an approximating rational function is biased
by errors – we can know either expansion coefficients or function values with
finite accuracy only. Consequences of this fact, fundamental in all practical
applications, will be discussed in later sections.

2 Rational Interpolation

As we know an analytic function f(z) can also be uniquely specified by an
infinite number of its values at points contained in a compact set, on which
the function is analytic. Construction of a sequence of rational functions ha-
ving the same values as f(z) on a given finite set of points is known as the
rational interpolation problem. It is the classical problem of the numerical
analysis and was studied long ago. My exposition will be partially based on
[10]. Before we discuss the convergence of sequences of rational interpolants
let us comment on the problem of their existence. Let there be a sequence
of points in the complex plane {zi}N

i=0 (which we shall call the nodes) and a

J.-D. Fournier et al. (Eds.): Harm. Analysis and Ratio. Approx., LNCIS 327, pp. 145–156, 2006.
© Springer-Verlag Berlin Heidelberg 2006
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sequence of complex numbers {fi}N
i=0 – we call them henceforth the data –

such that

f(zi) = fi i = 0, . . . , N . (1)

We are looking for a rational function rm,n(z) of degrees m in the numerator
and n in the denominator such that rm,n(zi) = fi, i = 0, . . . , N . If we call the
numerator and the denominator of rm,n, Tm(z) and Bn(z) respectively, and
treat their coefficients as unknowns we get the system of equations for these
coefficients

Tm(zi)
Bn(zi)

= fi i = 0, . . . , N (2)

and we can expect a unique solution if m + n ≤ N .
These equations are nonlinear, but can be linearized to the form

Tm(zi) = Bn(zi)fi i = 0, . . . , N (3)

however (3) is not strictly equivalent to (2) – all solutions of the latter are
solutions of the former, but not vice versa. The situation seems analogous to
the one encountered in the construction of Padé approximants, but its origin is
even easier to comprehend here. It is obvious that if (3) is satisfied and Bn(z)
does not vanish on any node, then we can divide the equation by Bn(zi) and
(2) is also satisfied. We conclude that if a solution of (3) does not satisfy
(2) then Bn(z) must vanish on some subset of (say k) nodes. Then, however,
Tm(z) must also vanish there. Therefore both Tm(z) and Bn(z) contain a
common factor – the polynomial of degree k vanishing on these nodes – let it
be wk(z). In this case (3) looks as

T̃m−k(zi)wk(zi) = B̃n−k(zi)wk(zi)fi i = 0, . . . , N (4)

and it means that there exists a rational function of degrees m − k and n − k
respectively, such that it interpolates our data on a subset of N +1−k nodes.
Vice versa, it is easy to see that if (4) is satisfied then there is no rational
function of degrees m and n respectively and with relatively prime numerator
and denominator that interpolates all our data – the k nodes at which wk(z)
vanishes are called unattainable. All the details of the problem are studied in
depth in [8]. We can say that the problem is the one of degeneracy and we
shall not be concerned with it in the rest of the lecture.

Before I talk about convergence let me first point you out that rational
interpolants we discussed above and Padé approximants are not entirely alien
to each other. Actually, they are rather extreme cases of general rational
interpolants. To see that we consider an interpolation scheme, i.e. a triangular
matrix of interpolation nodes ai,j ∈ C defined as follows

A :=

⎛⎜⎜⎝
a00
· · · · · ·
a0n · · · ann

· · · · · · · · · · · ·

⎞⎟⎟⎠ (5)
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Each row of the matrix A
An = (a0n, · · · , ann) (6)

defines an interpolation set of n + 1 nodes. We allow here some or all nodes
in the set to be identical.

To each interpolation set A we assign the polynomial

wn(z) =
5
x∈A

(z − x) =
n5

i=0

(z − ain). (7)

We say now that rm,n(z) is is the (generalized) rational interpolant of the
function f(z) on the set Am+n (where the function is assumed to be analytical)
if it is the rational function of degrees at most m in the numerator and at
most n in the denominator, such that

f(x) − rm,n(x)
wm+n(x)

is bounded at each x ∈ Am+n. (8)

rm,n(z) is also called Hermite type (sense) rational interpolant, or multi-point
Padé approximant. This latter name can be understood if we observe that
when all the points in the interpolation set are identical then rm,n is just
[m/n] Padé approximant. On the other side, if all of them are distinct we
have the ordinary rational interpolant. In the intermediate cases rm,n and its
derivatives r

(k)
m,n are identical with f and its derivatives f (k) at x ∈ Am+n up

to an order corresponding to a number of occurrences of x in Am+n – which
are our data in this situation.

As is the case for the classical rational interpolant, after introducing the
numerator and the denominator of rm,n, Pm and Qn, respectively, we can
substitute (8) by the linearized version

Qm(x)f(x) − Pn(x)
wm+n(x)

is bounded at each x ∈ Am+n. (9)

Again, not every rational interpolant with the numerator and the denominator
satisfying (8) satisfies (9), but the latter always has a solution. If however there
exists a pair of polynomials satisfying (9) and Qn(z) 3= 0 on any of the points
of Am+n, then the problem (8) is also soluble and the solution is

rmn,n(x) =
Pm(z)
Qn(z)

.

Many algebraic problems connected with existence of multipoint Padé ap-
proximants have been studied in [5] and it is known that “blocks” appearing
in the table do not need to be of square shape.

A special intermediate case is the one called Two-Point Padé Approxi-
mants. In this case the interpolation set consists of only two distinct points:
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zero and the point at infinity, appearing in Am+n altogether m+n+1 times.
This type of rational approximation appears sometimes in physics or tech-
nology when we are interested in the function (assumed or postulated to be
analytical) of some variable having special meaning at zero and infinity and
we know some number of coefficients of its expansion around these two points.
For example the function can be the dielectric constant of the composite of
two different materials and the variable, the ratio of their contents [11].

3 Convergence

The convergence problem is in many respect analogous to the one of Padé
approximants, though we have here the additional dependence on the asym-
ptotic distribution of the interpolation nodes ain in the interpolation scheme
Am+n. There is no place here to discuss it in detail, but we can summarize the
results by saying that rational interpolants converge in capacity for holomor-
phic functions and, apart of the set of cuts they choose, also for functions with
branchpoints, but depending on the localisation of the interpolation scheme
and the set of branchpoints it can happen that in different areas of the com-
plex plane the rational interpolants will converge to different branches of the
function.

4 Rational Interpolation with Noisy Data

As I have mentioned in the introduction, practical application of rational in-
terpolation encounters the serious obstacle in the fact that the data (function
values and expansion coefficients) are always known with finite accuracy only.
This poses the problem when they are supposed to be used to construct an
approximation for an analytical function. The analytical function is the “stiff”
object – any, even the smallest, modification of it at some place may result
in an arbitrarily large change at a finite distance from the place at which
we made the modification. Look at the simplest possible, even naive exam-
ple: assume that we have two sets of values at nodes {zi}N

i=0 – {di}N
i=0 and

{di + ε/(1 + zi)}N
i=0. They can differ arbitrarily little, but if the first set comes

from a function f(z), the second one comes from f(z)+ε/(1+z) which differs
from f(z) arbitrarily much at z = −1 (assuming that f(z) is regular there).

In the following I shall take for granted that the interpolation set is con-
tained in the real line, that functions studied are real on the real line and
that perturbations of data are also real. This assumptions are inessential in
all algebraic considerations and I shall comment below when they influence
presented results.

The problem has been observed when the first applications of Padé appro-
ximants in physics appeared. In physics Padé approximants have been used to
“sum” so called perturbation series – rather to estimate the sum of the series
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from finite number (usually small, unfortunately) of coefficients. Calculation
of those coefficients is generally a serious task, involving numerical calculation
of multiple integrals, and usually physicists must accept substantial limitati-
ons in accuracy with which they can know such coefficients. Very soon it was
found that varying these coefficients within limits of the accuracy with which
they were known, resulted in “wild” variations of singularities of Padé appro-
ximants constructed from the coefficients. In this situation Marcel Froissart
[4] made very simple, but highly enlightening numerical experiments. He took
just the geometrical series and perturbed randomly coefficients of its power
series in the following manner

1 + x + x2 + . . . ⇒ 1 + εr0 + (1 + εr1)x + (1 + εr2)x2 + . . . (10)

with some small ε and random ri’s taken from same distribution. Obviously
all Padé approximants to the series on the left are equal to [0/1], i.e. to the
function itself. On the other hand, all (almost, except for the set of measure
zero on the event space) Padé approximants to the series on the right are
different and, if we concentrate first on the sequence [n−1/n], they have n−1
different zeros and n different poles – both randomly distributed. At first this
seems a catastrophe – independently of how small ε is, Padé approximants to
the perturbed series seem to have nothing in common with the function repre-
sented by the original series! However, when one looks where zeros and poles
of these Padé approximants are, an amazing phenomenon can be seen. Look
at zeros and poles of [4/5] with some choice of (real, normally distributed)
ri’s

ε zeros poles
.00001 − .57471 ± .64809i − .57472 ± .64809i 1.00000098

−.091740, 3.1348 −.091740, 3.1349

.01 −.57034 ± .64907i −.57468 ± .64812i 1.00099
−.091958, 3.0223 .091958, 3.1384

(11)

First you see that there is a pole close to 1 – the place where the function
represented by the original series has one. Next you see that all the other zeros
and poles – which represent only noise – come in tight pairs. The smaller ε is,
the tighter they are – quite natural, because we want that at ε = 0 we return
to the original series! Of course you must remember that positions of all these
zeros and poles are random and for any finite ε both the separation of the
pairs as well as the distance of the “unpaired” pole from 1 can be arbitrarily
large, but we expect that at ε → 0 they will both vanish. You can see it clearly
in the next example where I took different choice of r�

is
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ε zeros poles
.00001 395.688, − .55084, − 387.376, − .55084, 1.000000097

−.013502 ± 1.48561i −.013471 ± 1.48566i

.0001 −490.299, − .55084, −387.370, − .55084, 1.00000097
−.013776 ± 1.48518i −.013471 ± 1.48566i

.001 356.883, − .55083, −387.311, − .55084, 1.0000097
−.016466 ± 1.48084i −.013471 ± 1.48566i

(12)

When ε grows, the pair at large negative x’s separates so strongly that at
ε = 001 there is no pair at all.

This phenomenon of “pairing” of noise induced zeros and poles would not
be interesting at all if it manifested itself only for geometrical series, but it
appeared to be universal and got the name of Froissart phenomenon and the
pairs are known as Froissart doublets.

For other sequences of Padé approximants, when there is a “surplus” of
zeros or poles, it appeared that these extra zeros or poles escape to infinity
when ε → 0.

Let us now see at Fig. 1 what happens when n grows – as you see Froissart
doublets are distributed in a close vicinity of the unit circle! This phenomenon
would be even more pronounced if we took n larger, on the other hand one
would always find some doublets, even for large n at a “finite” distance from
the circle – like those inside the circle.

To show you what happens if we perturb – in the same way as before – a
series representing a function with branchpoints, let us consider the function

f(z) =
√

z + 1
√

2z + 1 +
2

z − 1
. (13)

It has branchpoints at −1 and −1/2, the pole at 1, but also zeros at
1.604148754 and −1.391926826. Moreover it behaves like

√
2z when z → ∞.

We know already that for this function we should expect approximants
[n + 1/n] be the best suited. Below you have zeros and poles of [6/5] “exact”
i.e. ε = 0 and also ε = .001 and ε = .00001. We clearly see that the “exact”
approximants give zeros and the pole very close to zeros and the pole of the
function while the remaining zeros and poles of the approximant simulate the
cut (−1, −1/2). It is also interesting to note that [6/5] behaves for z → ∞ like
1.4142139z (

√
2 ≈ 1.4142136). For approximants to perturbed series we see

that zeros and the pole of the function are reproduced much worse, but they
are there. Behaviour at infinity is also perturbed, but makes sense. Finally we
also see Froissart doublets.
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Fig. 1. Zeros and poles of [39/40] to perturbed geometrical series; ε = .001

ε zeros poles p6/q5
0 −1.3918660, −.89206841, − .90621750, −.73283509, 1.4142139

−.71781989, −.59123097, −.59816026, −.52337768,
−.52175271, 1.60414873 .999999998

10−5 −1.391698, −.854144, −.873892, −.665806, 1.414239
−.651406, −.535246, −.538656, −.1948449666,

−.1948449670, 1.6041319 .9999996

.001 −1.38207, −.712257, −.737541, −.550235, 1.41749
−.23399823 ± .63417286i −.23399385 ± 63418746i,

−.545154, 1.602343 .999951

.01 −1.3608, −.587831 −.602766, .999609, 1.43968
−.358697 ± .433745i, −.358691 ± .433605i,

−.0517020759, 1.58744 −.051702075

(14)

But what happens with Froissart doublets when n grows? Look at Fig. 2.
Now it seems that Froissart doublets are “attracted” by the circle of the radius
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Fig. 2. Zeros and poles of [20/19] to perturbed series of the function discussed in
the text; ε = .001

1/2 – yes, this is what takes place. But what is so special about 1/2? – it is
the distance to the closest (with respect to the point of expansion) singularity.

Let us summarize our observations: Padé approximants to perturbed se-
ries exhibit the Froissart phenomenon, i.e. part of the zeros and poles form
doublets that are tighter and tighter when perturbation becomes smaller. How
large is this part also depends on a size of perturbation – when it is small most
of the zeros and poles of the approximant are only slightly perturbed. When it
grows more and more zeros and poles leave the neighborhood of “exact” zeros
and poles and from Froissart doublets. For growing degrees of the numerator
and of the denominator (more and more terms of the series used) and a “size”
of the perturbation kept constant, Froissart doublets become attracted by the
circle of a radius of the closest singularity.

Before I give you some explanation of this behaviour, let me show you
what happens for other types rational interpolant. For this end I calculate 12
values of our function at equidistant interpolation nodes on (2, 4) and calculate
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the (6/5) rational interpolant, first from “exact” function values and then for
values perturbed in the way analogous to the way I perturbed coefficients of
the series

f(zi) → f(zi)(1 + εri) (15)

where zi’s belong to the interpolation set and ri are independent random
numbers from the same distribution.

In the table below you see that there appear here also “noise induced
doublets”, but they seem to be attracted by the interpolation interval! On the
other hand, even for the largest ε this pairing of zeros and poles produced
by noise is so strong that we can guess that there are somewhere two “real”
zeros and one “real” pole, though their positions came out very badly. This
example demonstrates the main characteristic feature of the result of ratio-
nal interpolation made out of “noisy” data: Froissart doublets appear on the
interpolation interval, or in the very close vicinity of it.

ε zeros poles p6/q5
0 −1.3919268, 1.604148754, .9999999999, 1.41421356

−.940143, −.799964, −.947363, −.814864,
−.649026, −.539497 −.660840, −.543340

10−8 −1.38538, 1.604150, −1.00004 1.414230
−.640039, 2.541938, −.671489, 2.541938,
3.016366, 3.341408 3.016366, 3.341408

10−6 −1.34710, 1.604116, .998614, 1.41544
2.51337413, 3.1022690, 2.51337430, 3.1022689,
3.4848785, 3.7939914 3.4848786, 3.7939911

10−4 −1.33677, 1.604231, 1.000956, 1.40403
2.523215, 2.590149, 2.523219, 2.590160,
3.095483, 3.683980 3.095482, 3.6839740

(16)

Summing up what has been observed in many numerical experiments and
what I demonstrated to you on simple examples: the main effect of the noise in
the data used for rational approximation is the appearance of doublets of zeros
and poles separated by a distance roughly proportional to the “size” (relative
with respect to the “deterministic” part of the data) of the noise. What is
the distribution of these Froissart doublets depends on a specific type of the
rational approximation we use. We have seen that for Padé approximants
they coalesced on a circle of a radius of the closest singularity, for classical
rational interpolants they sticked to the interpolation interval. Except for the
close vicinity of such doublets, rational approximation reproduces values of
the function with accuracy specified by the “size” of the noise. Can we find
an explanation of this phenomenon?
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5 Froissart Polynomial

If we assume that f(z) – the function responsible for our unperturbed data –
can be approximated well by a sequence of rational approximants then we can
consider our perturbed data as perturbed data produced by some member of
this sequence. Let us, therefore, assume that, for given m and n such that
m + n + 1 + 2k = M , there exists a rational function

rm,n(z) =
Tm(z)
Bn(z)

(17)

approximating f(z) with some accuracy on some vicinity of the set of inter-
polation nodes {zi}M

i=0 where M > m + n + 1. We are given data {di}M
i=0 at

these nodes; let me recall you that if some – even all – nodes appear with
multiplicity mi > 1 then the data at this (multiple) node are the value of
f(z) and derivatives of f(z) up to the (mi − 1)th one which are perturbed
randomly with some “scale” as in (10) or (15)

di = d
(0)
i (1 + εri) i = 0, . . . , M (18)

where d
(0)
i are the exact data. Introducing {d

(r)
i }M

0 – data of the same type
as di’s but coming from rm,n(z), we can write

di = d
(r)
i (1 + εri) + (d(0)

i − d
(r)
i )(1 + εri) i = 0, . . . , M

= d
(r)
i + εKi

(19)

introducing arbitrarily some ε as a scale of deviations of d
(r)
i from di. It

summarizes the effect of random perturbations and of differences d
(0)
i − d

(r)
i .

It can be proved using elementary algebra, but with some effort [2] that
the rational interpolant of degrees m+k and n+k, Rm+k,n+k(z) constructed
from data di has the form

Rm+k,n+k(z) =
Tm(z)Gk(z) +

;n+1
l=1 εlU

(l)
m+k(z)

Bn(z)Gk(z) +
;n

l=1 εlV
(l)
n+k(z)

. (20)

Actually this formula is almost obvious – it says that if coefficients of a system
of linear equations and right sides of the system are polynomials of the first
degree in some ε, then the solution is a polynomial in ε of degree equal to the
size of the system. If ε vanishes we must also get rm,n, therefore the free terms
of the numerator and of the denominator must be proportional to Tm(z) and
Bn(z) correspondingly, with the same coefficient. What is not obvious is that
this coefficient must be a polynomial of degree k in z.

If we now look at this formula with attention, we see that it perfectly
explains the appearance of Froissart doublets – if both ε and d

(0)
i − d

(r)
i are

“sufficiently” small, i.e. ε is small, then zeros of the numerator and of the
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denominator are close to zeros of Tm(z)Gk(z) and of Bn(z)Gk(z). It is then
Gk(z), depending on Ki’s, that governs where the Froissart doublets appear –
distances of zeros of numerator and of the denominator from zeros of Gk(z)
will be O(ε). If f(z) itself was a rational function rm,n(z) or it differed neglibly
from rm,n(z) then Gk(z) would depend only on perturbations ri’s and on rm,n.
In that case we shall call it the Froissart polynomial and use the symbol Fk(z).
This is the manageable situation and we can say a lot about Fk(z) ([6], [7],
[3]).

Before I discuss the Froissart polynomial let me point you out that as
seen from (20) and (19), the zero-pole doublets appearing for perturbed data
coming form arbitrary function will “behave” like Froissart doublets, i.e. will
be distributed randomly with their mutual distance being O(ε), only when ε

is definitely larger than d
(0)
i − d

(r)
i . We can formulate it this way: Froissart

doublets will be observed in a rational approximant constructed from pertur-
bed data of a function when perturbations of the data are much larger than
differences between exact data from this function and exact data from the best
rational approximation of the same type but lower degrees, to the function of
interest.

To say where the Froissart doublets go, we would have to study the dis-
tribution of zeros of Fk(z). For this end one needs a formula expressing co-
efficients of this polynomial by ri’s and this formula depend on what type of
rational interpolant we deal with. From considerations in [2] one can only say
that they will be linear combinations of all possible products of k different ri’s
from a set of M of them. The only thing that was possible to find from this
very general information was the asymptotic behaviour of the pdf of zeros of
Fk for |z| → ∞ [1].

As was shown in [9] pdf of zeros of polynomials with random but real
coefficients has two components: pdf of real zeros (called the singular com-
ponent) and pdf of complex zeros (called the regular component). One can
show that the pdf of the singular component of Fk(z), which we denote Φs(x)
behaves like 1/x2 as x → ∞, while pdf of the regular component – Φr(z) –
falls of like 1/|z|4 for |z| → ∞, except for k directions along which it falls of
like 1/|z|3. This behaviour means that whatever is a locus of coalescence of
Froissart doublets when their number grows, their distribution has the long
tail – the behaviour observed in numerical experiments.

Up to now it was possible to find the exact form of the pdf of zeros of
the Froissart polynomial only for k = 1 – in that case coefficients of the
polynomial are linear in ri’s therefore a pdf of the polynomial and of its
derivative, necessary to calculate pdf of zeros according to formulae in [9],
are very simple. The very interesting result came out for classical rational
interpolation on equidistant nodes inside of a real interval [3]: the pdf of zeros
of F1(x) (they are all real, here) has a maximum on the interpolation interval
and also the probability of finding the zero on the interpolation interval is
larger than the probability of finding it outside. It means that the Froissart
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doublets will appear rather inside the interpolation interval than outside, i.e.
the extrapolation will be less affected by noise in data than the interpolation!

6 Conclusions

My goal was to convince you that rational functions are a very powerful tool in
deciphering (or if you prefer: making a sophisticated guess about) an analytical
structure of a function known from a finite set of “data”. This explains why
they are so good in approximating values of functions most economically – no
wonder they are exploited in your pocket calculators and in internal compiler
routines for transcendental functions. Moreover, the rational approximation
of the form I discussed, has the amazing property of being “practically stable”
with respect to perturbation of these data – noise in data goes mainly into
Froissart doublets that almost annihilate themselves. This is one more reason,
I think, why rational functions have much more potential in applications than
generally recognised.
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1 Introduction

Time series analysis is concerned with the systematic approaches to extract
information from time series, i.e. from observations ordered in time. Unlike
in classical statistics of independent and identically distributed observations,
not only the values of the observations, but also their ordering in time may
contain information. Main questions in time series analysis concern trends,
cycles, dependence over time and dynamics.

Stationary processes are perhaps the most important models for time se-
ries. In this contribution we present two central parts of the theory of wide
sense stationary processes, namely spectral theory and the Wold decompo-
sition; in addition we treat the interface between the theory of stationary
processes and linear systems theory, namely ARMA and state-space systems,
with an emphasis on structure theory for such systems.

The contribution is organized as follows: In section 2 we give a short in-
troduction to the history of the subject, in section 3 we deal with the spectral
theory of stationary processes with an emphasis on the spectral representation
of stationary processes and covariance functions and on linear transformations
in frequency domain. In section 4, the Wold decomposition and prediction are
treated. Due to the Wold decomposition every (linearly) regular stationary
process can be considered as a (in general infinite dimensional) linear system
with white noise inputs. These systems are finite dimensional if and only if
their spectral density is rational and this case is of particular importance for
statistical modeling. Processes with rational spectral densities can be descri-
bed as solutions of ARMA or (linear) state space systems (with white noise
inputs) and the structure of the relation between the Wold decomposition and
ARMA or state space parameters is analyzed in section 5. This structure is
important for the statistical analysis of such systems as is shortly described
in section 6.

The intention of this contribution is to present main ideas and to give
a clear picture of the structure of fundamental results. The contribution is
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oriented towards a mathematically knowledgeable audience. A certain fami-
liarity with probability theory and the theory of Hilbert spaces is required.
We give no proofs. The main references are [12], [7], [8], [10] and [11]. For the
sake of brevity of presentation, we do not give reference, even to important
original literature, if cited in the references listed above; for this reason impor-
tant and seminal papers by Kolmogorov, Khinchin, Wold, Hannan, Kalman,
Akaike and others will not be found in the list of references at the end of this
contribution.

2 A Short View on the History

Here we give a short account of the historical development of the subject trea-
ted in this contribution. For the early history of time series analysis we refer to
[3], for the history of stationary processes to the historical and bibliographic
references in [12] and for a recent account to [6].

The early history of time series analysis dates back to the late eighteenth
century. At this time more accurate data from the orbits of the planets and
the moon become available due to improvements in telescope building. The
fact that Kepler’s laws result from a two body problem, whereas more than
two bodies are in our planet system, triggered the interest in the detection of
systematic deviations from these laws, and in particular in hidden periodicities
and long term trends in these orbits. Harmonic analysis begins probably with
a memoir published by Lagrange in 1772 on these problems. Subsequently the
theory of Fourier series has been developed by Euler and Fourier. The method
of least squares fitting of a line into a scatter plot was introduced by Legendre
and Gauss in the early nineteenth century. Later in the nineteenth century
Stokes and Schuster introduced the periodogram as a method for detecting
hidden periodicities, to study, among others, sunspot numbers.

The empirical analysis of business cycles was on other important area
is early time series analysis. In the seventies and eighties of the nineteenth
century the British economist Jevons investigated fluctuations in economic
time series.

The statistical theory of linear regression analysis was developed at the
turn of the nineteenth to the twentieth century by Galton, Pearson, Gosset
and others.

Stochastic models for time series, namely moving average and autoregres-
sive models have been proposed by Yule in the nineteen-twenties, mainly in
order to model non-exactly periodic fluctuations such as business cycles. Clo-
sely related is the work of Slutzky on the summation of random causes as
a source of cyclical processes and Frisch’s work on propagation and impulse
problems in dynamic economics.

In the thirties and forties of the twentieth century, the theory of stationary
processes was developed. The concept of a stationary process was introduced
by Khinchin, the spectral representation is due to Kolmogorov, its proof based
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on the spectral representation of unitary operators was given by Karhunen.
The properties of covariance functions were investigated by Khinchin, Wold,
Cramer and Bochner; linear transformations of stationary processes appear in
Kolmogorov’s work. ARMA processes and the Wold representation are intro-
duced in Wold’s thesis. The prediction theory was developed by Kolmogorov,
the rational case was investigated by Wiener and Doob.

At about the same time, the work of the Cowles Commission, constituting
econometrics as a field of its own, came off. Triggered by the great econo-
mic depression, starting 1929, economic research activities in describing the
“macrodynamics” of an economy were intensified. Questions of quantitative
economic policy based on Keynesian theory led to problems of estimating pa-
rameters in macroeconomic models. In the work of the Cowles Commission, in
particular in the works of Mann and Wald, Haavelmo and Koopmans, identi-
fiability and least squares - and maximum likelihood estimators, in particular
their asymptotic properties were investigated for multi-input, multi-output
AR(X) systems.

In the late forties and fifties time series analysis, mainly for the scalar case,
using non-parametric frequency domain methods was booming, in particular
in engineering applications. The statistical properties of the periodogram were
derived and the smoothed spectral estimators were introduced and analyzed
by Tukey, Grenander and Rosenblatt, Hannan and others; analogously, non-
parametric transfer function estimation methods based on spectral estimation
were developed.

Almost parallel to the development of non-parametric frequency domain
analysis, the parametric time domain counterparts, namely identification of
AR(X) and ARMA(X) models, were developed in the forties, fifties and six-
ties of the twentieth century, mainly for the scalar case, by Mann and Wald,
T.W. Anderson, Hannan, and others. For AR(X) models actual identifica-
tion and the corresponding asymptotic theory turned out to be much simpler
compared to the ARMA(X) case. The reason is that in the first case parame-
terization is simple and ordinary least squares estimators are asymptotically
efficient and numerically simple at the same time. For the ARMA(X) case,
on the other hand, the maximum likelihood estimator (MLE) has, in general,
no explicit representation and is obtained by numerically optimizing the like-
lihood function. In addition questions of parameterization and the derivation
of the asymptotic properties of the MLE are quite involved.

The work of Kalman, which is based on state space representations, trig-
gered a “time domain revolution” in engineering. A particularly important
aspect in the context of this paper is Kalman’s work on realization and para-
meterization of, in general, multi-input, multi-output state space systems.

The book by [1] triggered a boom in applications, mainly because explicit
instructions for actually performing applications for the scalar case were gi-
ven. This included rules for transforming data to stationarity, for determining
orders, an algorithm for maximizing the likelihood function and procedures
for model validation.
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A major shortcoming of the Box-Jenkins approach was that order deter-
mination had to be done by an experienced modeler in a non-automatic way.
Thus an important step was the development and evaluation of automatic
model selection procedures based on information criteria like AIC or BIC by
Akaike, Hannan, Rissanen and Schwartz.

Identification of multivariate ARMA(X) and state space systems was fur-
ther developed in the seventies and eighties of the last century, leading to a
certain maturity of methods and theory. This is also documented in the mo-
nographs on the subject appearing in the late eighties and early nineties, in
particular [9], [2], [8], [13] and [11]. However substantial research in this area
is still going on.

3 The Spectral Theory of Stationary Processes

For more details, in particular for proofs, concerning results presented in this
and the next section we refer to [12] and [7].

3.1 Stationary Processes and Hilbert spaces

Here we give the basic definitions and introduce the Hilbert space setting for
stationary processes.
Let (Ω, A, P ) be a probability space and consider random variables xt : Ω →
Cs where C denotes the complex numbers. A stochastic process (xt | t ∈ T ) is
a family of random variables; here T ⊂ R, where R denotes the real numbers
and in particular the case T = Z, the integers, is considered. In the latter case
we write (xt) and Z is interpreted as time axis. A stochastic process (xt) is
said to be (wide sense) stationary if

(i) Ex∗
t xt < ∞ t ∈ Z

(ii) Ext = m = const
(iii) Ext+rx

∗
t does not depend on t, for every r ∈ Z

holds. Here ∗ denotes the conjugate transpose of a vector or a matrix. For
a stationary process the first and second moments exist and do not depend
on time t; in particular the linear dependence relations between arbitrary
one dimensional component variables x

(i)
t+r and x

(j)
t ; i, j = 1, . . . , s, which

are described by the (central) covariances E(x(i)
t+r − Ex

(i)
t+r)(x

(j)
t − Ex

(j)
t )∗ do

only depend on the time difference r but not on the position in time t. The
covariance function then is defined by

γ : Z → Cs×s : γ(r) = E(xt+r − Ext+r)(xt − Ext)∗

Note that here the covariance matrices are defined as being central; this is of
no great importance and in many cases m is assumed to be zero.
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Stationary processes are appropriate descriptions for many steady state
random phenomena. But even in apparently nonstationary situations, such as
in the presence of trends, stationary process are often used as models, e.g.
for transformed data or as part of an overall model. The first and second
moments do not fully describe a stationary process or its probability law,
but they contain important information about the process which is sufficient
e.g. for forecasting and filtering problems. Here we restrict ourselves to this
information.

An arbitrary function γ : Z → Cs×s is called nonnegative - definite if, for
every T , T = 1, 2, . . . , the matrices of the form

ΓT =

⎡⎢⎢⎢⎢⎣
γ(0) γ(−1) . . . γ(−T + 1)

γ(1) γ(0)
...

...
. . .

γ(T − 1) . . . γ(0)

⎤⎥⎥⎥⎥⎦
are nonnegative-definite (denoted by ΓT ≥ 0). The following theorem gives a
mathematical characterization of covariance functions of stationary processes:

Theorem 1. A function γ : Z → Cs×s is a covariance function of a stationary
process if and only if it is nonnegative-definite.

Let L2 denote the Hilbert space of square integrable random variables
x : Ω → C (or, to be more precise, of the corresponding P-a.e. equivalence clas-
ses), over the complex numbers, with inner product defined by <x, y> = Exȳ
where ȳ denotes the conjugate of y. Then the Hilbert space Hx ⊂ L2, spanned
by the one dimensional process variables x

(i)
t , t ∈ Z, i = 1, . . . , s is called the

time domain of the stationary process (xt) (Note that condition (i) above
implies x

(i)
t ∈ L2.)

The stationarity condition (iii), in Hilbert space language, means that for
every i, i = 1, . . . , s, the lengths ||x(i)

t || of the x
(i)
t do not depend on t and

that the angles between x
(i)
t+r and x

(j)
t also do not depend on t. Note that the

lengths are the square roots of the noncentral variances and the angles are
noncentral correlations. Thus the operator shifting the process in time does
not change lengths and angles.

This motivates the following theorem:

Theorem 2. For every stationary process (xt) there is a unique unitary ope-
rator U : Hx → Hx such that

x
(i)
t = U tx

(i)
0 ,

holds.

We only consider stationary processes where the random variables are
Rs-valued; clearly then γ is Rs×s valued; the complex notation is only used
for simplification of formulas for the spectral representation.

Important examples of stationary processes are:
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1. White noise (εt), which is defined by Eεt = 0 ; Eεsε
�
t = δstΣ, where δst is

the Kronecker Delta, ε�
t is the transpose of εt (the same notation is used

for matrices) and where Σ ≥ 0 holds. White noise has no linear “memory”
(i.e. dependencies) over time.

2. Moving average (MA) processes can be represented as:

yt =
q:

j=0

bjεt−j , bj ∈ Rs×m (1)

where (εt) is white noise. (yt) is said to be an MA(q) process if bq 3= 0.
A stationary process is an MA(q) process if and only if its covariance
function satisfies γ(q + r) = 0 for some q > 0 and for all r > 0 and if
γ(q) 3= 0. MA processes have finite linear memory.

3. Linear - or MA (∞) processes can be represented as

yt =
∞:

j=−∞
bjεt−j , bj ∈ Rs×m (2)

where (εt) is white noise and where the condition

∞:
j=−∞

 bj 2 < ∞ (3)

guaranteeing the existence of the infinite sum in (2) in the sense of mean
squares convergence, holds. In this paper limits of random variables are
always defined in this sense;  bj denotes a norm. Note that the first and
second moments of MA(∞) processes are given by

Eyt = 0

and

γ(r) =
∞:

j=−∞
bjΣb�

j−r . (4)

From (4) and (3), we see that an MA(∞) process has fading linear memory.
The class of MA(∞) processes is a large class of stationary processes; it
includes important subclasses, such as the class of causal or one-sided
MA(∞) processes

yt =
∞:

j=0

bjεt−j (5)

or the class of stationary processes with rational spectral density treated
in detail in section 5.
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4. Harmonic processes are of the form

xt =
h:

j=1

eiλjtzj (6)

where without loss of generality the (angular) frequencies λj are restric-
ted to (−π, π], λ1 < λ2 < . . . < λh and where zj : Ω → Cs are, in gene-
ral, genuine complex random variables describing random amplitudes and
phases. In order to guarantee stationarity of (xt) we have to assume

Ez∗
j zj < ∞

Ezj =

	
Ext for λj = 0
0 for λj 3= 0

and

Ezjz
∗
l = 0 for j 3= l.

Since xt is Rs-valued, in addition we have

λ1+j = −λh−j , j = 0, . . . , h − 1

and

z1+j = z̄h−j j = 0, . . . , h − 1.

A harmonic process has a finite dimensional time domain; actually Hx is
spanned by z

(i)
j , i = 1, . . . , s, j = 1, . . . , h.

The covariance function of a harmonic process is of the form

γ(r) =
h:

j=1

eiλjrFj ; Fj =

	
Ezjz

∗
j for λj 3= 0

E(zj − Ezj)(zj − Ezj)∗ for λj = 0
(7)

From this we see, that for (nontrivial) harmonic processes, the memory
is not fading. The spectral distribution function F : [−π, π] → Cs×s is

defined by

F (λ) =
:

j:λj≤λ

Fj . (8)

As is easily seen γ and F are in an one-to-one relation, and thus contain the
same information about the underlying process, however this information
is displayed in F in a different way. The k − th diagonal element of Fj is a
measure of the expected amplitude of the frequency component eiλjtz

(k)
j of

the k− th component process (x(k)
t | t ∈ Z). The (k, l) off-diagonal element

of Fj (which is a complex number in general) measures by its absolute
value the strength of the linear dependence between the k − th and l − th
component process at frequency λj and by its phase the expected phase
shift.
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3.2 The Spectral Representation

In this subsection the Fourier representation for stationary processes and for
their covariance functions are described. The main result states that, in a
certain sense, every stationary process can be obtained as a limit of a sequence
of harmonic processes.

A stochastic process (z(λ) | λ ∈ [−π, π]) where the random variables
z(λ) : Ω → Cs are complex in general, is said to be a process with ortho-
gonal increments if:

1. Ez∗(λ)z(λ) < ∞
2. z(−π) = 0
3. limε↓0 z(λ + ε) = z(λ), λ ∈ [−π, π]
4. E(z(λ4) − z(λ3))(z(λ2) − z(λ1))∗ = 0 for λ1 < λ2 ≤ λ3 < λ4

holds. A process of orthogonal increments can be considered as a random
variable or Ls

2-valued distribution function and thus determines an Ls
2-valued

measure on the Borel sets of [−π, π] and an associated integral (defined in the
sense of convergence in mean squares).

By Theorem 2, the shift operator for a stationary process is unitary. From
the spectral representation of unitary operators then we obtain:

Theorem 3 (Spectral representation of stationary processes). For
every stationary process (xt) there is a unique process with orthogonal in-
crements (z(λ) | λ ∈ [−π, π]) satisfying z(π) = x0 and z(i)(λ) ∈ Hx such that

xt =
#

[−π,π]
eiλtdz(λ) (9)

holds.

The importance of the spectral representation (9) is twofold: First, it al-
lows to interpret a stationary process in terms of frequency components. In
particular, as has been said already, every stationary process may be obtained
as a limit, pointwise in t, of a sequence of harmonic processes. Note that, in
general, convergence will not be uniform in t. Second, as will be seen in the
next subsection, certain operations are easier to perform and to interpret in
frequency domain.

For a general stationary process its spectral distribution function F :
[−π, π] → Cs×s is defined by

F (λ) = Ez̃(λ)z̃∗(λ) where z̃(λ) =

	
z(λ) forλ < 0
z(λ) − Ext for λ ≥ 0.

(10)

Theorem 3 implies that the covariance function has spectral representation
of the form
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γ(t) =
#

[−π,π]
eiλtdF (λ) (11)

constituting a one-to-one relation between γ and F .
In many cases F is absolutely continuous w.r.t Lebesgue-measure, λ say;

then there exists the so-called spectral density f : [−π, π] → Cs×s satisfying

F (ω) =
# ω

−π

f(λ)dλ.

A sufficient condition for the existence of a spectral density is that

∞:
j=−∞

||γ(t)||2 < ∞ (12)

holds. Clearly a spectral density is uniquely defined only λ-a.e.; analogously
to the case of random variables, we do not distinguish between f as function
and f as an equivalence class of λ-a.e. identical functions. If (12) holds, then
the one-to-one relation between f and γ is given by

γ(t) =
# π

−π

eiλtf(λ)dλ (13)

f(λ) = (2π)−1
∞:

t=−∞
γ(t)e−iλt (14)

where the infinite sum in (14) corresponds to convergence in the L2 over
[−π, π] with Lebesgue measure.

As a consequence of Theorem 1, a function f : [−π, π] → Cs×s is a spectral
density if and only if

f(λ) ≥ 0 λ − a.e.

and # π

−π

f(λ)dλ (= γ(0)) exists (15)

hold. Since we only consider Rs-valued stationary processes, γ(t) = γ(−t)�

holds and thus, in addition f(λ) = f(−λ)� has to be satisfied.
(Nontrivial) harmonic processes are examples for stationary processes ha-

ving no spectral density.
F describes the second moments of (z̃(λ) | λ ∈ [−π, π]). In particular we

have

F (λ2) − F (λ1) = E(z̃(λ2) − z̃(λ1))(z̃(λ2) − z̃(λ1))∗ for λ2 > λ1 (16)



168 Manfred Deistler

and, if the spectral density exists, this is equal to# λ2

λ1

f(λ)dλ . (17)

Interpreting the integral in (9) as a limit of a sums of the form (6), we can
adopt the interpretation of F , given for harmonic processes, for general sta-
tionary processes, and, if f exists, analogously for f . For instance, for the case
s = 1, the integral (17) is a measure for the expected “amplitudes” in this
interval (often called frequency band) (λ1, λ2). In a certain sense, peaks of f
(to be more precise areas under such peaks) mark the important frequency
bands. Equation (15) gives a decomposition of the variance of the stationary
process (xt) into the variance contributions (17) corresponding to different
frequency bands. For the case s > 1, e.g. the off diagonal elements in (17)
(which are complex in general) again convey the information concerning the
strength of the linear dependence between different component processes in a
certain frequency band and about expected phase shifts there.

3.3 The Isomorphism between Time Domain and Frequency
domain. Linear Transformations of Stationary Processes

The spectral representation (9) defines an isomorphism between the time do-
main Hx and an other Hilbert space introduced here, the so-called frequency
domain. For simplicity of notation here we assume Ext = 0, otherwise F (λ)
has to be replaced by Ez(λ)z∗(λ) in this subsection. As shown in this subsec-
tion, the analysis of linear transformations of stationary processes has some
appealing features in the frequency domain.

We start by introducing the frequency domain: For the one-dimensional
(i.e. s = 1) case, the frequency domain LF

2 is the L2 over the measure space
([−π, π], B ∩ [−π, π], μF ), where B ∩ [−π, π] is the σ-algebra of Borel sets over
[−π, π] and μF is the measure corresponding to the spectral distribution fun-
ction, i.e. μF ((a, b]) = F (b) − F (a). The isomorphism I : Hx → LF

2 , given by
(9) then is defined by I(xt) = eiλt.

For the multivariate (s > 1) case, things are more complicated: First
consider a measure μ on B ∩ [−π, π] such that there exists a density f (μ) for
F w.r.t. this measure, i.e. such that

F (λ) =
#

[−π,λ]
f (μ)dμ

holds. Such a measure always exists, one particular choice is the measure
corresponding to the sum of all diagonal elements of F . Let ϕ = (ϕ1, . . . , ϕs)
and ψ = (ψ1, . . . , ψs) denote row vectors of functions ϕi, ψi : [−π, π] → C; we
identify ϕ and ψ if #

[−π,π]
(ϕ − ψ)f (μ)(ϕ − ψ)∗dμ = 0
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holds. Then the set (of equivalence classes)

LF
2 = {ϕ |

#
[−π,π]

ϕf (μ)ϕ∗dμ < ∞}

endowed with the inner product

<ϕ, ψ> =
#

[−π,π]
ϕf (μ)ψ∗dμ

is a Hilbert space; in particular, LF
2 is the frequency domain of the stationary

process (xt). As can be shown, the frequency domain does not depend on the
special choice of the measure μ and of f (μ). We have:

Theorem 4. The mapping I : Hx → LF
2 , defined by I(x(j)

t ) = (0, . . . ,
eiλt, 0, . . . , 0), where eiλt is in j − th position, is an isomorphism of the two
Hilbert spaces.

Now, we consider linear transformations of (xt) of the form

yt =
∞:

j=−∞
ajxt−j ; aj ∈ Rs×m. (18)

Here
∞:

j=−∞
||aj || < ∞ (19)

is a sufficient condition for the existence of the infinite sum in (18) or, to be
more precise a necessary and sufficient condition for the existence of this infi-
nite sum for all stationary inputs (xt). As can easily be seen, the stationarity
of (xt) implies that (x�

t, y
�
t)

� is (jointly) stationary. From (9) we obtain (using
an obvious notation):

yt =
#

[−π,π]
eiλtdzy(λ) =

#
[−π,π]

eiλt(
∞:

j=−∞
aje−iλj)dzx(λ). (20)

The transfer function, defined by

k(z) =
∞:

j=−∞
ajz

j (21)

is in one-to-one relation with the weighting function (aj | j ∈ Z).
By definition y

(j)
t ∈ Hx and thus Hy ⊂ Hx holds. If U is the unitary shift

for (xt) then, by linearity and continuity of U , the restriction of U to Hy is the
shift for (yt). Due to the isomorphism between the time- and the frequency
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domain of (xt), kj(e−iλ)eiλt, where kj is the j−th row of the transfer function
k, corresponds to y

(j)
t . Strictly speaking there are two transfer functions. The

first is defined under the condition (20), from (21) as a function in the sense
of pointwise convergence. The second is a matrix whose rows are elements of
the frequency domain of (xt). In the latter case (19) is not required.

Note that the discrete convolution (18) in time-domain corresponds to
multiplication in frequency domain. In a sloppy notation we have from (20)

dzy(λ) = k(e−iλ)dzx(λ) (22)

As a straightforward consequence from (20) we obtain:

Theorem 5. Let (xt) be stationary with spectral density fx and let (18) hold.
Then the spectral density fy of (yt) and the cross spectral density fyx between
(yt) and (xt) (i.e. the upper off-diagonal block in the spectral density matrix
of the joint process (x�

t, y
�
t)

�) exist and are given by

fy(λ) = k(e−iλ)fx(λ)k(e−iλ)∗ (23)

fyx(λ) = k(e−iλ)fx(λ) (24)

where k is given by (21).

An analogous (and more general) result holds for spectral distribution
functions. As a direct consequence of the above theorem, we see that for a
linear process the spectral density exists and is of the form

fy(λ) = (2π)−1k(e−iλ)
:

k(e−iλ)∗; k(z) =
∞:

j=−∞
bjz

j (25)

where (3) holds. Note that (3) is more general than (19). The expression (18)
shows an input process (xt) transformed by a (deterministic) linear system
(described by its weighting function (aj | j ∈ Z) or its transfer function k) to
an output process (yt). Such systems are time invariant, i.e. the aj do not
depend on t and stable, i.e. the input–output operator is bounded.

The effect of the linear transformation (18) can easily be interpreted from
(22). For instance for the case s = m = 1, where k is scalar, the absolute
value of k(e−iλ) shows how the frequency components of (xt) are amplified
(for |k(e−iλ)| > 1) or attenuated (for |k(e−iλ)| < 1) by passing through the
linear system and its phase indicates the phase-shift.

Linear systems with noise are of the form

yt = ŷt + ut (26)

ŷt =
∞:

j=−∞
ljxt−j ; lj ∈ Rs×m (27)
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ut =
∞:

j=−∞
kjεt−j ; kj ∈ Rs×s (28)

where (xt) are the observed inputs, (ut) is the noise on the unobserved outputs
(ŷt); (εt) is white noise and finally (yt) are the observed outputs. We assume
that

Extu
�
s = 0 for all s, t ∈ Z (29)

holds. This is equivalent to saying that ŷ
(j)
t is the projection of y

(j)
t on Hx or,

due to the projection-theorem, that ŷ
(j)
t is the best approximation of y

(j)
t ∈ L2

by an element in Hx. We will then say that (ŷt) is the best linear least squares
approximation of (yt) by (xt).

If (xt) has a spectral density, then we have

fy(λ) = l(e−iλ)fx(λ)l(e−iλ)∗ + (2π)−1k(e−iλ)Σk(e−iλ)∗ (30)

and

fyx(λ) = l(e−iλ)fx(λ) (31)

where l(z) =
;∞

j=−∞ ljz
j , k(z) =

;∞
j=−∞ kjz

j hold.
Formulas (30), (31) describe the relations between the second moments of

observed inputs and outputs on one side and the covariance matrix Σ and
the two linear systems described by l and k on the other side. If fx(λ) > 0,
λ ∈ [−π, π] holds, then l is obtained from the second moments of the obser-
vations by the so called Wiener filter formula

l(e−iλ) = fyx(λ)fx(λ)−1.

An important special case occurs if both transformations (30), (31) are causal,
i.e. lj = 0, j < 0; kj = 0, j < 0 and the transfer functions are k(z) and l(z)
are rational, i.e. there exist polynomial matrices

a(z) =
p:

j=0

ajz
j , b(z) =

q:
j=0

bjz
j , d(z) =

r:
j=0

djz
j

such that k = a−1b, l = a−1d. In this case the linear system can be represented
by an ARMA(X) system (see e.g. [8])

a(z)yt = d(z)xt + b(z)εt (32)

or a state space system

st+1 = Ast + Bεt + Dxt (33)

yt = Cst + εt + Ext. (34)

Here z is used for a complex variable as well as for the backward shift
z(xt | t ∈ Z) = (xt−1 | t ∈ Z), st is the state at time t and A, B, C, D, E are
parameter matrices. For further details we refer to [8].
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4 The Wold Decomposition and Forecasting

The Wold decomposition provides important insights in the structure of sta-
tionary processes. These insights are particularly useful for forecasting.

Let (xt) again be stationary. Linear least squares forecasting is concerned
with the best (in the linear least squares sense) approximation of a “future”
variable xt+h, h > 0 by “past” (and “present”) variables xr, r ≤ t. By the
projection theorem, this approximation, x̂t,h = (x̂(1)

t,h, . . . , x̂
(s)
t,h)� say, is obtai-

ned by projecting the components x
(j)
t+h of xt+h on the Hilbert space Hx(t)

spanned by the x
(j)
r ; r ≤ t, j = 1, . . . , s, yielding x̂

(j)
t,h. Then x̂t,h is called the

predictor and xt+h − x̂t,h is called the prediction error.
As far as forecasting is concerned, we may distinguish the following two

extreme cases:
A stationary process (xt) is called (linearly) singular if xt+h = x̂t,h for

one t and h > 0, and thus for all t, h, holds. Thus a singular process can
be forecasted without error and Hx(t) = Hx holds. Harmonic processes are
examples for singular processes.

A stationary process (xt) is called (linearly) regular if

lim
h→∞

x̂t,h = 0

for one t and thus for all t holds. White noise is a simple example for a regular
process. For a regular process we have

&
r≤t Hx(r) = {0}.

Theorem 6 (Wold).

1. Every stationary process (xt) can be uniquely decomposed as

xt = yt + zt (35)

where

Eysz
�
t = 0 for all s, t

y
(j)
t , z

(j)
t ∈ Hx(t), j = 1, . . . , n and where (yt) is regular and (zt) is

singular.
2. Every regular process (yt) can be represented as

yt =
∞:

j=0

kjεt−j ,

∞:
j=0

||kj ||2 < ∞ (36)

where (εt) is white noise and where Hε(t) = Hy(t) holds.

From the theorem above we see that Hx(t) is the orthogonal sum of Hy(t)
and Hz(t) and thus we can predict the regular and the singular part separately.
For a regular process we can split the Wold representation (36) as
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yt+h =
∞:

j=h

kjεt+h−j +
h−1:
j=0

kjεt+h−j (37)

The components of the first part of the r.h.s. of (37) are elements of
Hy(t) = Hε(t) and the components of the second part of the r.h.s. are or-
thogonal to Hy(t). Thus, by the projection theorem,

ŷt,h =
∞:

j=h

kjεt+h−j (38)

and the second part on the r.h.s of (37) is the prediction error. Expressing
the ε

(j)
l as linear combinations or limits of linear combinations of y

(j)
r , r ≤ l

and inserting this in (38) gives the prediction formula, i.e. ŷt,h as a linear
function of yr, r ≤ t. Thus, for given Wold representation (36) (i.e. for given
kj , j = 0, 1, . . . ) the predictor formula can be determined.

From (36) we see that every linearly regular process can be interpreted
as the output of a linear system with white noise inputs. Thus the spectral
density fy of (yt) exists and is of the form (see (25))

fy(λ) = (2π)−1k(e−iλ)Σk(e−iλ)∗ (39)

where

k(z) =
∞:

j=0

kjz
j , Σ = Eεtε

�
t. (40)

5 Rational Spectra, ARMA and State Space Systems

From a statistical point of view, AR(X), ARMA(X) and state space systems
are the most important models for stationary processes. The reason is that
for such models only finitely many parameters have to be estimated and that
a large class of linear systems can be approximated by such models. Here, for
simplicity of presentation, we only consider the case of no observed inputs.
Most of the results can be extended to the case of observed inputs in a straight
forward manner. In this section we investigate the relation between the “in-
ternal parameters” (system parameters and possibly the variance covariance
matrix Σ of the white noise (εt)) and external behavior (described by the
second moments of the observations (yt) or the transfer function k(z)) of such
systems.

An ARMA system is of the form

a(z)yt = b(z)εt (41)

where z is the backward shift operator, εt is the unobserved white noise,
a(z) =

;p
j=0 ajz

j , b(z) =
;q

j=0 bjz
j , aj , bj ; ∈ Rs×s and (yt) is the (observed)
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output process. As is well known, the set of all solutions of a linear difference
equation (41) is of the form one particular solution plus the set of all solutions
of a(z)yt = 0. We are only interested in stationary solutions; they are obtained
by the so called z-transform. In solving (41), the equation, in a certain sense,
has to be multiplied by the inverse of a(z) from the left. Using the fact that
multiplication of power series in the backward shift and in z ∈ C is done in
the same way, we obtain:

Theorem 7. Under the assumption

det a(z) 3= 0 |z| ≤ 1 (42)

the causal stationary solution of (41) is given by

yt = k(z)εj =
∞:

j=0

kjεt−j (43)

where the transfer function is given by

k(z) =
∞:

j=0

kjz
j = a−1(z)b(z) = (det a(z))−1adj(a(z))b(z) |z| ≤ 1 (44)

Here “det” and “adj” denote the determinant and the adjoint respectively.

Condition (42) is called the stability condition. It guarantees that the
norms  kj in the causal solution converge geometrically to zero. Thus the
ARMA process has an exponentially fading (linear) memory. For actually
determining the kj , the following block recursive linear equation system

a0k0 = b0, a0k1 + a1k0 = b1, . . .

obtained by a comparison of coefficients in a(z)k(z) = b(z), has to be solved.
If in addition the so-called miniphase condition

det b(z) 3= 0 |z| < 1 (45)

is imposed, then we have Hy(t) = Hε(t) and thus the solution (43) is
already the Wold representation (36). Condition (42) sometimes is rela-
xed to det a(z) 3= 0 for |z| = 1. Then there exists a stationary solution
yt =

;∞
j=−∞ kjεt−j , which in general will not be causal.

A state space system (in innovations form) is given as

st+1 = Ast + Bεt (46)

yt = Cst + εt (47)
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Here st is the, in general unobserved, n-dimensional state and A ∈ Rn×n.
B ∈ Rn×s, C ∈ Rs×n are parameter matrices.

The stability condition (42) is of the form

|λmax(A)| < 1 (48)

where λmax(A) denotes an eigenvalue of A of maximum modulus. The steady
state solution then is of the form

yt = (C(Iz−1 − A)−1B + I)εt. (49)

Here the coefficients of the transfer function are given as kj = CAj−1B for
j > 0.

The miniphase condition

|λmax(A − BC)| ≤ 1 (50)

then guarantees that (49) corresponds to Wold representation (36). Note that
(43) and (49) define causal linear processes, with a spectral density given by
(39). Clearly the transfer function of both, ARMA and state space solutions
are rational and so are their spectral densities. The following theorem clari-
fies the relation between rational spectral densities, ARMA and state space
systems:

Theorem 8. 1. Every rational and λ-a.e nonsingular spectral density fy can
be uniquely factorized (as in (39)) such that k(z) is rational, analytic wit-
hin a circle containing the closed unit disk, det k(z) 3= 0 |z| < 1, k(0) = I
and Σ > 0;

2. For every rational transfer function k(z) with the properties given in (1),
there is a stable and miniphase ARMA system with a0 = b0 and conver-
sely, every such ARMA system has a rational transfer function with the
properties given in (1);

3. For every rational transfer function k(z) with the properties given in (1),
there is a stable and miniphase state space system and conversely, every
such state space system has a rational transfer function with the properties
given in (1).

Thus, in particular, (stable and causal) ARMA (with a0 = b0)- and (stable
and causal) state space systems represent the same class of transfer functions
or spectral densities.

Now we consider the “inverse problem” of finding an ARMA or state space
system from the spectral density, or, equivalently, from the transfer function.
From now on we assume throughout that the stability and the miniphase
conditions hold. Two ARMA systems (a, b) and (ã, b̃) say, are called observa-
tionally equivalent if they have the same transfer function (and thus for given
Σ, the same second moments of the solution) i.e. if a−1b = ã−1b̃ holds. Ob-
servational equivalence for state space systems is defined analogously. Now,
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in general, (a, b) is not uniquely determined from k = a−1b. Let us assume
that (a, b) is relatively left prime, i.e. that every common left (polynomial
matrix) divisor u of (a, b) is unimodular, i.e. detu(z) = const 3= 0 holds. Here
a polynomial matrix u is called a common left divisor of (a, b), if there exist
polynomial matrices (ã, b̃) such that (a, b) = u(ã, b̃) holds. In a certain sense,
relative left primeness excludes redundant ARMA systems.

Then we have:

Theorem 9. Let (a, b) and (ã, b̃) be relatively left prime; then (a, b) and (ã, b̃)
are observationally equivalent if and only if there exists a unimodular u matrix
such that

(a, b) = u(ã, b̃) (51)

holds.

A state space system (A, B, C) is called minimal if the state dimension n
is minimal among all state space systems corresponding to the same transfer
function. This is the case if and only if the observability matrix

On = (C �, A�C �, . . . , (A�)n−1C �)�

and the controllability matrix

Cn = (B, AB, . . . , An−1B)

both have rank n. Also minimality is a requirement of nonredundancy. We
have:

Theorem 10. Two minimal state space systems (A, B, C) and (Ã, B̃, C̃) are
observationally equivalent if and only if there exists a nonsingular matrix
T ∈ Rn×n such that

A = TÃT−1, B = TB̃, C = C̃T−1

holds.

A class of ARMA or state space systems is called identifiable if it con-
tains no distinct observationally equivalent systems. Of course identifiability
is a desirable property, because it attaches to a given spectral density or a
given transfer function a unique ARMA or state space system. In general
terms, identifiability is obtained by selecting representatives from the classes
of observationally equivalent systems. In addition, from an estimation point
of view, subclasses of the class of all ARMA or state space systems, leading
to finite dimensional parameter spaces and to a continuous dependence of the
parameters on the transfer function (for details see e.g. [5]) are preferred.

As an example consider the set of ARMA systems (a, b) where (42), (45)
and a0 = b0 = I hold, which are relatively left prime and where the degrees



Stationary Processes and Linear Systems 177

of a(z) and b(z) are both p and where (ap, bp) has rank s. We denote the set
of all corresponding vec (a1, . . . , ap, b1, . . . , bp), where “vec” means stacking
the columns of the respective matrix, by Tp,p. As can be shown, Tp,p contains
a nontrivial open subset of R2ps2

and is identifiable as under these conditions,
since (51) implies that u must be the identity matrix; thus Tp,p is a “reason-
able” parameter space. In this setting a system is described by the integer
valued parameter p and by the real valued parameters in vec (a1, . . . , bp). For
the description of fy, of course also Σ is needed. Let Up,p denote the set of all
transfer functions k corresponding to Tp,p via (44). Then due to identifiability
there exists a mapping ρ : Up,p → Tp,p attaching to the transfer functions the
corresponding ARMA parameters. Such a mapping is called parameterization.
A disadvantage of the specific approach described above is that for s > 1 not
every transfer function corresponding to an ARMA system can be described
in this way, i.e. there are k for which there is no p such that k ∈ Up,p.

For a general account on parameter spaces for and parameterizations of
ARMA and state space systems we refer to [8], [4] and [5].

6 The Relation to System Identification

In system identification, the task is to find a “good” model from data. The
approach we have in mind here is semi-nonparametric in the sense that iden-
tification can be decomposed into the following two steps, see [5]:

1. Model selection: Here we commence from the original model class, i.e. the
class of all a priori candidate systems, for instance the class of all ARMA
systems (41), for given s and for arbitrary p and q. The task then is to find
a “reasonable” subclass from the data, such as the class Tp,p described in
the last section; typically estimation of the subclass consists in estimation
of integers, such as p for Tp,p, e.g. by information criteria such as AIC or
BIC see e.g. [8]

2. Estimation of real valued parameters: Here, for a given subclass, the sy-
stem parameters such as vec (a1, . . . , bp) for Tp,p and the variance co-
variance matrix Σ are estimated. As has been mentioned already in the
previous section, the subclasses are chosen in a way such that they can be
described by finite dimensional parameter spaces.

It should be noted, that in most cases only parameters describing the second
moments (the spectral density) of (yt) are estimated; accordingly estimation
of moments of order greater than two, which is of interest in some applications,
is not considered here.

For the AR(X) case, i.e. when b(z) = I holds on the r.h.s. of (32), iden-
tification is much simpler compared to the ARMA(X) or state space case.
This is the reason why AR(X) models still dominate in many applications,
despite the fact that they are less flexible, so that more parameters may be
needed for modeling. Again we restrict ourselves to the case of no observed
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inputs. Once the maximum lag p has been determined, assuming a0 = I,
the parameter space Tp = {vec(a1, . . . , ap) ∈ Rs2p | det a(z) 3= 0 |z| ≤ 1}
is identifiable. Ordinary least squares type estimators (such as Yule-Walker
estimators) can be shown to be consistent and asymptotically efficient under
general conditions on the one hand and are easy to calculate on the other
hand.

For ARMA and state space systems identification is more complicated for
two reasons:

1. The maximum likelihood estimators (for the real valued parameters) are
in general not explicitly given, but have to be determined by numerical
optimization procedures.

2. Parameter spaces and parameterizations are more complicated.

In this case, for a full understanding of identification procedures an analysis of
topological and geometric properties of parameter spaces and parameterizati-
ons is needed. For instance as shown in [8] the MLE’s of the transfer function
are consistent; thus continuity of the parametrization guarantees consistency
of parameter estimators. The importance of such structural properties for
identification is discussed in detail in [8], [4] and [5].
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Abstract

The knowledge of the noise Power Spectral Density is fundamental in signal
processing for the detection algorithms and for the analysis of the data. In this
lecture we address both the problem of identifying the noise Power Spectral
Density of physical system using parametric techniques and the problem of
the whitening procedure of the sequence of data in time domain.

1 Introduction

In the detection of signals buried in noisy data, it is necessary to know the
Power Spectral Density (PSD) S(ν) of the noise of the detector in such a way
to be able to perform the Wiener filter [9]. By the theory of optimal filtering
for signal buried in stationary and Gaussian noise [9, 10], if we are looking for
a signal of known wave-form with unknown parameters, the optimal filter is
given by the Wiener matching in filter domain

C(θ) =
# ∞

−∞

x(ν)h(ν, θ)∗

S(ν)
, (1)

where h(ν, θ) is the template of the signal we are looking for, θ are the para-
meters of the waveform and x(ν) is the Fourier Transform of our sequence of
data x[n].

We can implement the Wiener filter in the frequency domain and, sup-
posing the noise is stationary, we can estimate the PSD, for example, as a
windowed averaged periodogram:

PPER =
1
N

>>>>>
N−1:
n=0

x[n] exp(−2iπνn)

>>>>>
2

. (2)
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Pmedio =
1
K

K−1:
m=0

P
(m)
PER(ν) = S(ν). (3)

Sometimes it could be useful to implement the Wiener filter in time domain
[1, 3], in this case what we perform in time domain is the so called “whitening
procedure”, i.e. we estimate the filter which fits our PSD and we use the filter’s
parameters to performs the division by the PSD of the Wiener filter in time
domain.

These procedure could help if we know that our noise is not stationary.
In that case we could use adaptive whitening filter in time domain, but it is
out of the purpose of this lecture to go inside the theory of adaptive filters
[6, 5, 11].

2 Parametric modeling for Power Spectral Density:
ARMA and AR models

The advantages of parametric modeling with respect to the classical spectral
methods are described in an exhaustive way in reference [4]. We focused on
the rational function in the field of parametric estimation, because they offer
the possibility of building a whitening stable filter in the time domain.

What we want to parametrize is the transfer function of our physical sy-
stem: a linear system can be modeled as an object which transform an input
sequence w[z] in the output x[z] by the transfer function H[z] (see fig. 1).

H(z)
x(z)w(z)

Fig. 1. Linear model

If the transfer function is in the form

H(z) =
B(z)
A(z)

(4)

this is a rational transfer function modeled system.
In particular a general process described by a ARMA (p, q) model satisfies

the relation:

x[n] = −
p:

k=1

akx[n − k] +
q:

k=0

bkw[n − k] (5)
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in the time domain, and its transfer function, in z–domain, is given by
H(z) = B(z)/A(z), where A(z) =

;p
k=0 akz−k represent the autoregressive

(AR) part and B(z) =
;q

k=0 bkz−k the moving average (MA) part.
An AR model is called an all poles model, while the MA one is called an all

zero models. Some physical systems are well described by an ARMA model,
other by an AR and other by the MA one.

If we want to model our physical process with a parametric one, we have
to choose the appropriate model and then we have to estimate its parameters.

The parameters of an ARMA model are linked to the autocorrelation func-
tion of the system rxx[n]. So we have to estimate it before determine the ak or
bk parameters. The relation between these parameters and the autocorrelation
function is given by the Yule–Walker equations.

2.1 The Yule–Walker equations

The parameters of the ARMA model are linked to the autocorrelation function
of the process by the Yule–Walker equations [4].

One way to derive the Yule–Walker is to write the correlation function
rxx[k] in the first term of the equation (5). To do this, we have to simply
multiply the equation (5) by x∗[n−k] and take the expectation value on both
sides.

We obtain the relation

rxx[k] = −
p:

l=1

alrxx[k − l] +
q:

l=0

blrxw[k − l], (6)

where rxw[k] is the cross correlation between the output x[n] and the driving
noise w[n]. Let h[l] be the taps of the filter H(z), the filter being causal, we

can write the output as x[n] =
n:

l=−∞
h[n − l]w[l]. It is evident that rxw[k] = 0

for k > 0, since the output depends only on the driving input at step l < n.
Noting that

rxw[k] = x∗[n]w[n + k] = (
n:

l=−∞
h∗[n − l]w∗[l]w[n + k]) = σ2h∗[k],

(σ is the amplitude of the driving white noise) we can write the Yule–Walker
equations in the following way

rxx[k] =

	
− ;p

l=1 alrxx[k − l] + σ2 ;q−k
l=0 h[l]∗bl+k for k = 0, 1, . . . , q

− ;p
l=1 alrxx[k − l] for k ≥ q + 1 .

(7)

In the general case of an ARMA process we must solve a set of non linear
equations while, if we specialize to an AR process (that is an all-poles model)
the equations to be solved to find the AR parameters become linear.
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The relationship between the parameters of the AR model and the auto-
correlation function rxx(n) is given by the Yule–Walker equations written in
the form

rxx[k] =

	
− ;p

l=1 alrxx[k − l] for k ≥ 1
− ;p

l=1 alrxx[−l] + σ2 for k = 0 .
(8)

In the following, we specialize the discussion to the AR estimation, since
we are looking the way to build a whitening stable filter in the time domain,
and the AR filter give us the solution.

3 AR and whitening process

An AR(P ) process is identified by the relation

x[n] =
P:

k=1

akx[n − k] + w[n], (9)

w[n] being the driving white noise.
The tight relation between the AR filter and the whitening filter is clear

in the figure 2. The figure describes the scheme of an AR filter. The AR filter
colors the white process w[n] at the input of the filter (look at the picture from
left to right). If you look at the picture from right to left you see a colored
process at the input which passes through the AR inverse filter coming out
as a white process.

Σ

...

z -1

z-1

z-1

w[n] x[n]

x[n-1]

x[n-2]

x[n-p]

+

-

-
-

ap

a2

a1

Fig. 2. Link between AR filter and whitening filter

Suppose you have a sequence x[n] of data which is characterized by an
autocorrelation rxx[n] which is not a delta function, and that you need to
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remove all the correlation, making it a white process (see refs [1, 2, 3] for
application of whitening in real cases), the idea is to model x[n] as an AR
process, find the AR parameters and use them to whiten the process.

Since we want to deal with real physical problem we have to assume the
causality of the filter. So when we whiten the data we must assure that the
causality has been preserved. Moreover we must have a stable filter to avoid
divergences in the application of this filter to the data. In the next section
we will show how estimating the AR parameters assures the causality and
stability of the whitening filter in the time domain.

3.1 Minimum phase filter and stability

The necessary condition to have a stable and causal filter H(z) is that the
all poles of the filter are inside the unit circle of the z–plane [4, 8]. This filter
is called minimum-phase filter. A complete anticausal filter will have all its
poles outside the unit circle. This filter is called a maximum phase filter.

If a system has poles or zeros outside the unit circle, it can be made mini-
mum phase by moving poles and zeros z0 inside the unit circle. For example if
we want to put inside the unit circle a zero we have to multiply the function
by this term

z−1 − z∗
0

1 − z0z−1 . (10)

This will alter the phase, but not the magnitude of the transfer function.
If we want to find the filter H(z) of a linear system for a random process
with given PSD S(z) (the complex PSD), which satisfies the minimum phase
condition, we must perform a spectral factorization (see [8]) in causal and
anti-causal components:

S(z) = H(z)H(z∗−1). (11)

We can perform this operation in alternative way. We can find a ratio-
nal function fit to the PSD with polynomials that are minimum phase. A
minimum-phase polynomial is one that has all of its zeros and poles strictly
inside the unit circle. If we consider a rational function H(z) = B(z)/A(z),
both B(z) and A(z) must be minimum phase polynomials.

If we restrict to AR fit, we are looking for a polynomial A(z) which is a
minimum phase one. The AR estimation algorithm we choose will ensure that
this condition is always satisfied.

4 AR parameters estimation

There are different algorithms to estimate the AR parameters of a process
which we assumed can be modeled as an autoregressive one, for example the
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Levinson, Durbin or Burg ones [4, 8]. We are looking for parameters of a
transfer function which models a real physical system.

We can show that problem of determining the AR parameters is the same
of that of finding the optimal “weights vector” w = wk, for k = 1, . . . , P
for the problem of Linear Prediction [4]. In the Linear Prediction we would
predict the sample x[n] using the P previous observed data x[n] = {x[n − 1],
x[n − 2], . . . , x[n − P ]} building the estimate x̂[n] as a transversal filter:

x̂[n] =
P:

k=1

wkx[n − k] . (12)

We choose the coefficients of the Linear Predictor filter by minimizing a
cost function that is the mean squares error ε = E[e[n]2], being

e[n] = x[n] − x̂[n] (13)

the error we made in this prediction, obtaining the so called Normal or Wiener-
Hopf equations

εmin = rxx[0] −
P:

k=1

wkrxx[−k] , (14)

which are identical to the Yule–Walker equations with

wk = −ak (15)

εmin = σ2. (16)

This equivalence relationship between AR model and linear prediction
assures us to obtain a filter which is stable and causal [4].

It is possible to show that an equivalent representation for an AR process
is based on the value of the autocorrelation function at lag 0 and a set of co-
efficients called reflection coefficient or parcor (partial correlation coefficients)
kp, p = 1, . . . , P , P being the order of our model. The k-th reflection coeffi-
cient is the partial correlation coefficient between x[n] and x[n− k], when the
dependence of the samples in between has been removed.

We report here after the procedure to estimate the reflection coefficients
and the AR parameters using the Levinson-Durbin algorithm.

The algorithm proceeds in the following way:

• Initialize the mean squares error as ε0 = rxx[0].
• Introduce the reflection coefficients kp, linked to the partial correlation

between the x[n] and x[n − p] [8]:

kp =
1

εp−1

⎡⎣rxx[p] −
p−1:
j=1

a
(p−1)
j rxx[p − j]

⎤⎦ . (17)
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• At the p stage the parameter of the model is equal to the p-th reflection
coefficient

a(p)
p = kp. (18)

• The other parameters are updated in the following way:

For 1 ≤ j ≤ p − 1

a
(p)
j = a

(p−1)
j − kpa

(p−1)
p−j (19)

εp = (1 − k2
p)εp−1 (20)

• At the end of the p loop, when p = P , the final AR parameters are

aj = a
(P )
j , σ2 = εP . (21)

5 The whitening filter in the time domain

We can use the reflection coefficients in implementing the whitening filter [2,
3] in a lattice structure. Let us suppose to have a stochastic Gaussian and
stationary process x[n] which we modeled as an autoregressive process of
order P . Remember that an AR model could be viewed as a linear prediction
problem. In this context we can define the forward error (FPE) for the filter
of order P in the following way

ef
P [n] = x[n] +

P:
k=1

a
(P )
k x[n − k] , (22)

where the coefficients ak are the coefficients for the AR model for the process
x[n]. The FPE represents the output of our filter. We can write the zeta
transform for the FPE at each stage p for the filter of order P as

FPE(z) = F f
p [z]X[z] =

⎛⎝1 +
p:

j=1

a
(p)
j z−j

⎞⎠ X[z] . (23)

At each stage p of the Durbin algorithm the coefficients ap are updated as

a
(p)
j = a

(p−1)
j + kpa

(p−1)
p−j 1 ≤ j ≤ p − 1 . (24)

If we use the above relation for the transform F f
p [z], we obtain

F f
p [z] = F f

p−1[z] + kp

⎡⎣z−p +
p−1:
j=1

a
(p−1)
p−j z−j

⎤⎦ . (25)
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Now we introduce in a natural way the backward error of prediction BPE

F b
p−1[z] = z−(p−1) +

p−1:
j=1

a
(p−1)
p−j z−(j−1) . (26)

In order to understand the meaning of F b
p [z] let us see its action in the time

domain

F b
p−1[z]x[n] = eb

p−1[n] = x[n − p + 1] +
p−1:
j=1

a
(p−1)
p−j x[n − j + 1] . (27)

So eb
p−1[n] is the error we make, in a backward way, in the prediction of the

data x[n − p + 1] using p − 1 successive data {x[n], x[n − 1], . . . , x[n − p + 2]}.
We can write the eq. (25) using F b

p−1[z]. Let us substitute this relation in the
z–transform of the filter F f

p [z]

F f
p [z] = F f

p−1[z] + kpF
b
p−1[z]. (28)

In order to know the FPE filter at the stage p we must know the BPE filter
at the stage p − 1.

Also for the backward error we may write in a similar way the relation

F b
p [z] = z−1F b

p−1[z] + kpF
f
p−1[z] . (29)

The equations (28) (29) represent our lattice filter that in the time domain
could be written

ef
p [n] = ef

p−1[n] + kpe
b
p−1[n − 1] , (30)

eb
p[n] = eb

p−1[n − 1] + kpe
f
p−1[n] . (31)

In figure 3 is showed how the lattice structure is used to estimate the forward
and backward errors.

....
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P
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 1

e (n)P
b

e
f
(n)
P

e 1(n)
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b(n)

2
ef

f (n)ep

peb(n)
z-1

p+1

p+1
(n)

(n)

b
p+1

(n)

f
 p+1

(n)e

k

k e    

SINGLE STAGE

Fig. 3. Lattice structure for Durbin filter.

Using a lattice structure we can implement the whitening filter following
these steps:
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• estimate the values of the autocorrelation function r̂xx[k], 0 ≤ k ≤ P of
our process x[n];

• use the Durbin algorithm to find the reflection coefficients kp, 1 ≤ p ≤ P ;
• implementation of the lattice filter with these coefficients kp initiating the

filter ef
0 [n] = eb

0[n] = x[n].

In this way the forward error at the stage P -th is equivalent to the forward
error of a transversal filter and represents the output of the whitening filter.

6 An example of whitening

We will show an example of the whitening procedure in time domain. First of
all, we generate a stochastic process in time domain, using an AR(4) model
with the values for the parameters reported in table 1.

σ a1 a2 a3 a4

0.01 0.326526 0.338243 0.143203 0.101489

Table 1. Parameters for the simulated noise

These parameters describe a transfer function which is stable and causal,
since all the poles are inside the unit circle (see Fig. 4). We perform an AR(4)
fit to this noise, estimating the reflection coefficients for the whitening filter
and the AR parameter for the PSD fit. We obtain a stable and causal fitted
filter. In fact in figure 4 we reported in the complex plane the poles obtained
using the Durbin algorithm: they are all inside the unit circle.

-2 -1 0 1 2
-2

-1

0

1

2
AR simulated poles

-2 -1 0 1 2
-2

-1

0

1

2
Poles of the AR estimated model

Fig. 4. Poles for the simulated AR model and poles for the estimated AR fit

In figure 5 we report the PSD of this noise process and the AR fit. It is
evident that the fit reproduces the features of the noise (for realistic examples
see [1, 2, 3]).
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0.01 0.1 1 10 100
f 

1e-06

0.0001

0.01

1

S(
f)

simulated noise
AR fit

Fig. 5. Simulated power spectral density and AR(4) fit

In figure 6 we show the PSD of the simulated noise process and the PSD
of the output of the whitening filter applied in the time-domain, using the
estimated reflection coefficients.

0.01 0.1 1 10 100
f

1e-06

0.0001

0.01

1

S(
f)

Simulated process
Whitened process

Fig. 6. Simulated power spectral density and PSD of the whitened data

The PSD of the output of the whitening filter, as we expected, is flat.
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1 Introduction

The Laplace transform is extensively used in control theory. It appears in
the description of linear time-invariant systems, where it changes convolution
operators into multiplication operators and allows one to define the transfer
function of a system. The properties of systems can be then translated into
properties of the transfer function. In particular, causality implies that the
transfer function must be analytic in a right half-plane. This will be explained
in section 2 and a good reference for these preliminary properties and for a
panel of concrete examples is [11].

Via Laplace transform, functional analysis provides a framework to for-
mulate, discuss and solve problems in control theory. This will be sketched
in section 3, in which the important notion of stability is introduced. We
shall see that several kind of stability, with different physical meaning can
be considered in connection with some function spaces, the Hardy spaces of
the half-plane. These functions spaces provide with their norms a measure
of the distance between transfer functions. This allows one to translate into
well-posed mathematical problems some important topics in control theory,
as for example the notion of robustness. A design is robust if it works not only
for the postulated model, but also for neighboring models. We may interpret
closeness of models as closeness of their transfer functions.

In section 4, we review the main properties of finite order linear time-
invariant (LTI) causal systems. They are described by state-space equations
and their transfer function is rational. We give the definition of the McMillan
degree or order of a system, which is a good measure of its complexity, and
some useful factorizations of a rational transfer function, closely connected
with its pole and zero structure. Then, we consider the past inputs to future
outputs map, which provides a nice interpretation of the notions of controlla-
bility and observability and we define the Hankel singular values. As claimed
by Glover in [6], the Hankel singular values are extremely informative invari-
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ants when considering system complexity and gain. For this section we refer
the reader to [8] and [6].

Section 5 is concerned with system identification. In many areas of enginee-
ring, high-order linear state-space models of dynamic systems can be derived
(this can already be a difficult problem). By this way, identification issues
are translated into model reduction problems that can be tackle by means of
rational approximation. The function spaces introduced in section 3 provide
with their norms a measure of the accuracy of a model. The most popular
norms are the Hankel-norm and the L2-norm. In these two cases, the role of
the Hardy space H2 with its Hilbert space structure, is determinant in finding
a solution to the model reduction problem. In the case of the Hankel norm,
explicit solutions can be found [6] while in the L2 case, local minima can be
numerically computed using gradient flow methods. Note that the approxima-
tion in L2 norm has an interpretation in stochastic identification: it minimizes
the variance of the output error when the model is fed by a white noise. These
approximation problems are also relevant in the design of controllers which
maximize robustness with respect to uncertainty or minimize sensitivity to
disturbances of sensors, and other problems from H∞ control theory. For an
introduction to these fields we refer the reader to [4].

In this paper, we are concerned with continuous-time systems for which
Laplace transform is a valuable aid. The z-transform performs the same task
for discrete-time systems. This is the object of [3] in the framework of stocha-
stic systems. It must be noted that continuous-time and discrete-time systems
are related through a Möbius transform which preserves the McMillan degree
[6]. For some purposes, it must be easier to deal with discrete-time. In parti-
cular, the poles of stable discrete-time systems lay in a bounded domain the
unit circle. Laplace transform is also considered among other transforms in
[12]. This paper also provides an introduction to [2].

2 Linear time-invariant systems and their transfer
functions

Linear time-invariant systems play a fundamental role in signal and system
analysis. Many physical processes possess these properties and even for nonli-
near systems, linear approximations can be used for the analysis of small de-
rivations from an equilibrium. Laplace transform has a number of properties
that makes it useful for analysing LTI systems, thereby providing a set of
powerful tools that form the core of signal and system analysis.

A continuous-time system is an “input-output” map

u(t) → y(t),

from an input signal u : R → Cm to an output signal y : R → Cp. It will be
called linear if the map is linear and time-invariant if a time shift in the input
signal results in an identical time shift in the output signal.
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A linear time-invariant system can be represented by a convolution integral

y(t) =
# ∞

−∞
h(t − τ)u(τ)dτ =

# ∞

−∞
h(τ)u(t − τ)dτ,

in terms of its response to a unit impulse [11]. The p × m matrix function h
is called the impulse response of the system.

The importance of complex exponentials in the study of LTI systems stems
from the fact that the response of an LTI system to a complex exponential
input is the same complex exponential with a change of amplitude. Indeed, for
an input of the form u(t) = est, the output computed through the convolution
integral will be

y(t) =
# ∞

−∞
h(τ)es(t−τ)dτ = est

# ∞

−∞
h(τ)e−sτdτ.

Assuming that the integral converges, the response to est is of the form

y(t) = H(s)est,

where H(s) is the Laplace transform of the impulse response h(t) defined by

H(s) =
# ∞

−∞
h(τ)e−sτdτ.

In the specific case in which Re{s} = 0, the input is a complex integral eiωt at
frequency ω and H(iω), viewed as a function of ω, is known as the frequency
response of the system and is given by the Fourier transform

H(iω) =
# ∞

−∞
h(τ)e−iωτdτ.

In practice, pointwise measurements of the frequency response are often
available and the classical problem of harmonic identification consists in fin-
ding a model for the system which reproduces these data well enough.

The Laplace transform of a scalar function f(s)

Lf(s) =
# ∞

−∞
e−stf(t)dt

is defined for those s = x + iy such that# ∞

−∞
|f(τ)|e−xτdτ < ∞.

The range of values of s for which the integral converges is called the region of
convergence. It consists of strips parallel to the imaginary axis. In particular,
if f ∈ L1(R), i.e.
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−∞
|f(t)|dt < ∞,

then Lf is defined on the imaginary axis and the Laplace transform can be
viewed as a generalization of the Fourier transform.

Another obvious and important property of the Laplace transform is the
following. Assume that f(t) is right-sided, i.e. f(t) = 0, t < T , and that the
Laplace transform of f converges for Re{s} = σ0. Then, for all s such that
Re{s} = σ > σ0, we have that# ∞

−∞
|f(τ)|e−στdτ =

# ∞

T

|f(τ)|e−στdτ ≤ e−(σ−σ0)T
# ∞

T

|f(τ)|e−σ0τdτ,

and the integral converges so that Laplace transform is well defined in
Re{s} ≥ σ0. If f ∈ L1(R), then the Laplace transform is defined on the right
half-plane and it can be proved that it is an analytic function there. It is
possible that for some right-sided signal, there is no value of s for which the
Laplace transform will converge. One example is the signal h(t) = 0, t < 0
and h(t) = et2 , t ≥ 0.

The importance of Laplace transform in control theory is mainly due to
the fact that it allows to express any LTI system

y(t) =
# ∞

−∞
h(t − τ)u(τ)dτ

as a multiplication operator

Y (s) = H(s)U(s),

where

Y (s) =
# ∞

−∞
y(τ)e−sτdτ, H(s) =

# ∞

−∞
h(τ)e−sτdτ, U(s) =

# ∞

−∞
u(τ)e−sτdτ,

are the Laplace transforms. The p × m matrix function H(s) is called the
transfer function of the system.

Causality is a common property for a physical system. A system is causal
if the output at any time depends only on the present and past values of the
input. A LTI system is causal if its impulse response satisfies

h(t) = 0 for t < 0,

and in this case, the output is given by the convolution integral

y(t) =
# ∞

0
h(τ)u(t − τ)dτ =

# t

0
h(t − τ)u(τ)dτ.

Then, the transfer function of the system is defined by the unilateral Laplace
transform
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H(s) =
# ∞

0
h(τ)e−sτdτ, (1)

whose region of convergence is, by what precedes, a right half-plane (if it is
not empty). In the sequel, we shall restrict ourselves to causal systems.

Of course our signals must satisfy some conditions to ensure the existence
of the Laplace transforms. There are many ways to proceed. We shall require
our signals to belong to some spaces of integrable functions and this is closely
related to the notion of stability of a system. This will be the object of the next
section. Via Laplace transform, properties of an LTI system can be expressed
in terms of the transfer function and by this way, function theory brings
insights in control theory.

3 Function spaces and stability

An undesirable feature of a physical device is instability. In this section, we
translate this into a statement about transfer functions. Intuitively, a stable
system is one in which small inputs lead to responses that do not diverge.
To give a mathematical statement, we need a measure of the size of a signal
which will be provided by appropriate function spaces.

We denote by Lq(X) the space of complex valued measurable functions f
on X satisfying

 f q
q =

#
X

|f(t)|qdt < ∞, if 1 ≤ q < ∞,

 f ∞ = sup
X

|f(t)| < ∞, if q = ∞.

The most natural measure is the L∞ norm. A signal will be called bounded
if there is some M > 0 such that

 u ∞ = sup
t>0

 u(t) < M,

where  . denotes the Euclidean norm of a vector. We still denote by L∞(0, ∞)
the space of bounded signals, omitting to mention the vectorial dimension. A
system will be called BIBO stable if a bounded input produces a bounded
output.

We may also be interested in the energy of a system which is given by the
integral

 u 2
2 =

# ∞

0
u(t)∗u(t)dt.

We still denote by L2(0, ∞) the space of signal with bounded energy.
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Notions of stability are associated with the requirement that the convolu-
tion operator

u(t) → y(t) = h ∗ u(t),

is a bounded linear operator, the input and output spaces being endowed with
some (maybe different) norms. This implies that the transfer functions of such
stable systems belong to some spaces of analytic functions, the Hardy spaces
of the right half-plane [7]. We first introduce these spaces.

3.1 Hardy spaces of the half-plane

The Hardy space Hp is defined to be the space of functions f(s) analytic in
the right half-plane which satisfy

 f p := sup
0<x<∞

�# ∞

−∞
|f(x + iy)|pdy

�1/p

< ∞,

when 1 ≤ p < ∞, and, when p = ∞,

 f ∞ := sup
Re{s}>0

|f(s)| < ∞.

A theorem of Fatou says that, for any f ∈ Hp, 1 ≤ p ≤ ∞,

f0(iy) = lim
x→0+

f(x + iy),

exits a.e. on the imaginary axis. We may identify f ∈ Hp with f0 ∈ Lp(iR)
and the identification is isometric, so that we may consider Hp as a subspace
of Lp(iR). The case p = 2 is of particular importance since H2 is an Hilbert
space. We denote by H2

− the left half-plane analog of H2 : that is f ∈ H2
− if

and only if the function s → f(−s) is in H2. We may also consider H2
− as

a subspace of L2(iR). We denote by Π+ and Π− the orthogonal projections
from L2(iR) to H2 and H2

− respectively, and we have

L2(iR) = H2 ⊕ H2
−.

If f ∈ L1(0, ∞), then Lf is defined and analytic on the right half-plane.
Moreover, we may extend the definition to functions f ∈ L2(0, ∞), since
L1(0, ∞)∩L2(0, ∞) is dense in L2(0, ∞). The Laplace transform of a function
f ∈ L2(0, ∞) is again defined and analytic on the right half-plane and we have
the following theorem [13, Th.1.4.5]

Theorem 1. The Laplace transform gives the following bijections

L : L2(0, ∞) → H2,

L : L2(−∞, 0) → H2
−,

and for f ∈ L2(0, ∞) (resp. L2(−∞, 0))

 Lf 2 =
√

2π f 2.
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Since we are concerned with multi-input and multi-output systems, vec-
torial and matricial versions of these spaces are needed. For p, m ∈ N, H∞

p×m

and H2
p×m are the spaces of p × m matrix functions with entries in H∞ and

H2 respectively endowed with the norm

 F ∞ = sup
−∞<w<∞

 F (iw) (2)

 F 2
2 = Tr

# ∞

−∞
F (iw)∗F (iw)dw, (3)

where  . denotes the Euclidean norm for a vector and for a matrix, the
operator norm or spectral norm (that is the largest singular value). We shall
often write H∞, H2 etc. for H∞

p×m and H2
p×m, the size of the matrix or vector

functions (case m = 1) being understood from the context.

3.2 Some notions of stability

We shall study the notions of stability which arises from the following choices
of norm on the input and output function spaces:

• stability L∞ → L∞ (BIBO). A system is BIBO stable if and only if
its impulse response is integrable over (0, ∞). Indeed, if h(t) is integrable
and  u ∞ < M, then

 y(t) ≤ M

# t

0
 h(t − τ) dτ

= M

# t

0
 h(τ) dτ,

≤ M

# ∞

0
 h(τ) dτ,

and y(t) is bounded. Conversely, if h(t) is not integrable, a bounded input
can be constructed which produces an unbounded output (see [13] in the
SISO case and [1, Prop.23.1.1] in the MIMO case).

• stability L2 → L2. By Theorem 1
√

2π L is a unitary operator from
L2(0, ∞) onto the Hardy space H2. Thus a system

y(t) = h ∗ u(t),

will be L2 → L2 stable if its transfer function H is a bounded operator
from H2 to H2. Now, the transfer function is a multiplication operator

MH : U(s) → Y (s),

whose operator norm is  H ∞ given by (2) and H must belong to the
Hardy space H∞.
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• stability L2 → L∞. The interest of this notion of stability comes from
the fact that it requires that the transfer function H(s) belongs to the
Hardy space H2 which is an Hilbert space. Indeed, it can be proved that
the impulse response of such a stable system must be in L2(0, ∞) and thus
by Theorem 1 its transfer function must be H2.

4 Finite order LTI systems and their rational transfer
functions

Among LTI systems, of particular interest are the systems governed by diffe-
rential equations

ẋ(t) = A x(t) + B u(t)
y(t) = C x(t) + D u(t),

(4)

where A, B, C, D are constant complex matrices matrices of type n×n, n×m,
p×n and p×m, and x(t) ∈ Cn is the state of the system. Assuming x(0) = 0,
the solution is

x(t) =
# t

0
e(t−τ)ABu(τ)dτ, t ≥ 0

y(t) =
# t

0
Ce(t−τ)ABu(τ)dτ + Du(t), t ≥ 0

and the impulse response given by

g(t) = CeAtB + Dδ0,

where δ0 is the delta function or Dirac measure at 0. Thus g is a generalized
function.

As previously, we denote by the capital roman letter the Laplace trans-
form of the function designated by the corresponding small letter. Laplace
transform possesses the nice property to convert differentiation into a shift
operator

Lẋ(s) = sX(s).

so that the system (4) takes the form

sX(s) = A X(s) + B U(s)
Y (s) = C X(s) + D U(s),

(5)

and yields

Y (s) = [D + C(sI − A)−1B]U(s),
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where G(s) = D + C(sI − A)−1B is the transfer function of the system. It is
remarkable that transfer functions of LTI systems are rational.

Conversely, if the transfer function of a LTI system is rational and proper
(its value at infinity is finite), then it can be written in the form (see [1])

G(s) = D + C(sI − A)−1B.

We call (A, B, C, D) a realization of G and the system then admits a “state-
space representation” of the form (4). A rational transfer function has many
realizations. If T is a non-singular matrix, then (TAT−1, TB, T−1C, D) is also
a realization of G(s). A minimal realization of G is a realization in which the
size of A is minimal among all the realizations of G. The size n of A in a
minimal realization is called the McMillan degree of G(s). It represents the
minimal number of state variables and is a measure of the complexity of the
system.

For finite order systems all the notions of stability agree: a system is stable
if and only if all the eigenvalues of A lie in the left half-plane.

To end with this section, we shall answer to some natural questions concer-
ning these rational matrix functions: what is a pole? a zero? their multiplicity
? what could be a fractional representation?

Let G(s) be a rational p×m matrix function. Then G(s) admits the Smith
form

G(s) = U(s)D(s)V (s),

where U(s) and V (s) are square size polynomial matrices with constant non-
zero determinant and D(s) is a diagonal matrix

D(s) = diag
*

φ1

ψ1
,
φ2

ψ2
, . . . ,

φr

ψr
, 0, . . . , 0

1
in which for i = 1, . . . r, φi and ψi are polynomials satisfying the divisibility
conditions

φ1/φ2/ . . . /φr,
ψr/ψr−1/ . . . /ψ1.

This representation exhibits the pole-zeros structure of a rational matrix. A
zero of G(s) is a zero of at least one of the polynomial φi. The multiplicity of
a given zero in each of the φi is called a partial multiplicity and the sum of the
partial multiplicities is the multiplicity of the zero. In the same way, the poles
of G(s) are the zeros of the ψ. They are also the eigenvalues of the dynamic
matrix A. It must be noticed that a complex number can be a pole and a zero
at the same time. For more details on that Smith form, see [8]. It provides
a new interpretation of the McMillan degree as the number of poles of the
rational function counted with multiplicity, i.e. the degree of ψ = ψ1ψ2 · · · ψr.

The Smith form also allows one to write a left coprime polynomial facto-
rization (see [1, Chap.11] or [8]) of the form
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G(s) = D(s)−1N(s),

where D(s) and N(s) are left coprime polynomial matrices, i.e.

D(s)E1(s) + N(s)E2(s) = I, s ∈ C,

for some polynomial matrices E1(s) and E2(s). In this factorization the matrix
D(s) brings the pole structure of G(s) and the matrix N(s) its zero structure.

This representation is very useful in control theory. In our function spa-
ces context another factorization is more natural. It is the inner-unstable or
Douglas-Shapiro-Shields factorization

G(s) = Q(s)P (s),

where Q(s) is an inner function in H∞, i.e. such that

Q(iw)∗Q(iw) = I, w ∈ R,

and P (s) is unstable (analytic in the left half-plane). We shall also require this
factorization to be minimal. It is then unique up to a common left constant
unitary matrix and the McMillan degree of Q is the McMillan degree of G.
The existence of such a factorization follows from Beurling’s theorem on shift
invariant subspaces of H2 [5]. Here again, the inner factor brings the pole
structure of the transfer function and the unstable factor the zero structure. In
many approximation problems this factorization allows to reduce the number
of optimization parameters, since the unstable factor can often be computed
from the inner one. This makes the interest of inner function together with
the fact that inner functions are the transfer function of conservative systems.

4.1 Controllability, observability and associated gramians

The notions of controllability and observability are central to the state-space
description of dynamical systems. Controllability is a measure for the ability to
use a system’s external inputs to manipulate its internal state. Observability is
a measure for how well internal states of a system can be inferred by knowledge
of its external outputs.

The following facts are well-known [8]. A system described by a state-space
realization (A, B, C, D) is controllable if the pair (A, B) is controllable, i.e. the
matrix �

B AB A2B · · · An−1B
�

has rank n, and the pair (C, A) observable, i.e. the matrix⎡⎢⎢⎢⎢⎢⎣
C

CA
CA2

...
CAn−1

⎤⎥⎥⎥⎥⎥⎦
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has rank n. A realization is minimal if and only if it is both controllable and
observable. Note that the matrix D play no role in this context.

We now give an alternative description of these notions which is more
adapted to our functional framework [6, Sect.2]. If the eigenvalues of A are
assumed to be strictly in the left half-plane, then we can define the controlla-
bility gramian as

P =
# ∞

0
eAtBB∗eA∗tdt,

and the observability gramian as

Q =
# ∞

0
eA∗tC∗CeAtdt.

It is easily verified that P and Q satisfy the following Lyapunov equations

AP + PA∗ + B∗B = 0,
A∗Q + QA + C∗C = 0.

A standard result is that the pair (A, B) is controllable if and only if P is
positive definite and the pair (C, A) observable if and only if Q is positive
definite.

These gramians can be illustrated by considering the mapping from the
past inputs to the future outputs, γg : L2(−∞, 0) → L2(0, ∞), given by

(γgu)(t) =
# 0

−∞
CeA(t−τ)Bu(τ)dτ =

# ∞

0
CeA(t+τ)Bv(τ)dτ, (6)

where v(t) = u(−t) is in L2(0, ∞). The mapping γg can be view as a compo-
sition of two mappings:

u(t) → x(0) =
# ∞

0
eAτBu(−τ)dτ,

and

x(0) → y(t) = CeAtx(0),

where x(0) is the state at time t = 0. Now, consider the following minimum
energy problem

min
u∈L2(−∞,0)

 u 2
2 subject to x(0) = x0.

Since x0 is a linear function of u(t), the solution û exists provided that P is
positive definite and is given by the pseudo-inverse

û(t) = B∗e−A∗tP−1x0.
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It satisfies

 û 2
2 = x∗

0P
−1x0.

If P−1 is large, there will be some state that can only be reached if a large input
energy is used. If the system is realized from x(0) = x0 with u(t) = 0, t ≥ 0
then

 y 2
2 = x∗

0Qx0,

so that, if the observability gramian Q is nearly singular then some initial
conditions will have little effect on the output.

4.2 Hankel singular values and Hankel operator

We now introduce the Hankel singular values which turn out to be fundamen-
tal invariants of a linear system related to both gain and complexity [6]. The
link with complexity will be further illustrated in section 5.1.

The problem of approximating a matrix by a matrix of lower rank was
one of the earliest application of the singular-value decomposition ([10], see
[6, Prop.2.2] for a proof).

Proposition 1. Let M ∈ Cp×m have singular value decomposition given by

M = UDV,

where U , V are square unitary and D =
�

Dr 0
0 0

�
, Dr = diag(α1, α2, . . . , αr),

where α1 ≥ α2 . . . ≥ αr > 0 are the singular values of M . Then,

inf
rank M̂≤k

 M − M̂ = αk+1,

and the bound is achieved by

D̂k =
�
Dr 0
0 0

�
, Dk = diag(α1, α2, . . . , αk).

This result can be generalized to the case of a bounded linear operator
T ∈ L(H, K) from an Hilbert space H, to another, K. For k = 0, 1, 2, . . . , the
kth singular value σk(T ) of T is defined by

σk(T ) = inf{ T − R , R ∈ L(H, K), rank R ≤ k}.

Thus σ0(T ) =  T and

σ0(T ) ≥ σ1(T ) ≥ σ2(T ) ≥ · · · ≥ 0.

When T is compact, it can be proved that σk(T )2 is an eigenvalue of T ∗T
[15, Th.16.4]. Any corresponding eigenvector of T ∗T is called a Schmidt vector
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of T corresponding to the singular value σk(T ). A Schmidt pair is a pair of
vectors x ∈ H and y ∈ K such that

Tx = σk(T )y, T ∗y = σk(T )x.

The past inputs to future outputs mapping γg associated with a LTI system
by (6) is a compact operator from L2(−∞, 0) to L2(0, ∞). The Hankel singular
values of a LTI system are defined to be the singular values of γg. Via the
Laplace transform, we may associate with γg, the Hankel operator

ΓG : H2
− → H2,

whose symbol G is the Laplace transform of g. It is defined by

ΓG(x) = Π+(Gx), x ∈ H2
−.

Since γg and ΓG are unitarily equivalent via the Laplace transform, they share
the same set of singular values

σ0(G) ≥ σ1(G) ≥ σ2(G) ≥ · · · ≥ 0.

The Hankel norm is defined to be the operator norm of ΓG , which turns out
to be its largest singular value σ0(G):

 G H =  ΓG = σ0(G).

Note that

 G H = sup
u∈L2(−∞,0)

 y L2(0,∞)

 u L2(−∞,0)
,

so that the Hankel norm gives the L2 gain from past inputs to future outputs.
If the LTI system has finite order, then its Hankel singular values cor-

respond to the singular values of the matrix PQ, where P is controllability
gramian and Q the observability gramian. Indeed, let σ be a singular value of
γg with u the corresponding eigenvector of γ∗

gγg: (γ∗
gγgu)(t) = σ2u(t). Then,

since the adjoint operator γ∗
g is given by

(γ∗
gy)(t) =

# ∞

0
B∗eA∗(−t+τ)C∗y(τ)dτ,

we have that

(γ∗
gγgu)(t) = (γ∗

gy)(t) = B∗e−A∗tQx0,

so that

u(t) = σ−2B∗e−A∗tQx0. (7)
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Now,

σ2x0 =
# ∞

0
e(Aτ)Bσ2u(−τ)dτ = PQx0,

and σ2 is an eigenvalue of PQ associated with the eigenvector x0. Conversely,
if σ2 is an eigenvalue of PQ associated with the eigenvector x0, then σ is
a singular value of γg with corresponding eigenvector of γ∗

gγg given by (7).
A useful state-space realization in this respect is the balanced realization for
which P = Q = diag(σ0, σ1, . . . , σn−1).

Remark 1. The Hankel norm of a finite order LTI system doesn’t depend on
its ‘D matrix’.

5 Identification and approximation

The identification problem is to find an accurate model of an observed system
from measured data. This definition covers many different approaches depen-
ding on the class of models we choose and on the data we have at hand. We
shall pay more attention on harmonic identification. The data are then point-
wise values of the frequency response in some bandwidth and the models are
finite order linear time-invariant (LTI) systems. A robust way to proceed is
to interpolate the data on the bandwidth into a high order transfer function,
possibly unstable. A first step consists in approximating the unstable trans-
fer function by a stable one. This can be done by solving bounded extremal
problems (see [2]).

For computational reasons, it is desirable if such a high-order model can
be replaced by a reduced-order model without incurring to much error. This
can be stated as follows:

Model reduction problem: given a p×m stable rational matrix function
G(z) of McMillan degree N , find Ĝ stable of McMillan degree n < N which
minimizes

 |G − Ĝ |. (8)

The choice of the norm  |. | is influenced by what norms can be minimi-
zed with reasonable computational efforts and whether the chosen norm is an
appropriate measure of error. The most natural norm from a physical view-
point is the norm  . ∞. But this is an unresolved problem: there is no known
numerical method which is guaranteed to converge. In Banach spaces other
than Hilbert spaces, best approximation problems are usually difficult. There
are two cases in which the situation is easier since they involve the Hardy
space H2 which is an Hilbert space: the L2-norm and the Hankel norm, since
the Hankel operator acts on H2. In this last case an explicit solution can be
computed.
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5.1 Hankel-norm approximation

In the seventies, it was realized that the recent results on L∞ approximation
problems, such as Nehari’s theorem and the result of Adamjan, Arov and
Krein on the Nehari-Takagi problem, were relevant to the current problems
of some engineers in control theory. In the context of LTI systems, they have
led to efficient new methods of model reduction.

A first step in solving the model reduction problem in Hankel-norm is
provided by Nehari’s theorem. Translated in the control theory framework,
it states that if one wishes to approximate a causal function G(s) by an
anticausal function, then the smallest error norm that can be achieved is
precisely the Hankel-norm of G(s).

Theorem 2. For G ∈ H∞

σ0(G) =  G H = inf
F∈H∞

−
 G − F ∞.

The model reduction problem, known under the name of Nehari-Takagi,
was first solved by Adamjan, Arov and Krein for SISO systems and Kung and
Lin for MIMO discrete-time systems. In our continuous-time framework, it
can be stated as follow:

Theorem 3. Given a stable, rational transfer function G(s) then

σk(G) = inf
Ĝ∈H∞

 G − Ĝ H , McMillan degree of Ĝ ≤ k.

The fact that  G − Ĝ H ≥ σk(G), for all Ĝ(s) stable and of McMillan
degree ≤ k, is no more than a continuous-time version of Proposition 1 [6,
Lemma 7.1]. This famous paper [6] gives a beautiful solution of the com-
putational problem using state-space methods. An explicit construction of a
solution Ĝ(s) is presented which makes use of a balanced realization of G(s)
[6, Th.6.3]. Moreover, in [6] all the optimal Hankel norm approximations are
characterized in state-space form.

Since,

 G − Ĝ H = inf
F∈H∞

−
 G − Ĝ − F ∞,

the Hankel norm approximation Ĝ(s) can be a rather bad approximant in
L∞ norm. However, the choice of the ‘D matrix’ for the approximation is
arbitrary, since the Hankel-norm doesn’t depend on D, while  G − Ĝ ∞ does
depend on D. In [6, Sect.9, Sect.10.2] a particular choice of D is suggested
which ensures that

 G − Ĝ ∞ ≤ σk(G) +
:
j>k

σj(G).
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It is often the case in practical applications that ΓG has a few sizable singular
values and the remaining ones tail away very quickly to zero. In that case the
right hand-side can be made very small, and one is assured that an optimal
Hankel norm approximant is also good with respect to the L∞ norm.

5.2 L2-norm approximation

In the case of the L2 norm, an explicit solution of the model reduction problem
cannot be computed. However, the L2 norm being differentiable we may think
of using a gradient flow method. The main difficulty in this problem is to
describe the set of approximants, i.e. of rational stable functions of McMillan
degree n. The approaches than can be found in the literature mainly differ
from the choice of a parametrization to describe this set of approximants.
These parametrizations often arise from realization theory and the parameters
are some entries of the matrices (A, B, C, D). To cope with their inherent
complexity, some approaches choose to relax a constraint: stability or fixed
McMillan degree. They often run into difficulties since smoothness can be lost
or an undesirable approximant reached.

Another approach can be proposed. The number of optimization parame-
ters can be reduced using the inner-unstable factorization (see section 4) and
the projection property of an Hilbert space. Let Ĝ be a best L2 approximant
of G, with inner-unstable factorization

Ĝ = QP,

where Q is the inner factor and P the unstable one. Then, H2 being an Hilbert
space, Ĝ must be the projection of G onto the space H(Q) of matrix functions
of degree n whose left inner factor is Q. We shall denote this projection by
Ĝ(Q) and the problem consists now in minimizing

Q →  G − Ĝ(Q) 2,

over the set of inner functions of McMillan degree n.
Then, more efficient parametrizations can be used which arise from the

manifold structure of this set. It consists to work with an atlas of charts, that
is a collection of local coordinate maps (the charts) which cover the manifold
and such that changing from one map to another is a smooth operation. Such
a parametrization present the advantages to ensure identifiability, stability of
the result and the nice behavior of the optimization process. The optimization
is run over the set as a whole changing from one chart to another when
necessary. Parametrizations of this type are available either from realization
theory or from interpolation theory in which the parameters are interpolation
values. Their description goes beyond the aim of this paper, and we refer
the reader to [9] and the bibliography therein for more informations on this
approach.
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1 Introduction

We survey in these notes certain constructive aspects of how to recover an
analytic function in a plane domain from complete or partial knowledge of
its boundary values. This we do with an eye on identification issues for linear
dynamical systems, i.e. one-dimensional deconvolution schemes, and for that
reason we restrict ourselves either to the unit disk or to the half-plane because
these are the domains encountered in this context. To ensure the existence of
boundary values, restrictions on the growth of the function must be made,
resulting in a short introduction to Hardy spaces in the next section. We
hasten to say that, in any case, the problem just mentioned is ill-posed in
the sense of Hadamard [32], and actually a prototypical inverse problem: the
Cauchy problem for the Laplace equation. We approach it as a constrained
optimization issue, which is one of the classical routes when dealing with ill-
posedness [51]. There are of course many ways of formulating such issues;
those surveyed below make connection with the quantitative spectral theory
of Toeplitz and Hankel operators that are deeply linked with meromorphic
approximation. Standard regularization, which consists in requiring additional
smoothness on the approximate solution, would allow us here to use classical
interpolation theory; this is not the path we shall follow, but we warn the
reader that linear interpolation schemes are usually not so extremely efficient
in the present context. An excellent source on this topic and other matters
related to our subject is [39].

2 Hardy spaces

Let T be the unit circle and D the unit disk in the complex plane. We let C(T)
denote continuous functions and Lp = Lp(T) the familiar Lebesgue spaces. For
1 ≤ p ≤ ∞, the Hardy space Hp of the unit disk is the closed subspace of Lp

consisting of functions whose Fourier coefficients of strictly negative index do

J.-D. Fournier et al. (Eds.): Harm. Analysis and Ratio. Approx., LNCIS 327, pp. 211–230, 2006.
© Springer-Verlag Berlin Heidelberg 2006
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vanish. These are the nontangential limits of functions g analytic in the unit
disk D having uniformly bounded Lp means over all circles centered at 0 of
radius less than 1:

sup
0<r<1

 g(reiθ) p < ∞. (1)

The correspondence is one-to-one and, using this identification, we alternati-
vely regard members of Hp as holomorphic functions in the variable z ∈ D.
The extension to D is obtained from the values on T through a Cauchy as well
as a Poisson integral, namely if g ∈ Hp then:

g(z) =
1

2iπ

#
T

g(ξ)
ξ − z

dξ, z ∈ D, (2)

and also

g(z) =
1
2π

#
T

Re
�

eiθ + z

eiθ − z

�
g(eiθ)dθ, z ∈ D. (3)

The sup in (1) is precisely  g(eiθ) p. The space H∞ consists of bounded
analytic functions in D, and by Parseval’s theorem we also get that

g(z) ∈ H2 iff f(z) =
∞:

j=0

akzk, with
∞:

j=0

|aj |2 < ∞.

If p 3= 2 it is not easy to characterize Hp functions from their Fourier-Taylor
coefficients. Very good expositions on Hardy spaces are [19, 22, 30], and we
recall just a few facts here. Actually, we only work with p = 2 and p = ∞,
but nothing would be gained in this section from such a restriction.

A nonzero g ∈ Hp can be uniquely factored as g = jw where

w(z) = exp
�

1
2π

# 2π

0

eiθ + z

eiθ − z
log |f(eiθ)|dθ

�
(4)

belongs to Hp and is called the outer factor of g, while j ∈ H∞ has modulus
1 a.e. on T and is called the inner factor of g. The latter may be further
decomposed as j = bSμ, where

b(z) = czk
5
zl �=0

−z̄l

|zl|
z − zl

1 − z̄lz
(5)

is the Blaschke product, with order k ≥ 0 at the origin, associated to a sequence
of points zl ∈ D \ {0} and to the constant c ∈ T, while

Sμ(z) = exp
�

− 1
2π

# 2π

0

eiθ + z

eiθ − z
dμ(θ)

�
(6)
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is the singular inner factor associated with μ, a positive measure on T which
is singular with respect to Lebesgue measure. The zl are the zeros of g in
D\{0}, counted with their multiplicities, while k is the order of the zero at 0.
If there are infinitely many zeros, the convergence of the product b(z) in D is
ensured by the condition

;
l(1 − |zl|) < ∞ which holds automatically when

g ∈ Hp \ {0}. If there are only finitely many zl, say n, we say that (5) is a
finite Blaschke product of degree n.

That w(z) in (4) is well-defined rests on the fact that log |g| ∈ L1 if
f ∈ H1 \ {0}; this also entails that a Hp function cannot vanish on a set
of strictly positive Lebesgue measure on T unless it is identically zero.

Intimately related to Hardy functions is the Nevanlinna class N+ consi-
sting of holomorphic functions in D that can be factored as jE, where j is an
inner function, and E an outer function of the form

E(z) = exp
�

1
2π

# 2π

0

eiθ + z

eiθ − z
log K(eiθ) dθ

�
, (7)

K being a positive function on T such that log K ∈ L1(T), although K itself
need not be summable. Such functions again have nontangential limits a.e.
on T that serve as definition for their boundary values, and they are often
instrumental in that N+ ∩ Lp = Hp. In fact, (7) defines an Hp-function
with modulus K a.e. on T if, and only if, K ∈ Lp. A useful consequence is
that, whenever g1 ∈ Hp1 and g2 ∈ Hp2 , we have g1g2 ∈ Hp3 if, and only if,
g1g2 ∈ Lp3 .

We need also introduce the Hardy space H̄p of the complement of the disk,
consisting of Lp functions whose Fourier coefficients of strictly positive index
do vanish; these are, a.e. on T, the complex conjugates of Hp-functions, and
they can also be viewed as nontangential limits of functions analytic in C \ D
having uniformly bounded Lp means over all circles centered at 0 of radius
bigger than 1. We further single out the subspace H̄p

0 ⊂ H̄p, consisting of
functions vanishing at infinity or, equivalently, having vanishing mean on T.
Thus, a function belongs to H̄p

0 if, and only if, it is of the form e−iθg(eiθ) for
some g ∈ Hp.

We let Rm,n be the set of rational functions of type (m, n) that can be
written p/q where p and q are algebraic polynomials of degree at most m and
n respectively. Note that a rational function belongs to some Hp if, and only
if, its poles lie outside D, in which case it belongs to every Hp. Similarly, a
rational function belongs to H̄p if, and only if, it can be written as p/q with
deg p ≤ deg q where q has roots in D only; in the language of system theory,
such a rational function is called stable and proper, and it belongs to H̄p

0 if,
and only if, deg p < deg q in which case it is called strictly proper. We define
Hp

n to be the set of meromorphic functions with at most n poles in D, that
may be written g/q where g ∈ Hp and q is a polynomial of degree at most n
with roots in D only.

We now turn to the Hardy spaces Hp of the right half-plane. These consist
of functions G analytic in Π+ = {s; Re s > 0} such that
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sup
x>0

# +∞

−∞
|G(x + iy)|p dy < ∞,

and again they have nontangential limits at almost every point of the ima-
ginary axis, thereby giving rise to a boundary function G(iy) that lies in
Lp(iR). The space H∞ consists of bounded analytic functions in Π+, and a
theorem of Paley-Wiener characterizes H2 as the space of Fourier transforms
of functions in L2(R) that vanish for negative arguments.

The study of Hp can be reduced to that of H̄p
0 thanks to the isometry :

g /→ (s − 1)−2/pg

*
s + 1
s − 1

1
(8)

from H̄p
0 onto Hp. The latter preserves rationality and the degree for p = 2, ∞.

For applications to system-theory, it is often necessary to consider fun-
ctions in Hp or Hp that have the conjugate-symmetry g(z̄) = g(z); in the
case of Hp this means they have real Fourier coefficients, or in the case of
H2 that they are Fourier transforms of real functions. For rational functions
it means that the coefficients of p and q are real in the irreducible form p/q.
In the presence of conjugate symmetry, every symbol will be decorated by a
subscript or a superscript “R”, like in Hp

R or RR
m,n etc.

3 Motivations from System Theory

We provide some motivation from control and signal theory for some of the
approximation problems that we will consider. The connection between linear
control system and function theory has two cornerstones:

• the fact that these systems can be described in the so-called frequency
domain as a multiplication operator by the transfer function which belongs
to certain Hardy classes if the system has certain stability properties;

• the fact that rational functions are precisely transfer functions of systems
having finite-dimensional state-space, namely those that can be designed
and handled in practice.

A discrete control system is a map u → y where the input u = (. . . , uk−1,
uk, uk+1, . . . ) is a real-valued function of the discrete time k, generating an
output y = (. . . , yk−1, yk, yk+1, . . . ) of the same kind, where yk depends on
uj for j ≤ k only. The system is said to be time-invariant if a shift in time of
the input produces a corresponding shift of the output.

Particularly important in applications are the linear systems:

yk =
∞:

j=0

fjuk−j ,



Identification and Function Theory 215

where the output at time k is a linear combination of the past inputs with
fixed coefficients fj ∈ R. For such systems, function theory enters the picture
when signals are encoded by their generating functions:

u(z) =
:
k∈Z

ukz−k, y(z) =
:
k∈Z

ykz−k.

Indeed, if we define the transfer function of the linear control system to be:

f(z) =
∞:

k=0

fkz−k,

the input-output behavior can be described as y(z) = f(z) u(z). In particular:

(i) the system is a bounded operator l2 → l2 iff f ∈ H̄∞
R , and the operator

norm is  f ∞: the system is called (l2, l2)-stable;
(ii) the system is a bounded operator l2 → l∞ iff f ∈ H̄2

R, and the operator
norm is  f 2: the system is called (l2, l∞)-stable.

A linear control system is said to have finite dimension n if it can be
described as a linear automata in terms of a state variable xk ∈ Rn which is
updated at each time k ∈ Z:

xk+1 = Axk + Buk, yk = Cxk + Duk,

where A is a real n × n matrix, B (resp. C) a column (resp. row) vector with
n real entries, and D some real number, n being the smallest possible integer
for which such an equation holds. The classical result here (see e.g. [29], [42])
is that a linear time-invariant system has dimension n iff its transfer-function
is rational of degree n and analytic at infinity. The transfer-function is then

f(z) = D + C (zIn − A)−1
B.

For finite-dimensional linear systems the requirement that the poles of f
should lie in {|z| < 1} amounts to f ∈ H̄p for some, and in fact all p, which
is equivalent to any reasonable definition of stability. A much broader picture
is obtained by letting input and output signals be vector-valued and transfer
functions matrix-valued, and indeed many questions to come are significantly
enriched by doing so; this, however, is beyond the scope of these notes. We now
mention two specific applications of approximation theory in Hardy spaces to
identification of linear dynamical systems. Further applications to control can
be found in [20, 40].

3.1 Stochastic identification

Consider a discrete time real-valued stationary stochastic process:

y = (. . . , y(k − 1), y(k), y(k + 1), . . . ).
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If it is regular (i.e. purely non-deterministic in a certain sense), we have the
Wold decomposition:

y(k) =
∞:

j=0

fju(k − j)

where u is a white noise called the innovation, and where fj is independent
of k by stationarity. We also have, by the Parseval identity, that

∞:
j=0

f2
j = E



y(k)2

�
which is independent on k by stationarity. If we set

f(z) =
∞:

k=0

fkz−k ∈ H̄2,

we see that a regular process is obtained by feeding white noise to an l2 → l∞

stable linear system [45].
In the special case where f is rational, y is called an Auto-Regressive

Moving Average process, which is popular because it lends itself to efficient
computations. When trying to fit such a model, say of order n to y, a typical
interest is in minimizing the variance of the error between the true output
and the prediction of the model. In this way one is led to solve for

min
g∈RR

n,n∩H̄2
 f − g 2.

This principle can be used to identify a linear system from observed stochastic
inputs, although computing the fj is difficult because it requires spectral
factorization of the function:

j∈Z
E {y(j + k)y(k)}

whose Fourier coefficients can only be estimated by ergodicity through time
averages of the observed sample path of y. In practice, one would rather use
time averages already in the optimization criterion, but this can be proved
asymptotic to the previous problem [26].

To lend perspective to the discussion, let us briefly digress on the more
general case where the input is an arbitrary stationary process. Applying the
spectral theorem to the shift operator on the Hilbert space of the process
allows one to compute the squared variance of the output error as a weighted
L2 integral:

1
2π

# 2π

0
|f − g|2 dμ, (9)
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where the positive measure μ is the so-called spectral measure of the input
process (that reduces to Lebesgue measure when the latter is white noise),
and f now has to belong to a weighted Hardy space H̄2(dμ). Though we
shall not dwell on this, we want to emphasize that the spectral theorem, as
applied to shift operators, stresses deep links between time and frequency
representations of a stochastic process, and the isometric character of this
theorem (that may be viewed as a far-reaching generalization of Parseval’s
relation) is a fundamental reason why L2 approximation problems arise in
system theory. The scheme just mentioned is a special instance of maximum
likelihood identification where the noise model is fixed [26, 33, 49], that aims
at a rational extension of the Szegö theory [50] of orthogonal polynomials.

At this point, it must be mentioned that stochastic identification, as ap-
plied to linear dynamical systems, is not just concerned with putting up pro-
babilistic interpretations to rational approximation criteria. Its main metho-
dological contribution is to provide one with a method of choosing the degree
of the approximant as the result of a trade-off between the bias term (i.e.
the approximation error that goes small when the degree goes large) and the
variance term (i.e. the dispersion of the estimates that goes large when the
degree goes large and eventually makes the identification unreliable). We shall
not touch on this deeper aspect of the stochastic paradigm, whose determi-
nistic counterpart pertains to the numerical analysis of approximation theory
(when should we stop increasing the degree to get a better fit since all we
shall approximate further is the error caused by truncation, round off, etc.?).
For an introduction to this circle of ideas, the interested reader is referred to
the above-quoted textbooks.

3.2 Harmonic Identification

This example deals with continuous-time rather than discrete-time linear con-
trol systems, namely with convolution operators u(t) → y(t) of the form:

y(t) =
# t

0
h(t − τ)u(τ) dτ.

The function h : [0, ∞) → R is called the impulse response of the system, as
it formally corresponds to the output generated by a delta function. If h and
u have exponential growth, so does y and the one-sided Laplace transforms
Y (s), U(s) and H(s) are defined on some common half-plane {Re z > σ}. The
system operates in this frequency domain as multiplication by the transfer-
function H:

Y (s) = H(s)U(s).

This time, rational transfer-functions of degree n correspond to linear diffe-
rential operators of order n forced by the input u.

The Hardy spaces involved are now those of the right half-plane, and their
relation to stability is:
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(i) the system is bounded L2[0, ∞) → L2[0, ∞) iff H ∈ H∞
R ;

(ii) the system is bounded L2[0, ∞) → L∞[0, ∞) iff H ∈ H2
R;

(iii) the system is bounded L∞[0, ∞) → L∞[0, ∞) iff H ∈ WR, the Wiener al-
gebra of the right half-plane consisting of Laplace transforms of summable
functions [0, ∞) → R.

One of the most effective methods to identify a system which sends boun-
ded inputs to bounded outputs is to plug in a periodic input u = eiωt and to
observe the asymptotic steady-state output which is:

y(t) = λeiφeiωt,

where λ and φ are respectively the modulus and the argument of H(iω).
In this way, one can estimate the transfer function on the imaginary axis

and, for physical as well as computational purposes, one is often led to ra-
tionally approximate the experimental data thus obtained. In practice, the
situation is considerably more complicated, because experiments cannot be
performed on the whole axis and usually the system will no longer behave
linearly at high frequencies. In fact, if Ω designates the bandwidth on the
imaginary axis where experiments are performed, one can usually get a fairly
precise estimate of H|Ω , the restriction of H to Ω, but all one has on iR \ Ω
are qualitative features of the model induced by the physics of the system.
Though it seems natural to seek

min
G∈RR

n,n∩H2
 H − G L2(Ω), or min

G∈RR
n,n∩H∞

 H − G L∞(Ω),

such a problem is poorly behaved because the optimum may not exist (the best
rational may have unstable poles) and even if it exists it may lead to a wild
behavior off Ω. One way out, which is taken up in these notes, is to extrapolate
a complete model in Hp from the knowledge of H|Ω by solving an analytic
bounded extremal problems as presented in the forthcoming section. Once
the complete model is obtained, one faces a rational approximation problem
in Hp that we will comment upon. The H2 norm is often better suited, due
to the measurement errors, but physical constraints on the global model, like
passivity for instance, typically involve the uniform norm. Figure 1 shows a
numerical example of this two-steps identification scheme on a hyperfrequency
filter (see [5, 44]), and an illustration in the design of transmission lines can be
found in [47]. Often, weights are added in the criteria to trade-off between L2

norms, that tend to oversmooth the data, and L∞ norms that are put off by
irregular samples. We shall not consider this here, and turn to approximation
proper.

4 Some approximation problems

We discuss below some approximation problems connected to identification
along the previous lines. This will provide us with an opportunity to intro-
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rational approximation of a hyperfrequency filter

’H2 approx. in degree 8’
’frequency measurements’

Fig. 1. The dotted line in this diagram is the Nyquist plot (i.e. the image of the
bandwidth on the imaginary axis) of the transfer function of the reflexion of a hy-
perfrequency filter measured by the French CNES (Toulouse). The data were first
completed by solving an H̄2 bounded extremal problem and then approximated
by a rational function of degree 8 whose Nyquist plot has been superimposed on
the figure. The locus is not conjugate-symmetric because a low-pass transformation
sending the central frequency to the origin was performed on the data. This illust-
rates that approximation with complex Fourier coefficients can be useful in system
identification, even though the physical system is real.

duce analytic operators of Hankel and Toeplitz type. We begin with analytic
extrapolation from partial boundary data.

4.1 Analytic bounded extremal problems

For I is a measurable subset of T and J the complementary subset, if h1 is
a function defined on E and h2 a function defined on J , we use the notation
h1 ∨ h2 for the concatenated function, defined on the whole of T, which is h1
on I and h2 on J . The L2(I)/L2(J) analytic bounded extremal problem is:

[ABEP
)
L2(I), L2(J)

0
]

Given f ∈ L2(I), ψ ∈ L2(J) and a strictly positive constant M , find g0 ∈ H2

such that

 g0(eiθ) − ψ(eiθ) L2(J) ≤ M and
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 f − g0 L2(I) = min
g∈H2

�g−ψ�L2(J)≤M

 f − g L2(I) . (10)

We saw in section 3.2 the relevance of such a problem in identification,
although on the line rather than the circle. The isometry (8) transforms the
version there to the present one. Moreover, if I is symmetric with respect to
the real axis and f has the conjugate symmetry (i.e. f ∨ 0 has real Fourier
coefficients), then g0 also will have the conjugate symmetry because it is
unique by strict convexity.

Problem [ABEP
)
L2(I), L2(J)

0
] may be viewed as a Tikhonov-like regu-

larization of a classical ill-posed issue mentioned in the introduction, namely
how can one recover an analytic function in a disk from its values on a subset of
the boundary circle. In the setting of Hardy spaces, this issue was initially ap-
proached using the so-called Carleman interpolation formulas [2]. Apparently
the first occurrence of (one instance of) Problem [ABEP

)
L2(I), L2(J)

0
] was

investigated in [28], that proceeds in the time rather than the frequency do-
main. Our exposition below is different in that it emphasizes the connection
with Harmonic Analysis and Analytic Operator theory. This approach lends
itself to various generalizations and algorithmic analyses that we shall discuss
briefly.

As in any constrained convex problem, one expects the solution of Problem
[ABEP

)
L2(I), L2(J)

0
] to depend linearly on the data via some unknown

Lagrange parameter. This is best expressed upon introducing the Toeplitz
operator :

φχJ
: H2 → H2

g /→ PH2(χJg)
(11)

with symbol χJ , the characteristic function of J .

Theorem 1 ([1, 7]). Assume that I has positive measure. Then, there is a
unique solution g0 to (10). Moreover, if f is not the restriction to I of a H2

function whose L2(J)-distance to ψ is less than or equal to M , this unique
solution is given by

g0 =
)
1 + λφχJ

0−1
PH2(f ∨ (1 + λ)ψ), (12)

where λ ∈ (−1, +∞) is the unique real number such that the right hand side
of (12) has L2(J)-norm equal to M .

Note that (12) indeed makes sense because the spectrum of φχJ
is [0, 1].

Theorem 1 provides a constructive means of solving ABEP
)
L2(I), L2(J)

0
because, although the correct value for λ is not known a priori, the L2(J)-
norm of the right-hand side in (12) is decreasing with λ so that iterating by
dichotomy allows one to converge to the solution.

Let us point out that H2
|I is dense in L2(I), hence the error in (10) can

be made very small, but this is at the cost of making M very big unless
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f ∈ H2
|I , a circumstance that essentially never happens due to modeling and

measurement errors. In this connection, it is interesting to ask how fast M
goes to +∞ as the error e =  f − g0 L2(I) goes to 0. Using the constructive
diagonalization of Toeplitz operators [41] with multiplicity 1, one can get
fairly precise asymptotics when I is an interval. To state a typical result, put
I = (e−ia, eia) with 0 < a < π, and let W1,1(I) denote the Sobolev space of
absolutely continuous functions on I.

Theorem 2 ([6]). Let I be as above and f satisfies the following two assump-
tions :

(1 − e−iθeia)−1/2(1 − e−iθe−ia)−1/2 f(eiθ) ∈ L1(I) , (13)

(1 − e−iθeia)1/2(1 − e−iθe−ia)1/2 f(eiθ) ∈ W1,1(I) . (14)

If we set e =  f − g0 2
L2(I), where g0 is the solution to (10), then to each

K1 > 0 there is K2 = K2(f) > 0 such that

M2 ≤ K2 e2 exp{K1e
−1} . (15)

In the above statement, the factor e−1 in the exponent cannot be replaced by
h(e) for some function h : R+ → R+ such that h(x) = o(1/x) as x � 0.

Adding finitely many degrees of smoothness would improve the above rate but
only polynomially, and the meaning of Theorem 2 is that a good approxima-
tion is numerically not feasible if f /∈ C∞, because M goes too large, unless
f is very close to the trace of a Hardy function. It is striking to compare this
with the analogous result when f is the trace on I of a meromorphic function:

Theorem 3. If f is of the form h/qN with h ∈ H2 and qN a polynomial of
degree N whose poles lie at distance d > 0 from T. Then

M2 = O
)
N2| log e|0 , (16)

and the Landau symbol O holds uniformly with respect to  h 2 and d, the
estimate being sharp in the considered class of functions.

Comparing Theorems 2 and 3 suggests that the approximation is much easier
if f extends holomorphically in a 2-D neighborhood of I, and that data in
rational or meromorphic form should be favored, say as compared to splines.
The L∞(I)/L∞(J) analog can also be addressed:

[ABEP
)
L∞(I), L∞(J)

0
]

Given f ∈ L∞(I), ψ ∈ L∞(J), and a strictly positive constant M , find
g0 ∈ H∞ such that

 g0(eiθ) − ψ(eiθ) L∞(J) ≤ M and
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 f − g0 L∞(I) = min
g∈H∞

�g−ψ�L∞(J)≤M

 f − g L∞(I) . (17)

A more general version is obtained by letting M be a function in L∞(J)
and the constraint become |g − ψ| ≤ M a.e. on J . If ψ/M ∈ L∞(J), this
version reduces to the present one because either log M /∈ L1(J) in which
case the inequality log |g| ≤ log M + log(1 + |ψ/M |) shows that g = 0 is the
only candidate approximant, or else log M ∈ L1(J) and we can form the outer
function wM ∈ H∞ having modulus 1 on I and M on J ; then, upon replacing
f by f/wM and ψ/wM and observing that g belongs to H∞ and satisfies
|g| ≤ M a.e. on J if, and only if, g/wM lies in H∞ and satisfies g/wM ≤ 1
a.e. on J (because g/wM lies by construction in the Nevanlinna class whose
intersection with L∞(T) is H∞), we are back to M = 1. If ψ/M /∈ L∞(J) the
situation is more complicated.

This time we need introduce Hankel rather than Toeplitz operators. Very
nice expositions can be found in [38, 40, 36], the first being very readable and
the second very comprehensive. Given ϕ ∈ L∞, the Hankel operator of symbol
ϕ is the operator

Γϕ : H2 → H̄2
0

given by

Γϕg = PH̄2
0
(ϕg)

where PH̄2
0

denotes the orthogonal projection of L2(T) onto H̄2
0 . A Hankel ope-

rator is clearly bounded, and it is compact whenever it admits a continuous
symbol; note that the operator only characterizes the symbol up to the addi-
tion of some H∞-function. Thus, whenever ϕ ∈ H∞ + C(T) (the latter is in
fact an algebra), the operator Γϕ is compact and therefore it has a maximizing
vector v0 ∈ H2, namely a function of unit norm such that  Γϕ(v0) 2 = |||Γϕ|||,
the norm of Γϕ. Let us mention also that Hankel operators of finite rank are
those admitting a rational symbol.

Theorem 4 ([8]). Assume that I has positive measure and that ψ extends
continuously to J . Then, there is a solution g0 to (17). Moreover, if f is not
the restriction to I of a H∞ function whose L∞(J)-distance to ψ is less than
M , so that the value β of the problem is strictly positive, and if moreover
f ∨ ψ ∈ H∞ + C(T), this solution is unique and given by:

g0 = w−1
M/β

PH2

)
(f ∨ ψ)wM/βv0

0
v0

, (18)

where wM/β is the outer function with modulus M/β on I and modulus 1 on
J , and v0 is a maximizing vector of the Hankel operator Γ(f∨ψ)wM/β

.
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Here again, the solution has conjugate symmetry if the data do. Although
the value β of the problem is not known a priori, it is the unique positive real
number such that the right hand side of (18) has modulus M a.e. on J , and
so the theorem allows for us to constructively solve [ABEP

)
L∞(I), L∞(J)

0
]

if a maximizing vector of Γ(f∨ψ)wM/β
can be computed for given β. In [9],

generically convergent algorithms to this effect are detailed in the case where
I is an interval and f ∨ ψ is C1-smooth. They are based on the fact that a
smooth H∞ function may be added to f ∨ψ to make it vanish at the endpoints
of I, and in this case (f ∨ ψ)wM/β may sufficiently well approximated by
rationals, say in Hölder norm (uniform convergence is not sufficient here, see
[40]). Reference [9] also contains a meromorphic extension.

Analytic bounded extremal problems have been generalized to abstract
Hilbert and Banach space settings, with applications to hyperinvariant sub-
spaces [34, 17, 48, 18]; they can be posed with different constraints where
bounds are put on the imaginary part rather than the modulus [27]. In
another connection, the work [3] investigates the problem of mixed type
[ABEP

)
L2(I), L∞(J)

0
], which is important for instance when identifying

passive systems whose transfer-function must remain less than 1 in modu-
lus at every frequency. It turns out that the solution can be expressed very
much along the same lines as [ABEP

)
L2(I), L2(J)

0
], except that this time

unbounded Toeplitz operators appear. We shall not go further into such gene-
ralizations, and we rather turn to rational approximation part of the two-step
identification procedure sketched in section 3.

4.2 Meromorphic and rational approximation

We saw in subsection 3.1, and in the second step of the identification scheme
sketched in subsection 3.2, that stable and proper rational approximation of
a complete model on the line or the circle is an important problem from the
system-theoretic viewpoint. Here again, the isometry (8) makes it enough to
consider the case of the circle. We shall start with the Adamjan-Arov-Krein
theory (in short: AAK) which deals with a related issue, namely meromorphic
approximation in the uniform norm.

For k = 0, 1, 2, . . . , recall that the singular values of Γϕ are defined by the
formula:

sk(Γϕ) := inf

|||Γϕ − A|||, A an operator of rank ≤ k on H2� .

When ϕ ∈ H∞ + C(T), the singular values are, by compactness, the square
roots of the eigenvalues of Γ∗

ϕΓϕ arranged in non-increasing order; a k-th
singular vector is an eigenvector of unit norm associated to sk(Γϕ).

A celebrated connection between the spectral theory of Hankel operators
and best meromorphic approximation on the unit circle is given by AAK
theory [38, 40] as follows. Recall from the introduction the notation H∞

n for
meromorphic functions with at most n poles in L∞. The main result asserts
that:
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inf
g∈H∞

n

 ϕ − g ∞ = sn(Γϕ) (19)

where the infimum is attained; moreover, the unique minimizer is given by
the formula

gn = ϕ − Γϕvn

vn
=

PH2(ϕvn)
vn

, (20)

where vn is any n-th singular vector of Γϕ. Formula (20) entails in particular
that the inner factor of vn is a Blaschke product of degree at most n. The
error function ϕ − gn has further remarkable properties; for instance it has
constant modulus sn(Γϕ) a.e. on T.

From the point of view of constructive approximation, it is remarkable
that the infimum in (19) can be computed, and the problem as to whether
one can pass from the optimal meromorphic approximant in (20) to a nearly
optimal rational approximant has attracted much attention. Most notably, it
is shown in [23] that PH̄2

0
(gn), which is rational in Rn−1,n, produces an L∞

error within

2
∞:

j=n+1

sj(Γϕ) (21)

of the optimal one out of Rn−1,n. To estimate how good this bound requires
a link between the decay of the singular values of Γϕ and the smoothness of
ϕ. The summability of the singular values is equivalent to the belonging of
PH̄2

0
(ϕ) to the Besov class B1

1 of the disk [40], but this does not tell how fast
the series converges.

For an appraisal of this, we need introduce some basic notions of potential
theory. For more on fundamental notions like equilibrium measure, potential,
capacity, balayage, as well as the basic theorems concerning them, the reader
may want to consult some recent textbook such as [43]. However, for his
convenience, we review below the main concepts, starting with logarithmic
potentials.

Let E ⊂ C be a compact set. To support his intuition, one may view E
as a plane conductor and imagine he puts a unit electric charge on it. Then,
if a distribution of charge is described as being a Borel measure μ on E, the
electrostatic equilibrium has to minimize the internal energy:

I(μ) =
# #

log
1

|x − t|dμ(x)dμ(t)

among all probability measures supported on E. This is because on the plane
the Coulomb force is proportional to the inverse of the distance between the
particles, and therefore the potential is its logarithm. There are sets E (called
polar sets or sets of zero logarithmic capacity) which are so thin that the
energy I(μ) is infinite, no matter what the probability measure μ is on E; for
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those we do not define the equilibrium measure. But if E is such that I(μ) is
finite for some probability measure μ on E, then there is a unique minimizer
for I(μ) among all such probability measures. This minimizer is called the
equilibrium measure (with respect to logarithmic potential) of E, and we de-
note it by ωE . For example, the equilibrium measure of a disk or circle is the
normalized arc measure on the circumference, while the equilibrium measure
of a segment [a, b] is

dω[a,b](x) =
1

π
8

(x − a)(b − x)
dx.

That the equilibrium measure of a disk is supported on its circumference is
no accident: the equilibrium measure of E is always supported on the outer
boundary of E.

Associated to a measure μ on a set E is its logarithmic potential :

Uμ(x) =
#

log
1

|x − t| dμ(t),

which is superharmonic on C with values in (−∞, +∞].
From the physical viewpoint, this is simply the electrostatic potential cor-

responding to the distribution of charge μ. Perhaps the nicest characterization
of ωE among all probability measures on E is that UωE (x) is equal to some
constant M on E, except possibly on a polar subset of E where it may be
less than M . Of necessity then, we have that M = I(ωE) because measures
of finite energy like ωE do not charge polar sets. Points at which UωE is di-
scontinuous are called irregular (of necessity they lie on the outer boundary
of E), and E itself is said to be regular if it has no irregular points. All nice
compact sets are regular, in particular all whose boundary has no connected
component that reduces to a point. The regularity of E is equivalent to the
regularity of the Dirichlet problem in the unbounded component V of C \ E,
meaning that for any continuous function f on the outer boundary ∂eE of E,
there is a harmonic function in V which is continuous on V = V ∪ ∂eE and
coincides with f on ∂eE.

The number exp{−IωE
} is called the logarithmic capacity of E; conventio-

nally, polar sets have capacity zero. A property that holds in the complement
of a polar set is said to hold quasi-everywhere.

We now turn to Green potentials: when E ⊂ U where U is a domain
(i.e. a connected open set) whose boundary is non-polar, one can introduce
similar concepts upon replacing the logarithmic kernel log 1/|x − t| by the
Green function of U with pole at t. This gives rise to the notions of Green
equilibrium measure, Green potential, and Green capacity. We use them only
when U is the unit disk, in which case the Green function with pole at a is

g(z, a) = log
>>>>1 − az

z − a

>>>> .
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To each probability measure σ with support in E, we associate the Green
energy:

IG(σ) =
# #

g(z, a)dσ(z)dσ(a).

If E is non polar, then among all probability measures supported on E there
is one and only one measure ΩE minimizing the Green energy, which is called
the Green equilibrium measure of E associated with the unit disk. It is the
only probability measure on E whose Green potential

GΩE (z) =
#

g(z, a) dΩE(a)

is equal to a constant M quasi-everywhere on E and less or equal to that
constant everywhere (see e.g. [43]). Of necessity M = IG(ΩE), and the num-
ber 1/M is called the Green capacity of E (note the discrepancy with the
logarithmic case: we do not take exponentials here). It is also referred to as
the capacity of the condenser (T, E).

To explain this last piece of terminology, let us mention that from the
point of view of electrostatics, the Green equilibrium distribution of E is the
distribution of charges at the equilibrium if one puts a positive unit charge
on E (the first plate of the condenser) and a negative unit charge on T (the
second plate of the condenser).

With these definitions in mind, we are ready to go deeper analyzing our
rational approximation problem. When ϕ is analytic outside some compact
K ⊂ D, it is shown in [52] that, if en is the optimal error in uniform approxi-
mation to ϕ from Rn,n on C \ D, then

lim sup e1/n
n ≤ e−1/(C) (22)

where C is the capacity of the condenser (K, T).
Equation (22) shows that the decay of the singular values is geometric

when ϕ is analytic outside D and across T, and allows for an appraisal of (21)
in this case although this appraisal is pessimistic in that, as was proved in
[37], one actually has:

lim inf e1/m
m ≤ e−1/(2C).

For functions defined by Cauchy integrals over so-called symmetric arcs, this
lim inf is a true limit [24]. Moreover, in the particular case of functions analytic
except for two branchpoints in the disk, the probability measure having equal
mass at each pole of gn converges weak-* (in the dual of continuous functions
with compact support on C) to the equilibrium distribution on the cut K that
minimizes the capacity of (K, T) among all cuts joining the branch points
[12, 31], a hyperbolic analog to Stahl’s theorem on Padé approximants [46].
Generalizing these results would bring us into current research.
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Let us conclude with a few words concerning H̄2 rational approximation
of type (n, n). We saw in subsection 3.1 and 3.2 the relevance of this problem
in identification, but still it is basically unsolved. For a comparison, observe
from the Courant minimax principle that the error in AAK approximation to
ϕ is

sn(Γϕ) = inf
V ∈Vn

sup
v∈V

�v�2=1

 Γϕ(v),  

where Vn denotes the collection of subspaces of codimension at least n, by
whereas it is easy to show that the error in H̄2 rational approximation is

En(ϕ) = min
b∈Bn

 Γϕ(b) 

where Bn denotes the set of Blaschke products of degree at most n. The non-
linear character of Bn makes for a much more difficult problem, and practical
algorithms have to rely on numerical searches with the usual burden of local
minima. Space prevents us from describing in details what is known on this
problem, and we refer the reader to [4] for a survey. Let us simply mention
that in the special case of Markov functions, namely Cauchy transforms of po-
sitive measures on a segment that also correspond to the transfer functions of
so-called relaxation systems [53, 16], a lot is known including sharp error rates
[10, 13] asymptotic uniqueness of a critical point for Szegö-smooth measures
[14] and uniqueness for all orders and small support [15]. For certain entire
functions like the exponential, sharp error rates and asymptotic uniqueness
of a critical point have also been derived [11], but for most classes of func-
tions the situation is unclear. Results obtained so far concern functions for
which the decay of the error is comparable to the one in AAK approximation
and fairly regular. Finally we point out that, despite the lack of a general
theory, rather efficient algorithms are available to generate local minima e.g.
[21, 25, 35].
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par rapport à des mesures complexes ayant un argument à variation bornée.
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Abstract

Perturbation theory is introduced by means of models borrowed from Cele-
stial Mechanics, namely the two–body and three–body problems. Such models
allow one to introduce in a simple way the concepts of integrable and nearly–
integrable systems, which can be conveniently investigated using Hamiltonian
formalism. After discussing the problem of the convergence of perturbative se-
ries expansions, we introduce the basic notions of KAM theory, which allows
(under quite general assumptions) to state the persistence of invariant tori.
The value at which such surfaces break–down can be determined by means of
numerical algorithms. Among the others, we review three methods to which
we refer as Greene, Padé and Lyapunov. We present some concrete applica-
tions to discrete models of the three different techniques, in order to provide
complementary information about the break–down of invariant tori.

1 Introduction

The dynamics of the planets and satellites is ruled by Newton’s law, according
to which the gravitational force is proportional to the product of the masses
of the interacting bodies and it is inversely proportional to the square of their
distance. The description of the trajectories spanned by the celestial bodies
starts with the simplest model in which one considers only the attraction exer-
ted by the Sun, neglecting all contributions due to other planets or satellites.
Such model is known as the two–body problem and it is fully described by
Kepler’s laws, according to which the motion is represented by a conic. Con-
sider, for example, the trajectory of an asteroid moving on an elliptic orbit
around the Sun. In the two–body approximation the semimajor axis and the
eccentricity of the ellipse are fixed in time. However, such example represents
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only the first approximation of the asteroid’s motion, which is actually subject
also to the attraction of the other planets and satellites of the solar system.
The most important contribution comes from the gravitational influence of
Jupiter, which is the largest planet of the solar system, its mass being equal
to 10−3 times the mass of the Sun. Therefore, next step is to consider the
three–body problem formed by the Sun, the asteroid and Jupiter. A complete
mathematical solution of such problem was hunted for since the last three cen-
turies. A conclusive answer was given by H. Poincaré [18], who proved that
the three–body problem does not admit a mathematical solution, in the sense
that it is not possible to find explicit formulae which describe the motion of
the asteroid under the simultaneous attraction of the Sun and Jupiter. For
this reason, the three–body problem belongs to the class of non–integrable
systems. However, since the mass of Jupiter is much smaller than the mass
of the Sun, the trajectory of the asteroid will be in general weakly perturbed
with respect to the Keplerian solution. In this sense, one can speak of the
three–body problem as a nearly–integrable system (see section 3).

Let us consider a trajectory of the three–body problem with preassigned
initial conditions. Though an explicit solution of such motion cannot be found,
one can look for an approximate solution of the equations of motion by means
of mathematical techniques [2] known as perturbation theory (see section 4),
which can be conveniently introduced in terms of the Hamiltonian formalism
reviewed in section 2. More precisely, one can construct a transformation of
coordinates such that the system expressed in the new variables provides a
better approximation of the true solution. The coordinate’s transformations
are builded up by constructing suitable series expansions, usually referred to1

as Poincaré–Lindstedt series (see [2]), and a basic question (obviously) con-
cerns their domain of convergence. In the context of perturbation theory, a
definite breakthrough is provided by Kolmogorov’s theorem, later extended
by Arnold and Moser, henceforth known as KAM theory by the acronym of
the authors [15], [1], [17]. Let ε denote the perturbing parameter, such that
for ε = 0 one recovers the integrable case (in the three–body problem the per-
turbing parameter is readily seen to represent the Jupiter–Sun mass–ratio).
The novelty of KAM theory relies in fixing the frequency, rather than the in-
itial conditions, and in using a quadratically convergent procedure of solution
(rather than a linear one, like in classical perturbation theory). The basic as-
sumption consists in assuming a strongly irrational (or diophantine) condition
on the frequency ω. In conclusion, having fixed a diophantine frequency ω for
the unperturbed system (ε = 0), KAM theory provides an explicit algorithm
to prove the persistence, for a sufficiently small ε 3= 0, of an invariant torus
on which a quasi–periodic motion with frequency ω takes place; moreover,
Kolmogorov’s theory proves that the set of such invariant tori has positive
measure in the phase space.
1 Quoting [2] the Lindstedt technique “is one of the earliest methods for eliminating

fast phases. We owe its contemporary form to Poincaré”.



Perturbative series expansions 235

KAM theorem provides a lower bound on the break–down threshold of
the invariant torus with frequency ω, say ε = εc(ω). Nowadays there are
several numerical techniques which allow to evaluate, with accurate precision,
the transition value εc(ω). One of the most widely accepted methods was
developed by Greene [13] and it is based on the conjecture that the break–
down of the invariant torus with rotation number ω is related to the transition
from stability to instability of the periodic orbits with frequency equal to the
rational approximants to ω. We remark that such conjecture was partially
justified in [10], [16].

Being the invariant torus described in terms of the Poincaré–Lindstedt
series expansions, it is definitely important to analyze the domain of con-
vergence of such series in the complex parameter plane; we denote by Kc(ω)
the corresponding radius of convergence. Numerical experiments suggest that
Greene’s threshold coincides with the intersection of such domain with the po-
sitive real axis. Whenever the domain of convergence deviates from a circle,
the two thresholds εc(ω) and Kc(ω) may be markedly different. The domain of
analyticity can be obtained by implementing Padé’s method [3], which allows
to approximate the perturbative series by the ratio of two polynomials. The
zeros of the denominators provide the poles, which contribute to the determi-
nation of the analyticity domain. In order to evaluate the radius of convergence
one can apply an alternative technique developed in [5], to which we refer as
Lyapunov’s method, based on the computation of a quantity related to the
numerical definition of Lyapunov’s exponents.

Concrete applications of Greene’s, Padé’s and Lyapunov’s techniques are
presented in sections 5 and 6 for a discrete model, known as the standard map.
We consider also variants of such mapping (adding suitable Fourier compo-
nents) and we analyze the behavior of invariant curves with three different
frequencies. Notice that the results (Tables and Figures) provided in sections
5 and 6 are taken from [5].

2 Hamiltonian formalism

Consider a smooth function H := H(y, x) with (y, x) ∈ M := Rn × Rn,
n = 1, 2, 3, . . . and the following systems of O.D.E.’s:

ẏ(t) = −Hx(y(t), x(t)),
ẋ(t) = Hy(y(t), x(t))

(1)

(here and in the following Hx(y, x) ≡ ∂H
∂x (y, x), Hy(y, x) ≡ ∂H

∂y (y, x)). Define

Φt
H(y0, x0) := (y(t), x(t))

as the solution at time t with initial data y(0) := y0 and x(0) := x0. We
remark that the value of H along the solution of (1) is constant, i.e.
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H(y(t), x(t)) ≡ H(y0, x0) =: E (2)

for a suitable E ∈ R. The function H is called Hamiltonian, M is the phase
space, (1) are Hamilton’s equations associated to H, Φt

H is the Hamiltonian
flow of H at time t starting from (y0, x0) and (2) expresses the preservation
of the energy.

An elementary example of the derivation of the Hamiltonian function asso-
ciated to a mechanical model is provided by a pendulum. Consider a point of
mass m, which keeps constant distance d from the origin of a reference frame.
Suppose that the system is embedded in a weak gravity field of strength ε.
Normalizing the units of measure so that m = 1 and d = 1, the Hamiltonian
describing the motion is given by

H(r, θ) =
1
2
r2 + ε cos θ, (3)

where θ ∈ T ≡ R/(2πZ) is the angle described by the particle with the vertical
axis and r ∈ R is the velocity, i.e. r = θ̇. Being one–dimensional, the system
can be easily integrated by quadratures.

Another classical example of a physical model which can be conveniently
studied through Hamiltonian formalism, is provided by the harmonic oscilla-
tor. The equation governing the small oscillations (described by the coordinate
x ∈ R) of a body attached to the end of an elastic spring is given by Hooke’s
law, which can be expressed as

ẍ = −ν2x,

for a suitable ν > 0 representing the strength of the spring. The corresponding
Hamiltonian is given by

H(y, x) =
1
2
y2 +

1
2
ν2x2,

whose associated Hamilton’s equations are

ẏ = −ν2x, ẋ = y. (4)

Equations (4) can be trivially solved as

y(t) = −αν sin(νt + β),
x(t) = α cos(νt + β),

(5)

for suitable constants α, β related to the initial conditions x(0), y(0). It is rat-
her instructive to use this example in order to introduce suitable coordinates,
known as action–angle variables, which will play a key role in the context of
perturbation theory. Indeed, we proceed to construct a change of coordinates
Ψ(I, ϕ) = (y, x), defined through the relation
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Φt
H◦Ψ = Φt

H ◦ Ψ. (6)

For (y, x) 3= (0, 0), we can define the change of variables

y =
√

2νI cos ϕ,

x =
8

2I/ν sin ϕ,
(7)

where I > 0 and ϕ ∈ T := R/(2πZ). Notice that the coordinate I has the
dimension of an action2, while ϕ is an angle. A trivial computation shows that
the previous change of coordinates satisfies (6). Moreover, we remark that the
new Hamiltonian

K := K(I) := H ◦ Ψ(I, ϕ) = νI

does not depend on ϕ. Denoting by ω := ∇K(I) ≡ ∂K(I)
∂I , equations (1)

become

İ = 0, ϕ̇ = ν, (8)

whose solution is given by

I(t) ≡ I0

ϕ(t) ≡ νt + ϕ0.
(9)

Notice that inserting (9) in (7), one recovers the solution (5). In view of this
example, we are led to the following

Definition: A change of coordinates Ψ verifying (6) is said to be canonical.
The coordinates (I, ϕ) ∈ M (where the phase space is M := Rn × Tn with
Tn := Rn/(2πZ)n) are called action–angle variables.

Notice that if the Hamiltonian H is expressed in terms of action–angle
variables, namely H = H(I, ϕ), then equations (1) become

İ(t) = −Hϕ(I(t), ϕ(t)), ϕ̇(t) = HI(I(t), ϕ(t)). (10)

3 Integrable and nearly–integrable systems

Let us consider a Hamiltonian function expressed in action–angle variables,
namely H = H(I, ϕ), where (I, ϕ) ∈ M := Rn × Tn. A system described by a
Hamiltonian H, which does not depend on the angles, namely

H(I, ϕ) = h(I)
2 Namely energy×time.
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for a suitable function h, is said to be (completely) integrable. For these sy-
stems, Hamilton’s equations can be written as İ = 0, ϕ̇ = ∇h(I). Correspon-
dingly, we introduce the invariant tori3

Tω0 := {(I, ϕ) | I ≡ I0, ϕ ∈ Tn},

run by the linear flow ϕ(t) = ω0t + ϕ0, with ω0 := ∇h(I0) ∈ Rn. If the
frequency ω0 is rationally independent (i.e., ω0 · k 3= 0 for all k ∈ Zn \ {0}),
the torus Tω0 is called non–resonant and it is densely filled by the flow t →
ω0t+ϕ0. In this case, the flow is said to be quasi–periodic. If the frequency ω0 is
rationally dependent, the torus is called resonant (and it is foliated by lower
dimensional invariant tori). We remark that this case is highly degenerate,
since the probability to have a rationally dependent frequency is zero.

In the previous statements we have fully classified all motions associated
to integrable Hamiltonian systems. A more difficult task concerns the study
of systems which are close to integrable ones. More precisely, consider a weak
perturbation of an integrable Hamiltonian h(I): denoting by ε ∈ R the size of
the perturbation, we can write a perturbed system as

H(I, ϕ; ε) := h(I) + εf(I, ϕ; ε), (11)

where (I, ϕ) ∈ M := Rn × Tn, f is a smooth function and the real parameter
ε is small, i.e. 0 < ε < 1. The equations of motion (10) become

İ(t) = −ε
∂f

∂ϕ
(I(t), ϕ(t); ε),

ϕ̇(t) = ∇h(I(t)) + ε
∂f

∂I
(I(t), ϕ(t); ε).

(12)

Mechanical systems described by Hamiltonian functions of the form (11) are
called nearly–integrable, since for ε = 0 equations (12) can be trivially inte-
grated (compare with (8), (9)).

In order to provide explicit examples of integrable and nearly–integrable
Hamiltonian systems, we recall in the following subsections the celebrated
two–body and three–body problems.

3.1 The two–body problem

Consider the motion of an asteroid A orbiting around the Sun S, which is
assumed to coincide with the origin of a fixed reference frame. Suppose to
neglect the gravitational interaction of the asteroid with the other objects of
the solar system. The two–body asteroid–Sun motion is described by Kepler’s
laws, which ensure that for negative energy the orbit of the asteroid around the
3 Namely Φt

H(Tω0) ⊆ Tω0 .
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Sun is an ellipse with the Sun located at one of the two foci. The Hamiltonian
formulation of the two–body problem is described as follows. Choose the units
of length, mass and time so that the gravitational constant and the mass of the
Sun are normalized to one. In order to investigate the asteroid–Sun problem, it
is convenient to introduce suitable coordinates, known as Delaunay variables:

(I1, I2) ≡ (L, G) ∈ R2, (ϕ1, ϕ2) ≡ (l, g) ∈ T2,

whose definition is the following. Denoting by a and e, respectively, the semi-
major axis and eccentricity of the orbit of the asteroid, the Delaunay actions
are:

L :=
√

a, G :=
8

a(1 − e2). (13)

The conjugated angle variables are defined as follows: l is the mean anomaly,
which provides the position of the asteroid along its orbit and g is the longi-
tude of perihelion, namely the angle between the perihelion line and a fixed
reference direction (see [20]).

The Hamiltonian function in Delaunay variables can be written as

H(L, G, l, g) := h(L) := − 1
2L2 , (14)

which shows that the system is integrable, since H = h(L) depends only on
the actions. From the equations of motion L̇ = 0, Ġ = 0, we immediately
recognize that L and G are constants, L = L0, G = G0, which in view of (13)
is equivalent to say that the orbital elements (semimajor axis and eccentricity)
do not vary along the motion. Being also g constant (ġ = 0), we obtain that
the orbit is a fixed ellipse with one of the foci coinciding with the Sun. Finally,
the mean anomaly is obtained from l̇ = ∂H(L)

∂L := ω(L) as l(t) = ω(L0)t+ l(0).
Let us remark that the Hamiltonian (14) does not depend on all the actions,
being independent on G: such kind of systems are called degenerate and often
arise in Celestial Mechanics.

3.2 The three–body problem

The two–body problem describes only a rough approximation of the motion
of the asteroid around the Sun; indeed, the most important contribution we
neglected while considering Kepler’s model comes from the gravitational influ-
ence of Jupiter. We are thus led to consider the motion of the three bodies: the
Sun (S), Jupiter (J) and a minor body of the asteroidal belt (A). We restrict
our attention to the special case of the planar, circular, restricted three–body
problem. More precisely, we assume that the Sun and Jupiter revolve around
their common center of mass, describing circular orbits (circular case). Choose
the units of length, mass and time so that that the gravitational constant, the
orbital angular velocity and the sum of the masses of the primaries (Sun and
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Jupiter) are identically equal to one. Consider the motion of an asteroid A mo-
ving in the same orbital plane of the primaries (planar case). Assume that the
mass of A is negligible with respect to the masses of S and J ; this hypotheses
implies that the motion of the primaries is not affected by the gravitational
attraction of the asteroid (restricted case). Finally, let us identify the mass
of J with a suitable small parameter ε. Though being the simplest (non tri-
vial) three–body model, as shown by Poincaré [18] such problem cannot be
explicitly integrated (like the two–body problem through Kepler’s solution).
In order to introduce the Hamiltonian function associated to such problem,
it is convenient to write the equations of motion in a barycentric coordinate
frame (with origin at the center of mass of the Sun–Jupiter system), which
rotates uniformly at the same angular velocity of the primaries. The resulting
system is described by a nearly–integrable Hamiltonian function with two de-
grees of freedom (see [20]) with the perturbing parameter ε representing the
Jupiter–Sun mass–ratio.

We immediately recognize that for ε = 0 (i.e., neglecting Jupiter), the
system reduces to the unperturbed two–body problem. As described in the
previous section, we can identify the Delaunay elements with action–angle
variables; the only difference is that in the rotating reference frame the variable
g represents the longitude of the pericenter, evaluated from the axis coinciding
with the direction of the primaries. If H = h(AS)(L) denotes the Hamiltonian
function associated to the asteroid–Sun problem, it can be shown [20] that
the Hamiltonian describing the three–body problem has the form

H(L, G, l, g; ε) := h(AS)(L) − G + εf(L, G, l, g; ε), (15)

for a suitable analytic function f , which represents the interaction between
the asteroid and Jupiter. The Hamiltonian (15) is a prototype of a nearly–
integrable system, since the integrable two–body problem is recovered as soon
as the perturbing parameter ε is set equal to zero.

The action–angle formalism provides a standard tool to solve explicitly the
equations of motion associated to integrable systems; on the other side, one
could expect that for small perturbations the behavior of nearly–integrable
systems is similar to the integrable ones. By (12) this remark is obviously true
as long as the time is less than 1/ε, though the question remains open for lon-
ger time scales. In order to face this problem, one could naively try to perform
a change of variables, which transforms the nearly–integrable system (11) into
a trivially integrable one (at least for ε small enough). However, a natural que-
stion concerns the existence of a canonical transformation Ψ := (J, ψ) → (I, ϕ)
such that on a given time scale the nearly–integrable Hamiltonian system (11)
is transformed into a new Hamiltonian system, K := H ◦ Ψ , which does not
depend on the new angle coordinates on a given time scale; perturbation
theory will provide a tool to investigate such strategy of approaching nearly–
integrable systems.
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4 Perturbation theory

Perturbation theory flowered during the last two centuries through the works
of Laplace, Leverrier, Delaunay, Poincaré, Tisserand, etc.; it provides con-
structive methods to investigate the behavior of nearly–integrable systems.
The importance of studying the effects of small Hamiltonian perturbations
on an integrable system was pointed out by Poincaré, who referred to it as
the fundamental problem of dynamics. We introduce perturbation theory in
section 4.1 and we present in section 4.2 the celebrated Kolmogorov–Arnold–
Moser theorem.

4.1 Classical perturbation theory

Consider an analytic Hamiltonian of the form

H(I, ϕ; ε) := h(I) + εf(I, ϕ; ε), (16)

where I ∈ BR := {I ∈ Rn, |I| ≤ R}, ϕ ∈ Tn and |ε| ≤ ε̄ for suitable real
constants R > 0, ε̄ > 0. Let us expand f in Taylor series of ε as

f(I, ϕ; ε) =:
:
j≥0

εjf (j)(I, ϕ),

for suitable functions f (j)(I, ϕ), which can be expanded in Fourier series as
f (j)(I, ϕ) =

;
k∈Zn f

(j)
k (I)eik·ϕ. We implement an integrating transformation

Ψ : (J, ψ) /−→ (I, ϕ) ,

defined by the implicit equations

I = J + ε∂ψS(J, ψ; ε), ϕ = ψ + ε∂JS(J, ψ; ε), (17)

where the generating function S can be expanded as a Poincaré–Lindstedt
series of the form

S(J, ψ; ε) =
:
j≥0

εjS(j)(J, ψ; ε)

for suitable analytic functions S(j) to be determined as follows.
By the implicit function theorem it is simple to prove that, for ε small

enough, (17) defines a good diffeomorphism, which is also canonical. We want
to determine recursively S(j) so that the function K := H ◦Ψ does not depend
on ψ:

Ψ(J, ψ) = (J + ε
∂S(0)(J, ψ; ε)

∂ϕ
+ O(ε2), ψ + O(ε)).

To this end, we start by expanding H ◦ Ψ as
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(H ◦ Ψ)(J, ψ) = h(J) + ε
�
∇h(J) · ∂ψS(0)(J, ψ; ε) + f (0)(J, ψ)

�
+ O(ε2).

(18)

We look for S(0) so that the term of order ε does not depend on the angles;
we are thus led to the equation

∇h(J) · ∂ψS(0)(J, ψ; ε) + f (0)(J, ψ) = h(1)(J ; ε), (19)

where h(1)(J ; ε) ≡ f
(0)
0 (J) and

S(0)(J, ϕ) := i
:
k �=0

f
(0)
k (J)

∇h(J) · k
eik·ϕ . (20)

The above expression contains a quantity at the denominator to which we
refer as the small divisor, since it can become arbitrarily small:

∇h(J) · k. (21)

Indeed, the function S(0) can be defined only for values of the actions such that
the small divisors (21) are different from zero, namely only for J belonging to
the set of rational independent frequencies

ℵ := {J ∈ Rn, such that ∇h(J) · k 3= 0, ∀k ∈ Zn \ {0} }.

Since ℵ has empty interior, if we want to define S(0) in an open neighborhood
of a fixed J0 ∈ ℵ, we must truncate the series in (20) up to a suitable order, say
|k| ≤ d0 for a given d0 ∈ Z+. In particular, let us write the Fourier expansion
of f (0) as

f (0)(J, ψ) =
:

|k|≤d0

f
(0)
k (J)eik·ψ +

:
|k|>d0

f
(0)
k (J)eik·ψ ; (22)

choosing a sufficiently large value of the truncation index d0 := d0(ε), we can
make the second sum in (22) of order ε, so that it will finally contribute to
the O(ε2)–term in the development (18). In summary, we have eliminated the
angles in the expression (18) up to O(ε) by using the transformation associated
to S(0), which is defined for J ∈ BB0(J0), for a sufficiently small K0 := K0(ε)
such that no zero–divisors will occur, i.e.

∇h(J) · k 3= 0, ∀0 < |k| ≤ d0(ε), J ∈ BB0(ε)(J0).

In order to eliminate the angle dependence in (18) for the terms of order
ε2, ε3, . . . , εm+1, . . . , we determine S(1), S(2), . . . , S(m), . . . , by solving equa-
tions similar to (19). Again, we need to truncate the series associated to S(m)

at the orders |k| ≤ dm for sufficiently large indexes

dm := dm(ε) −→ ∞ for m → ∞.
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Therefore, S(m) will be defined only for J ∈ BBm
(J0) for sufficiently small

values of the radii, such that

Km := Km(ε) −→ 0 for m → ∞.

As a consequence, we remark that the radii of the domains of definition of the
functions S(0), S(1), . . . , S(m), . . . will drastically shrink to 0 as m increases,
so that we cannot expect that the overall procedure will converge on an open
set.

Finally, iterating infinitely many times the above procedure we can for-
mally write the resulting Hamiltonian function as

K(J ; ε) := H ◦ Ψ(J, ψ; ε) = h(J) + εh∞(J ; ε),

for a suitable function h∞. However, we are immediately faced with the pro-
blem of the convergence of such procedure, namely with the question of the
existence of J0 ∈ ℵ and ε0 > 0, such that K(J0; ε) is well–defined for |ε| ≤ ε0.
In general, as shown by Poincaré, the answer to this question is negative. We
report here an example quoted in [2] of a diverging Poincaré–Lindstedt series.

Consider the Hamiltonian

H(I, ϕ; ε) := ω · I + ε

⎡⎣I1 +
:

k∈N2\{0}
ak sin(k · ϕ)

⎤⎦ , (23)

(I, ϕ) ∈ R2×T2, where ak := exp(−|k|) and ω = (ω1, ω2), ω1 < 0, ω2 > 0 with
ω1/ω2 ∈ R\Q. For ε = 0 the phase space is foliated by non–resonant invariant
tori, wrapped by the quasi–periodic flow t → ωt + ϕ0. In this example, it is
very simple to evaluate the Poincaré–Lindstedt series at any order, though it
is not necessary for our purposes. Indeed, we just notice that if the Poincaré–
Lindstedt series converges, we can define the canonical transformation Ψε :
(J, ψ) → (I, ϕ), which integrates the system, i.e. H ◦ Ψε(J, ψ) =: K(J ; ε).
Therefore, from (6) the values of I1 and I2 remain bounded in time, since J
is a constant vector. On the other hand, we can readily integrate (23) and in
particular we have ϕ1(t) = (ω1 + ε)t + ϕ1(0) and ϕ2(t) = ω2t + ϕ2(0), so that
the solution for I1 (with initial condition ϕ(0) = 0) is given by

I1(t) = I1(0) − ε
:

k∈N/{0}
ak k1

# t

0
cos

')
(ω1 + ε)k1 + ω2k2

0
t
.

dt, (24)

which can be solved by quadratures. Moreover, whenever

ω1 + ε

ω2
=

p

q
for some p ∈ Z, q ∈ N,

the sum in (24) over all the terms with (k1, k2) 3= (−q, p) gives a uniformly
bounded contribution (for any t ∈ R), while the term with (k1, k2) = (−q, p)
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gives a contribution which goes to ±∞ when t → ±∞, since we identically
have

(ω1 + ε)k1 + ω2k2 = 0.

This computation allows to conclude that the Poincaré–Lindstedt series di-
verges.

As a final remark, we note that if the Poincaré–Lindstedt series converges
for some J0 ∈ ℵ and |ε| ≤ ε0, then for any |ε| ≤ ε0 the perturbed system
admits the invariant torus

Tω0 :=
�

Ψ(J0, ψ; ε), ψ ∈ Tn
�

with frequency ω0 := ∇h(J0) + ε∇h(1)(J0; ε) + .... In general, the rational
dependence of the vector ω0 will vary according to the values of ε. Therefore
the torus Tω0 will be non–resonant or resonant according to the values of ε. As
we have seen before, a resonant torus is foliated into lower dimensional tori;
actually, this situation is highly degenerate and it determines the intrinsic
reason for the divergence of the Poincaré–Lindstedt series.

4.2 KAM theory

The Kolmogorov–Arnold–Moser (KAM) theory provides a constructive
method to investigate nearly–integrable Hamiltonian systems [15], [1], [17]. In
analogy to the Poincaré–Lindstedt theory, the basic idea relies on the elimina-
tion of the angle variables through suitable changes of coordinates, with the
further requirement that the sequence of transformations will be quadratically
convergent. Ignoring the size of the contribution of the small divisors, after
performing the m–th change of coordinates the part of the remainder which
depends on the angle variables will be of order ε2m

. The superconvergent esti-
mate of the remainder terms counteracts the influence of the small divisors
ensuring the convergence of the KAM procedure on a suitable nonresonant set.
Indeed, the second ingredient of KAM theory is to focus on a given strongly
rationally independent frequency, rather than on a given action.

To be more precise, consider an analytic Hamiltonian of the form (16). Fix
a rationally independent frequency vector ω0, such that ω0 := ∇h(J0) for a
suitable J0 ∈ Rn. We perform a canonical change of variables Ψ1, implicitly
defined as in (17) with S = S(0), where S(0) can be determined as in section
4.1. Due to the strong rational independence of ω0, for J ≈ J0 the following
estimate on the small divisors holds

|∇h(J) · k| ≈ |ω0 · k| ( 0. (25)

The transformed Hamiltonian becomes
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K1 := H ◦ Ψ1 = h(J) + εh(1)(J ; ε) + ε2R2(J, ψ; ε)

for a suitable remainder function R2.
Next step is substantially different from the corresponding case of sec-

tion 4.1; let h∗(J ; ε) := h(J) + εh(1)(J ; ε) be the integrable part and let
ε2R2(J, ψ; ε) be the perturbation. The crucial advantage is that after one
transformation the new perturbative parameter is δ := ε2 with Hamiltonian
K2 = h∗ + δR2. Then we introduce a second canonical change of variables
Ψ2, defined in a neighborhood of a suitable J1(ε) which is chosen to satisfy
∇h∗(J1(ε); ε) = ω0; this relation will ensure a good estimate on the small divi-
sors as in (25). For ε small enough, we can find J1(ε) by the implicit function
theorem, if we assume that

det h��(J0) 3= 0. (26)

It is easy to see that after the last change of variables the new remainder term
will be of order δ2 = ε22

.

Iterating this procedure, at the m–step the angle–depending remainder will
be of order ε2m

. Finally, applying infinitely many times the KAM scheme, we
end up with an integrable Hamiltonian of the form

K(J ; ε) := H ◦ Ψ1 ◦ Ψ2 ◦ . . . =: H ◦ Ψ∞(J , φ; ε), (27)

which is defined for J = J∞(ε) and it satisfies

∇K(J∞(ε); ε) = ω0.

We have thus proved the existence of the invariant torus

Tω0 :=
�

Ψ∞(J∞(ε), φ; ε), φ ∈ Tn
�

,

provided that the overall procedure converges on a non trivial domain. Ac-
tually such domain results to be a Cantor set; the equality (27) holds precisely
on such set and can be differentiated infinitely many times on it, see [19], [7].

Remark 1. Before stating the KAM theorem, let us summarize the main dif-
ferences between Poincaré–Lindstedt series and KAM procedures.

In the first case:

(1) after the m–th coordinate’s transformation the remainder term (depending
upon angles) is of order εm+1,

(2) the initial datum J0 is kept fixed, while the final frequency ∇h(J0; ε) (re-
spectively the invariant surface T∇h(J0;ε)) varies with ε, eventually beco-
ming rationally dependent (respectively, a resonant torus).

Concerning the KAM procedure we recall that:
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(1) after the m–th coordinate’s transformation the remainder term (depen-
ding upon angles) is of order ε2m

(ignoring the contribution of the small
divisors4),

(2) the frequency vector ω0 is fixed and it is supposed to be strongly rational
independent, so that the corresponding torus Tω0 is strongly non resonant.

We now proceed to state the KAM theorem as follows. Consider a Ha-
miltonian system as in (11). As we discussed previously, for ε = 0 the phase
space of the unperturbed (integrable) system h is foliated by n–dimensional
invariant tori labeled by I = I0. Such tori are resonant or nonresonant accor-
ding to the fact that the frequency ω0 := ∇h(I0) is rationally dependent or
not. KAM theorem describes the fate of nonresonant tori under perturbation.
We recall that the three assumptions necessary to prove the theorem are the
following: the smallness of ε, the strong rational independence of ω0 and the
nondegeneracy of the unperturbed Hamiltonian h as given in (26).

Theorem 1 (KAM Theorem). If the unperturbed system is nondegenerate,
then, for a sufficiently small perturbation, most nonresonant invariant tori
do not break–down, though being deformed and displaced with respect to the
integrable situation. Therefore, in the phase space of the perturbed system
there exist invariant tori densely filled with quasi–periodic phase trajectories
winding around them. These invariant tori form a majority, in the sense that
the measure of the complement of their union is small when the perturbation
is small.

The proof of the KAM theorem is based on the superconvergent procedure
described above. We remark that the strong rational independence of ω0 (see
(25)) plays a central role. In particular, the KAM scheme works if ω0 satisfies
the so–called Γ–τ Diophantine condition

|ω0 · k| ≥ Γ

|k|τ , ∀ k ∈ Zn \ {0}, (28)

for a suitable Γ = Γ (ε) > 0 and τ > n − 1.
More precisely, it results that all tori having Γ–τ Diophantine frequency

vector with

Γ > const. × √
ε

are preserved under the perturbation.
We remark that the KAM result is global, in the sense that for all ε ≤ ε0

(ε0 fixed) and for all Γ–τ Diophantine frequency vectors ω0 satisfying (28), the
Hamiltonian system (11) admits an invariant perturbed torus with frequency
vector ω0. We refer to [9], [11], [6], [12] for different methods to construct
4 Taking into account the contribution of the small divisors, one can nevertheless

obtain a superexponential decay even if it is not strictly necessary for the conver-
gence of the KAM scheme.
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invariant tori through a classical proof of the convergence of the perturbative
series involved.

It is worth stressing that KAM theorem can be also stated as follows.
Consider an unperturbed (ε = 0) surface with a fixed diophantine frequency
ω0 and look at its fate when the perturbation is switched on (ε > 0). Then, for
ε small enough, the torus persists, being deformed and displaced with respect
to the integrable limit, until the perturbing parameter ε reaches a threshold
εc := εc(ω0) at which the surface is destroyed (i.e., it looses regularity). For
low–dimensional systems, KAM theory allows to prove a strong stability result
concerning the confinement of the action variables in phase space.

Theorem 2. In a non–degenerate system with two degrees of freedom, for
ε ≤ ε0 (for a suitable sufficiently small ε0 > 0) and for all initial conditions,
the values of the actions remain forever near their initial values.

The above statement is based on the following remark. For a two degrees of
freedom Hamiltonian system, the phase space is four–dimensional, the energy
level sets (on which the motion takes place) are three–dimensional, while the
KAM tori are two–dimensional, filling a large part of each energy level. Any
orbit starting in the region between two invariant tori remains forever trapped
in it.

As an immediate corollary of the previous theorem, the stability of the
actions in the planar, circular, restricted three–body problem follows. Using
the original versions of Arnold’s theorem, M. Hénon [14] proved the existence
of invariant tori provided that the perturbing parameter is less than 10−333;
this value can be improved by implementing Moser’s theorem, which yields
an estimate of the order of 10−50. We recall that the perturbing parameter
represents the ratio of the masses of Jupiter and the Sun; its astronomical
value amounts to about 10−3.

Accurate analytical estimates based on a computer–assisted implemen-
tation allow to drastically improve such results by showing the existence of
invariant tori on a preassigned energy level for parameter values less or equal
than 10−3, in agreement with the physical measurements (see [4] for further
details).

5 A discrete model: the standard map

In the previous sections we focused our attention on continuous systems; now
we want to introduce discrete systems, which can be viewed as surfaces of
section of Hamiltonian flows. Such models are definitely simpler than conti-
nuous systems, since their evolution can be known without introducing any
numerical error due to integration algorithms, though roundoff errors cannot
be avoided. Let us start by considering the familiar pendulum model described
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by equation (3). In order to compute numerically the trajectory associated to
Hamilton’s equations for (3), i.e.

ṙ = ε sin θ

θ̇ = r,
(29)

we can use a leap-frog method, such that if T is the time–step and (rn, θn)
denotes the solution at time nT , then (29) can be integrated as

rn+1 = rn + Tε sin θn

θn+1 = θn + Trn+1.

Normalizing the time–step to one, we are reduced to the study of the so–called
standard map introduced by Chirikov in [8]:

rn+1 = rn + ε sin θn

θn+1 = θn + rn+1,
(30)

with rn ∈ R and θn ∈ T ≡ R/(2πZ). We will also consider the generali-
zed standard map, which is obtained replacing the sine term in (30) by any
periodic, continuous function f(θ):

rn+1 = rn + εf(θn)
θn+1 = θn + rn+1 = θn + rn + εf(θn),

(31)

where rn ∈ R and θn ∈ T ≡ R/(2πZ). We notice that the Jacobian associated
to (31) is identically one, being the map area–preserving. We remark also that
for ε = 0 the mapping reduces to a simple rotation, i.e.

rn+1 = rn = r0

θn+1 = θn + r0.

We refer to ω ≡ r0 as the frequency or rotation number of the unperturbed
mapping, which is generally defined as

ω ≡ lim
n→∞

θn

n
.

In the unperturbed case the motion takes always place on an invariant circle.
If ω ∈ Q, the trajectory described by the iteration of the mapping with in-
itial data (r0, θ0) is a periodic orbit; if ω ∈ R\Q, the motion fills densely an
invariant curve with frequency ω, say C0,ω. When ε 3= 0 the system beco-
mes non–integrable and we proceed to describe the conclusions which can be
drawn by applying perturbation theory. As we described in the previous sec-
tions, KAM theorem [15], [1], [17] ensures that if ε is sufficiently small, there
still exists for the perturbed system an invariant curve Cε,ω with frequency ω.
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The KAM theorem can be applied provided that the frequency ω satisfies a
strong irrationality assumption, namely the diophantine condition (28), which
can now be rephrased as

| ω

2π
− p

q
| ≥ 1

Cq2 , ∀p, q ∈ Z \ {0},

for some positive constant C. As the perturbing parameter is increased, the
invariant curve becomes more and more distorted and displaced, until one
reaches a critical value at which Cε,ω breaks–down. Let us define the critical
break–down threshold εc(ω) as the supremum of the positive values of ε, such
that there still exists an invariant curve with rotation number ω.

We provide a mathematical definition of Cε,ω as the invariant curve descri-
bed by the parametric equations

rn = ω + U(ϕn) − U(ϕn − ω),
θn = ϕn + U(ϕn),

(32)

where ϕn ∈ T and the conjugating function U(ϕn) is 2π–periodic and analytic
in ε; moreover, the parameterization is defined so that the flow is linear, i.e.
ϕn+1 = ϕn + ω.

The function U can be expanded as a Taylor series in ε and a Fourier series
in ϕ (the so–called Poincaré–Lindstedt series) as

U(ϕn) ≡
∞:

j=1

εjUj(ϕn) =
∞:

j=1

εj
:
l∈Z

Ûljeilϕn

for suitable Taylor coefficients Uj and Fourier–Taylor coefficients Ûlj . We de-
fine the radius of convergence of the Poincaré–Lindstedt series as

Kc(ω) = inf
ϕ∈T

(lim sup
j→∞

|Uj(ϕ)|1/j)−1 .

We intend to study the relation between the two quantities εc(ω) and
Kc(ω) in the complex parameter space (i.e., taking ε ∈ C). In particular, we
want to investigate the shape of the domain of convergence of the Poincaré–
Lindstedt series and the location of the complex singularities. This task will be
performed by looking at the behavior of the periodic orbits, which approach
more closely the invariant curve with frequency ω. We stress that if the domain
of analyticity is not a circle, then the analyticity radius and the critical break–
down threshold might be very different.

The tools adopted to investigate the shape of the analyticity domains are
based on different methods: Greene’s technique [13], the computation of Padé
approximants and a recent method developed in [5].
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5.1 Link between periodic orbits and invariant curves

In order to familiarize with the concepts of periodic orbits and invariant cur-
ves, let us consider a specific example provided by the mapping (30) and by the
invariant curve with frequency proportional to the golden ratio: ω = 2π

√
5−1
2 .

As it is well known, the golden ratio is approximated by the sequence of
Fibonacci’s numbers {Fk/Fk+1} ∈ Q, defined as

Fk+1 = Fk + Fk−1 (k ≥ 1) with F0 = 0, F1 = 1.

Figure 1 shows in the (θ, r)–plane (with θ normalized by a factor 2π), how the
different periodic orbits with frequency 2πFk/Fk+1 approach the golden–mean
invariant curve.

0 0.2 0.4 0.6 0.8 1

0.5

0.6

0.7

0.8

0.9

1
1/ 1

1/ 2

2/ 3

3/ 5

Fig. 1. The invariant curve with rotation number ω = 2π
√

5−1
2 and its approxima-

ting periodic orbits with frequencies (proportional by a factor 2π) 1, 1/2, 2/3, 3/5
for the mapping (30) in the (θ, r)–plane.

In order to explore the link between periodic orbits and invariant curves,
it is useful to recall some simple notions of number theory and in particular
about rational approximants.

For any ω ∈ R, let the continued fraction representation of ω be defined
as the sequence of integer numbers aj , such that

ω = a0 +
1

a1 + 1
a2+...

≡ [a0; a1, a2, ...] .

If ω ∈ R\Q, then the sequence of the {aj}’s is infinite; if ω ∈ Q, the sequence
is finite: {aj} = {a1, ..., aN}. For example, in the case of the golden ratio, one
has:
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√

5 − 1
2

= [0; 1, 1, 1, 1...] ≡ [0; 1∞] .

Those numbers whose continued fraction expansion is eventually 1, i.e.

α = [a0; a1, ..., aN , 1, 1, 1, 1....]

for some integer N , are called noble numbers. Let {pj/qj} be the sequence of
rational approximants to ω, whose terms are computed as the truncations of
the continued fraction expansion, i.e.

p0

q0
= a0

p1

q1
= a0 +

1
a1

p2

q2
= a0 +

1
a1 + 1

a2

...

The rational numbers {pj/qj} are the best rational approximants to the irra-
tional number α.

5.2 Perturbative series expansions

Let us consider the standard map defined in (30); by the relations θn+1−θn =
rn+1 and θn − θn−1 = rn, one obtains that θ must satisfy the equation

θn+1 − 2θn + θn−1 = ε sin θn. (33)

Let us look for a periodic solution with frequency ω = 2πp/q, satisfying the
periodicity conditions

θn+q = θn + 2πp

rn+q = rn.
(34)

In analogy to (32), we parameterize the solution as

θn = ϕn + u(ϕn),

where ϕn ∈ T and u(ϕn) is 2πp–periodic; moreover, the flow is linear with
frequency 2πp/q: ϕn+1 = ϕn + 2πp/q (notice that the conditions (34) are
trivially satisfied). Next, we expand u in Fourier–Taylor series as

u(ϕn) ≡
∞:

j=1

uj(ϕn)εj =
∞:

j=1

εj

min(j,q):
l=1

alj sin(lϕn), (35)
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where the real coefficients alj will be recursively determined by means of (33).
Notice that the reason for which the summation ends at min(j, q) is due

to the fact that one needs to avoid zero divisors, as an explicit computation
shows.

From (33), one finds that u must satisfy the relation

u(ϕn + 2π
p

q
) − 2u(ϕn) + u(ϕn − 2π

p

q
) = ε sin(ϕn + u(ϕn)). (36)

The coefficients alj can be obtained by inserting the series expansion (35) in
(36) and equating same orders of ε. More precisely, defining βl,j such that

sin(ϕn + u(ϕn)) ≡
∞:

j=0

' j+1:
l=1

βl,j+1 sin(lϕn)
.
εj ,

one obtains (see [5]) that the coefficients alj in (35) are given by

alj =
βlj

2[cos(2πlp/q) − 1]
.

At the order εq, one meets a singularity whenever l = q. In order to bypass
this problem, one is forced to select ϕn so that the sine term in (35) is zero,
i.e.

sin(qϕn) = 0 ; (37)

such choice compensates the zero term (for l = q) occurring in

cos(2πq
p

q
) − 1.

Equation (37) provides a value for ϕn as well as for ϕ0, since ϕn = ϕ0+2πnp/q.
Correspondingly, one has two solutions (modulus 2π), given by

ϕ0 =
π

q
and ϕ0 =

2π

q
.

The two solutions are stable or unstable according to the parity of q. In
particular π/q is stable for q odd, unstable for q even, while the opposite
situation occurs for 2π/q. Due to (37) the coefficient aqq is not determined by
the recursive formulae; however, this term does not contribute to the general
solution since sin(qϕ0) = 0.

Remark 2. For an invariant curve with rotation number ω, the conjugating
function must satisfy the equation

U(ϕn + ω) − 2U(ϕn) + U(ϕn − ω) = ε sin(ϕn + U(ϕ)).

Notice that in this case the function U = U(ϕn; ε) depends explicitly on the
parametric coordinate ϕn.
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6 Numerical investigation of the break–down threshold

6.1 Padé approximants

A numerical investigation of the analyticity domains of periodic orbits is per-
formed using the Padé approximants of order [N/N ], i.e. PN (ε), QN (ε), such
that

;∞
j=1 ujε

j ≡ PN (ε)
QN (ε) + O(ε2N+1). The shape of the analyticity domain

will be provided by the zero of the denominators. In particular, having fixed
a value for ϕ0, we consider the series

u(ϕ0) =
∞:

j=1

uj(ϕ0)εj , ε ∈ C. (38)

We compute the Padé approximants of order [200/200], where for consistency
the coefficients uj(ϕ0) must be calculated with a precision of 400 decimal
digits. False poles have been discarded by comparison with the zeros; indeed,
we recognize a pole as spurious whenever its coordinates are close to a pole
within a suitable tolerance parameter.

We study the periodic orbits generated by the best approximants to the
rotation numbers defined as γ = 2π[0; 1∞], ω1 = 2π[0; 3, 12, 1∞], ω2 =
2π[0; 2, 10, 1∞]; the corresponding sequences of rational approximants are

{1
2
,
2
3
,
3
5
,
5
8
,

8
13

,
13
21

,
21
34

,
34
55

,
55
89

,
89
144

, ...} → γ

2π

{1
3
,
12
37

,
13
40

,
25
77

,
38
117

, ...} → ω1

2π

{10
21

,
11
23

,
21
44

,
32
67

,
53
111

,
85
178

, ...} → ω2

2π
.

Figure 2 (see [5]) shows the Padé approximants of the periodic orbits 3/5,
13/21, 34/55, 89/144 (times 2π), associated to the mapping (30); the inner
black region denotes the analyticity domain of the invariant curve with fre-
quency γ. We remark that, as the order q of the periodic orbit grows, the
singularities associated to the periodic orbits approach more and more the
analyticity domain of the golden–mean invariant curve.

Similarly, the Padé approximants corresponding to ω1 and ω2 and to some
of their rational approximants are shown, respectively, in Figures 3a and 3b
(see [5]).

Let u satisfy (36) and let the radius of convergence of the series u(ϕ0) =;∞
j=1 uj(ϕ0)εj be defined as

Kc(
p

q
) =

'
lim sup

j→∞
|uj(ϕ0)|1/j

.−1
,
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Fig. 2. Padé approximants of order [200/200] of the golden mean curve and of the
periodic orbits with frequencies 3/5, 13/21, 34/55, 89/144 (times 2π) for the map
(30) (after [5]).
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Fig. 3. Padé approximants of order [200/200] for the invariant curve with rota-
tion number ω1 (a) and ω2 (b) and for some of their rational approximants in the
framework of the mapping (30) (after [5]).
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while, for ω irrational, we have already defined

Kc(ω) = inf
ϕ∈T

'
lim sup

j→∞
|Uj(ϕ)|1/j

.−1
.

As a byproduct of our numerical analysis, we conjecture that

lim
k→∞

Kc(
pk

qk
) = Kc(ω); ,

where {pk/qk} are the rational approximants to ω.

Remark 3. The evidence that the domains of the approximating periodic or-
bits tend to a limiting domain seems to suggest that the position of the poles
of the invariant curve does not depend on the specific value of the coordinate
ϕ, which must be fixed while computing the Padé approximants.

In order to make our analysis more exhaustive, we investigate also different
standard–map like systems; in particular, we consider the following examples:

f12 : rn+1 = rn + ε(sin θn +
1
20

sin 2θn) (39)

θn+1 = θn + rn+1, (40)

f13 : rn+1 = rn + ε(sin θn +
1
30

sin 3θn) (41)

θn+1 = θn + rn+1 . (42)

Figure 4 (see [5]) provides the singularities of f12 (Figure 4a) and f13 (Figure
4b) for γ = 2π

√
5−1
2 .

6.2 Lyapunov’s method

In order to estimate the radius of convergence of the Poincaré–Lindstedt series
(38), we review the algorithm proposed in [5], to which we refer as the Lya-
punov’s method. This technique consists in applying the following procedure:

1) consider discrete values of the small parameter ε from an initial εin to a
final εfin with a relative increment (1 + h)ε;

2) for any of these ε–values, compute the distance dk between the truncated
series at order k calculated at ε with that at (1+h)ε; more precisely, denoting
by

u(k)(ϕ0; ε) ≡
k:

j=1

uj(ϕ0)εj ,

we define the quantity dk(ε) as
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Fig. 4. Padé approximants of order [200/200] for the golden mean curve and some
rational approximants associated to the mapping f12 (a) and f13 (b), respectively
(after [5])

dk = dk(ε) ≡ |u(k)(ϕ0; (1 + h)ε) − u(k)(ϕ0; ε)| ;

3) for N ∈ Z+ large enough, compute the sum

s1 = s1(ε) ≡ 1
N − 1

N:
k=2

log
dk

d1
;

4) plot s1 versus ε (see Figure 5a). Experimentally one notices that all graphs
show an initial almost constant value of s1 as ε is increased, followed by a
small well, and then by a sharp increase with almost linear behavior;

5) estimate the analyticity radius as follows (compare with Figure 5b): having
fixed the order N (see step 3), at which the series is explicitly computed, and
the increment h (see step 1), we interpolate the points before the well with
a straight line. The critical value, say εL, is determined as the intersection of
such line with the portion of the curve after the minimum is reached.
Figure 5 (see [5]) shows an implementation of such algorithm for the standard
mapping (30) and the frequency ω = 2π34/55; the parameters has been set
as N = 800 and h = 0.001.

6.3 Greene’s method

Let Cε,ω denote the invariant curve with irrational frequency ω. We define the
critical threshold at which Cε,ω breaks down as
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Fig. 5. (a) Plot of s1 versus ε for ω = 2π34/55, N = 800, h = 0.001; (b) zoom of
(a) for 1.01 ≤ ε ≤ 1.016 and computation of εL (after [5]).

εc(ω) = sup{ε� ≥ 0 : for any ε�� < ε�, there exists an analytic
invariant curve Cε��,ω}.

The most widely accepted numerical technique to compute εc(ω) is Greene’s
method [13], which is based on the analysis of the stability of the periodic
orbits approaching Cε,ω. In order to investigate the stability character of a
periodic orbit with frequency 2πp/q (for some p, q ∈ Z), we look at the
eigenvalues of the monodromy matrix

M =
q5

i=1

*
1 + ε cos(θi) 1

ε cos(θi) 1

1
,

where (θ1, ..., θq) are successive points on the periodic orbit associated to the
mapping (30). From the area–preserving property, one has that detM = 1.
Let T be the trace of M , whose eigenvalues are solutions of the equation:
λ2−Tλ+1 = 0. Then, if |T | < 2, the eigenvalues of M are complex conjugates
on the unit circle and the periodic orbit is stable. On the contrary, if |T | > 2
the eigenvalues are real and the periodic orbit is unstable.

To be concrete, let us fix a periodic orbit with frequency 2πp/q, such that
it is elliptic for small values of ε (as well as for ε = 0). As ε increases, the
trace of the matrix M exceeds eventually 2 in modulus and the periodic orbit
becomes unstable.

Figure 6a (see [5]) shows the quantity KGr(pk/qk), which corresponds to
the value of ε marking the transition from stability to instability of the pe-
riodic orbit with frequency 2πpk/qk. We selected the sequence of rational
approximants to the golden ratio γ and we represented with a dotted line the
estimated break–down value of Cε,γ . Figure 6b provides a comparison between
Greene’s and Lyapunov’s methods, by showing the plot of the relative error
of the quantities Kc(pk/qk) and KGr(pk/qk).
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Fig. 6. (a) "Gr( pk
qk

) versus the order k pertaining the rational approximants to the
golden ratio; the dotted line represents Greene’s threshold about equal to 0.971635.
(b) The relative error associated to "c( pk
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) for some rational approxi-

mants to the golden ratio (after [5]).

6.4 Results

In the framework of the standard map (30), we show some results on the be-
havior of the invariant curves with frequencies γ, ω1, ω2, where γ = 2π[0; 1∞],
ω1 = 2π[0; 3, 12, 1∞], ω2 = 2π[0; 2, 10, 1∞]. We have implemented the three
techniques presented in the previous sections, i.e. Padé, Greene and Lyapu-
nov. Such methods depend on the choice of some parameters and of tolerance
errors. In particular, Lyapunov’s method depends on the order N of the trun-
cation and on the increment h of the perturbing parameter ε. For a fixed N
the agreement of the three methods is almost optimal taking a suitable value
of the increment, typically h = 0.001.

Table 1 shows a comparison of the three methods for the golden ratio
approximants of the standard map (30). The series have been computed up to
N = 800 and the increment of Lyapunov’s method has been set to h = 10−3

(compare with [5]).
Table 2 (see [5]) provides the results for the invariant curve associated to

the standard map (30) with frequency equal to ω1; we underline the good
agreement between Padé’s and Lyapunov’s methods, providing estimates of
the analyticity radius. Due to the length of the calculations, it was possible to
compute only the first few approximants while applying Padé’s method (up
to 38/117 in Table 2 and up to 85/178 in Table 3).

Similarly, we report in Table 3 the results for the invariant curve associated
to the standard map (30) with frequency equal to ω2 (compare with [5]).

In the cases of the mappings f12 and f13, we found the results reported in
Figure 7 (see [5]), where the abscissa k refers to the order of the approximant
pk/qk of the golden ratio: for example, k = 1 corresponds to 2/3, while k = 9
corresponds to 89/144. With reference to Figure 7, the break–down threshold,
as computed by Greene’s method (squares), amounts to εc(γ) = 1.2166 for f12
(see Figure 7a) and to ε(γ) = 0.7545 for f13 (see Figure 7b). The Lyapunov’s
method has been applied with a series truncated at N = 800 and for h = 0.01
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p/q Greene Padé Lyap.:h = 10−3

2/3 1.5176 2.0501 2.0584
3/5 1.2856 1.4873 1.4913
5/8 1.1485 1.2495 1.2561
8/13 1.0790 1.1440 1.1492
13/21 1.0353 1.0753 1.0766
21/34 1.0106 1.0366 1.0397
34/55 0.9953 1.0115 1.0142
55/89 0.9862 0.9974 0.9960
89/144 0.9832 0.9909 0.9897

Table 1. Comparison of Greene’s, Padé’s and Lyapunov’s methods for the rational
approximants to the golden ratio in the framework of the mapping (30) (after [5])

p/q Greene Padé Lyap.:h = 10−3

12/37 0.7486 0.5730 0.57513
13/40 0.7322 0.5447 0.54658
25/77 0.7232 0.5579 0.56063
38/117 0.7145 0.5539 0.55580
63/194 0.7134 0.55755
101/311 0.7085 0.55688
164/505 0.7073 0.55715
265/816 0.7066 0.55706
429/1321 0.7056 0.55705

Table 2. Same as Table 1 for the invariant curve with frequency ω1 (after [5]).

p/q Greene Padé Lyap.:h = 10−3

10/21 0.7487 0.5395 0.54165
11/23 0.7198 0.5008 0.49557
21/44 0.7060 0.5158 0.51795
32/67 0.6919 0.5084 0.51058
53/111 0.6869 0.5116 0.51354
85/178 0.6842 0.5105 0.51239
138/289 0.6801 0.51281
223/467 0.6785 0.51265
361/756 0.6781 0.51271
584/1223 0.6771 0.51268

Table 3. Same as Table 1 for the invariant curve with frequency ω2 (after [5])
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(crosses) and h = 0.001 (triangles). Padé approximants of order [200/200]
have been also computed (diamonds). Due to the length of the calculations,
it was possible to compute only the first few approximants (up to 21/34) by
applying Padé’s method.
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Fig. 7. Comparison of the results for the mappings f12 (a) and f13 (b) and for some
rational approximants labeled by the index k; square: Greene’s value, diamond:
Padé’s results, cross: Lyapunov’s indicator s2 (after [5]).

The results indicate that there is a good agreement between all methods as far
as the approximants to the golden mean curve associated to (30) are analyzed.
In such case the analyticity domain is close to a circle, so that the intersection
with the positive real axis (providing an estimate of Greene’s threshold) almost
coincides with the analyticity radius, which is obtained implementing Padé’s
and Lyapunov’s methods.

Such situation does not hold whenever the analyticity domain is not close
to a circular shape. This happens, for example, if the invariant curves with
rotation numbers ω1 = 2π [0; 3, 12, 1∞] and ω2 = 2π [0; 2, 10, 1∞] are consi-
dered; in these cases the two thresholds (break–down value and analyticity
radius) are markedly different.
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Abstract

This text is a brief introduction to “Ruelle resonances,” i.e. the spectra of
transfer operators and their relation with poles and zeroes of dynamical zeta
functions, and with poles of the Fourier transform of correlation functions.

1 Two elementary key examples – Basic concepts

1.1 Finite transition matrix and dynamical zeta function

Let A be a finite, say N ×N , complex matrix, with N ≥ 2. Then, denoting by
I the N × N identity matrix, we have (recall the Taylor series for log(1 − t)
and check, first in the diagonal case, that log detB = Tr log B for any finite
matrix B):

det(I − zA) = exp

(
−

∞:
m=1

zm

m
Tr Am

/
.

The left hand side of the above expression is a polynomial in z of degree at
most N . Its zeroes are the inverses of the nonzero eigenvalues of A (the order
of the zero coincides with the algebraic multiplicity of the eigenvalue). Let us
show that the right hand side can be viewed as the inverse of a dynamical
zeta function

ζf (z) = exp
∞:

m=1

zm

m
# Fix fm ,

for a discrete-time dynamical system, i.e. the iterates fm =

m times� �� �
f ◦ · · · ◦ f of a

transformation f , and their fixed points Fix fm = {x | fm(x) = x} (note that
Fix fm contains Fix fk for each k which is a divisor of m).
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Indeed, if A is an N ×N matrix with coefficients 0 and 1, it can be seen as
a transition matrix, and one can associate to it a subshift of finite type on the
alphabet S = {1, . . . , N}. This subshift is the shift to the left (σA(x))i = xi+1
on the space of unilateral admissible sequences

Σ+
A = {(xi) ∈ SN | Axixi+1 = 1 , ∀i ∈ N} .

It is then easy to see that Tr Am = # Fix σm
A (consider first m = 1 and note

that x is fixed by σA if and only if x = aaaaaaaaaaaaaa · · · with Aaa = 1).
We thus have det(I − zA) = 1/ζσA

(z) (cf [32]).
In this example the matrix A can be seen as the (transposed) matrix of

the restriction of the unweighted transfer operator

Lϕ(x) =
:

σ(y)=x

ϕ(y) ,

to functions ϕ : Σ+
A → C which only depend on the coefficient x0 (this is an

N -dimensional vector space).
To finish, note that since the coefficients of A are non-negative, the classical

Perron-Frobenius theorem holds (cf e.g. [3]). For example, if A satisfies an
aperiodicity assumption, i.e. if there exists m0 such that all coefficients of
Am0 are (strictly) positive, then the matrix A (and thus the operator L) has
a simple eigenvalue λ > 0 equal to its spectral radius, with strictly positive
right Au = λu and left vA = λv eigenvectors, while the rest of the spectrum is
contained in a disc of radius strictly smaller than λ. In fact, λ is the exponential
of the topological entropy of σA and the vectors u et v can be used to construct
a σA-invariant measure which maximises entropy (cf e.g. [3]).

This situation gives a good introductory example, but it is far too simple:
in general, the transfer operator must be considered as acting on an infinite-
dimensional space on which it is often not trace-class. Nevertheless, one can
still sometimes interpret the zeroes of a dynamical zeta function as the inverses
of some subset of the eigenvalues of this operator.

1.2 Correlation functions and spectrum of the transfer operator

Let us consider a circle mapping f which is a small C2 perturbation of the map
x /→ 2x (modulo 1). This transformation is not invertible (it has two branches)
and it is locally uniformly expanding (“hyperbolicity”). Let us associate to f
a weighted transfer operator

Lϕ(x) =
:

f(y)=x

ϕ(y)
|f �(y)| ,

which acts boundedly (but not compactly) on each of the infinite-dimensional
Banach spaces L1(Leb), C0(S1), or C1(S1). Our choice 1/|f �| for the weight,
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i.e. the jacobian of the inverse branch, implies that the dual of L acting (e.g.)
on Radon measures preserves Lebesgue measure:

$ L(ϕ)dx =
$

ϕ dx.
Recall that if M is a bounded operator on a Banach space B, the essential

spectral radius of M is the smallest K ≥ 0 so that the spectrum of M outside
of the disc of radius K contains only isolated eigenvalues of finite multiplicity
(cf [13, 3]).

In this situation, we can prove quasi-compactness: the spectral radius of L
on C1(S1) is 1 while its essential spectral radius Kess is < 1 (cf. e.g. [3]). (Note
that the spectrum on L1(Leb) or C0(S1) is too “big”: on these two Banach
spaces, each point of the open unit disc is an eigenvalue of infinite multiplicity
[41].) In fact, for the operator acting on C1(S1), we even have a Perron-
Frobenius-type picture: 1 is a simple eigenvalue for a positive eigenvector ϕ0
(up to normalisation, one can assume that the integral of ϕ0 is 1), while the
rest of the spectrum is contained in a disc of radius τ with Kess ≤ τ < 1.
There is thus a spectral gap. The eigenvalues in the annulus Kess < |z| ≤ τ ,
if there are any, are called resonances. To motivate this terminology, let us
describe ergodic-theoretical consequences of these spectral properties. Before
this, note that one can show that the dynamical zeta function

ζ1/|f �| = exp
∞:

m=1

zm

m

:
x∈Fix fm

|(fm)�(x)|−1

is meromorphic in the disc of radius 1/Kess, where its poles are the inverses of
the eigenvalues of L acting on C1(S1), i.e. the resonances (together with the
simple pole at 1).

Let us first observe that the absolutely continuous probability measure μ0
with density ϕ0 (with respect to Lebesgue) is f -invariant: if ϕ ∈ L1(Leb)#

ϕ ◦ f · ϕ0 dx =
#

L((ϕ ◦ f) · ϕ0) dx =
#

ϕL(ϕ0) dx =
#

ϕϕ0 dx .

One can show that μ0 is ergodic, therefore the Birkhoff ergodic theorem says
that for all ϕ in L1(Leb) and μ0-almost every x (i.e., Lebesgue almost every x!),
the temporal averages (1/m)

;m−1
k=0 ϕ(fk(x)) converge to the spatial average$

ϕ dμ0.
We shall next see that this measure μ0 is exponentially mixing for test

functions ϕ1, ϕ2 in C1(S1). Since the spectral projector corresponding to the
eigenvalue 1 is ϕ /→ ϕ0 · $

ϕ dx, we have the spectral decomposition

Lϕ = ϕ0

#
ϕ dx + PLϕ ,

with P the spectral projector associated to the complement of 1 in the spec-
trum. This projector satisfies  PLm ≤ Cτ̃m for any τ < τ̃ < 1 and for the
operator-norm acting on C1. Therefore,
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ϕ1 ◦ fm · ϕ2 · ϕ0 dx =

#
Lm(ϕ1 ◦ fm · ϕ2 · ϕ0) dx =

#
ϕ1Lm(ϕ2 · ϕ0) dx

=
#

ϕ1

�
ϕ0

'#
ϕ2 · ϕ0 dx

.
+ PLm(ϕ2 · ϕ0)

�
dx

=
#

ϕ1 dμ0 ·
#

ϕ2 dμ0 +
#

ϕ1PLm(ϕ2 · ϕ0) dx ,

and since >>>># ϕ1PLm(ϕ2 · ϕ0)dx

>>>> ≤
*#

|ϕ1|dx

1
·  PLm(ϕ2ϕ0) C1

≤ C

*#
|ϕ1|dx

1
 ϕ2 C1 · τ̃m,

we obtain the claimed exponential decay.
Finally, note that for ϕ1 and ϕ2 in C1(S1), the Fourier transform

"Cϕ1ϕ2(ω) =
:
m∈Z

eimωCϕ1,ϕ2(m) ,

of their correlation function

Cϕ1,ϕ2(m) =

	$
ϕ1 ◦ fm · ϕ2 dμ0 − $

ϕ1 dμ0
$

ϕ2 dμ0 m ≥ 0 ,

Cϕ2,ϕ1(−m) m ≤ 0 ,

is meromorphic in the strip | Im ω| ≤ log(τ−1) where its poles are those ω
such that e±iω is a resonance::

m∈N
eimω

*#
ϕ1 ◦ fmϕ2 dμ0 −

#
ϕ1 dμ0

#
ϕ2 dμ0

1
=

:
m∈N

#
ϕ1P(eiωL)m(ϕ2ϕ0) dx =

#
ϕ1

:
m∈N

P(eiωL)m(ϕ2ϕ0) dx

=
#

ϕ1

*
(1 − eiωPL)−1(ϕ2ϕ0)

1
dx .

1.3 Basic concepts

Let f : M → M be a map and let g : M → C be a weight. We assume (these
assumptions can in fact be weakened) that Fix fm is a finite set for each fixed
m ≥ 1 and that the set {y | f(y) = x} is finite for each x.

Definition 1. (Ruelle) transfer operator – Resonances

The transfer operator is the linear operator

Lf,gϕ(x) =
:

y:f(y)=x

g(y)ϕ(y) ,
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acting on an appropriate Banach (sometimes Hilbert) space of functions or
distributions ϕ on M . In general L is bounded but not compact. If the essential
spectral radius Kess of L is strictly smaller than its spectral radius, one says
that L is quasi-compact. The spectrum of L outside of the disc of radius Kess
is called the set of resonances of (f, g).

Definition 2. Weighted zeta function

A weighted zeta function is a power series

ζf,g(z) = exp
∞:

m=1

zm

m

:
x∈Fix fm

m−15
k=0

g(fk(x)) .

One can sometimes show that it is meromorphic in a disc where its poles are
in bijection with the resonances.

Definition 3. Dynamical (Ruelle-Fedholm) determinant

Assume moreover that f is (at least) C1 and set Fixh fm = {x ∈ Fix fm |
det(I − Df−m(x)) 3= 0}. The dynamical determinant is the power series

df,g(z) = exp

⎛⎝−
∞:

m=1

zm

m

:
x∈Fixh fm

6m−1
k=0 g(fk(x))

det(I − Df−m(x))

⎞⎠ .

One can sometimes show that this series is holomorphic in a disc which is
larger than the disc associated to ζf,g, and that in this larger disc, its zeroes
are in bijection with the resonances.

Definition 4. Correlation function

Let μ be an f -invariant probability measure (for example, a measure absolu-
tely continuous with respect to Lebesgue or an equilibrium state for log |g|).
The correlation function for (f, μ) and a class of functions ϕ : M → C, is the
function Cϕ1,ϕ2 : N → C defined for ϕ1, ϕ2 in this class by

Cϕ1,ϕ2(m) =
#

ϕ1 ◦ fm · ϕ2 dμ −
#

ϕ1 dμ

#
ϕ2 dμ .

Analogous concepts exist for continuous-time dynamics (flows, in parti-
cular geodesic flows in not necessarily constant negative curvature - an ex-
ample of an intersection between hyperbolic and hamiltonian dynamics). The
corresponding zeta function ζ(s) is then often holomorphic in a half-plane
Re(s) > s0 and it admits a meromorphic extension in a larger half-plane.
We refer to the various surveys mentioned in the bibliography, which contain
references to the fundamental articles of Smale, Artin-Mazur, Ruelle, etc.
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2 Theorems of Ruelle, Keller, Pollicott, Dolgopyat...

The authors mentioned in the title are by far not the only ones to have made
important contributions to the theory of dynamical zeta functions and trans-
fer operators. One should also mention (see the bibliography) Fried, Mayer,
Hofbauer, Haydn, Sharp, Rugh, Kitaev, Liverani, Buzzi, and many others (in
particular Cvitanović for a more physical approach). Let us discuss a selection
of themes.

1. Ruelle [29] observed that the transfer operator associated to a discrete-
time dynamical system given by an expanding and analytic map, together with
an analytic weight g is nuclear (“trace-class”) on an appropriate Banach space
of holomorphic functions. In this case, the dynamical zeta function is an al-
ternated product of Fredholm-Grothendieck determinants and the dynamical
determinant is a determinant. (In the case when contraction and expansion
coexist, an assumption of regularity of foliations was needed until the work of
Rugh and Fried [30, 24].) This fact is the key to proving that the dynamical
zeta function and the Fourier transform of the correlation function admit a
meromorphic extension to the whole complex plane, in some cases. Let us also
mention a recent “Hilbert space” version of this theory by Guillopé, Lin et
Zworski [84], who are able to estimate the density of resonances (in the “clas-
sical” sense, which coincides here with the sense of Ruelle) of certain Schottky
groups (another example of application to hamiltonian dynamics).

2. Symbolic dynamics allows us to model a hyperbolic dynamical system
by a subshift of finite type, via Markov partitions (Sinai, Ratner, cf. [7]). The
unstable Jacobian is Lipschitz (for a suitable metric) in symbolic coordinates.
So we are led to study transfer operators LσA,g associated to the unilateral
subshift σA and a Lipschitz (or Hölder) weight g: they are bounded but not
compact, on the Banach space of Lipschitz (or Hölder) functions. Ruelle [7, 4]
proved the first Perron-Frobenius-type theorem in this kind of setting: there
is a spectral gap, and thus exponential decay of correlations in good cases. By
combining the results of Ruelle [19], Pollicott [37] and Haydn [33], we obtain
a meromorphic extension of the Fourier transform of the correlation function
to a strip, which in fact is the largest possible that can be obtained in this
setting.

3. Several years after the pioneering work of Lasota and Yorke on existence
of absolutely continuous invariant measures, Hofbauer and Keller [50, 51, 52]
obtained quasi-compactness of the transfer operator associated to piecewise
expanding (not necessarily Markov) interval maps acting on functions of boun-
ded variation. This operator is not compact, but the dynamical zeta function
ζf,g has a nontrivial meromorphic extension to a disc where its poles are in
bijection with the resonances (eigenvalues) of the operator [46]. The higher-
dimensional case is much more recent [49, 54] and only partial results have
been obtained [BuKe]. There are stronger results for (Markov) differentiable
locally expanding maps [41, 43] for which one may also study the dynamical
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determinant df,g(z) [45, 42] (see also [44, 39] in the hyperbolic case). Let us
also mention the recent results of Collet et Eckmann [40] who show that in
general the “essential” rate of decay of correlations is slower than the smallest
Lyapunov exponent, contrary to a widespread misconception.

4. The case of continuous-time dynamical systems is much more delicate. A
meromorphic extension of the zeta function of a hyerbolic flow to a half-plane
larger than the half-plane of convergence was obtained in the eighties by Ru-
elle, Pollicott [76, 74]. Parry–Pollicott [73] obtained a striking analogue of the
prime number theorem for hyperbolic flows. This result was followed by many
other “counting” results. Ikawa [86] proved a modified Lax-Phillips conjecture
(see also [98]). However, in order to get exponential decay of correlations, a
vertical strip without poles is required, and this is not always possible: Ruelle
[75] constructed examples of uniformly hyperbolic flows which do not mix ex-
ponentially fast. Only recently could Dolgopyat [70, 71] prove (among other
things) exponential decay of correlations for certain Anosov flows, by using
oscillatory integrals. This result has consequences for billiards [97, 94, 91], yet
another hyperbolic/hamiltonian system. Liverani very recently introduced a
new method to prove exponential decay of correlations instead of representing
the flow as a (local) suspension of hyperbolic diffeomorphisms under return
times (using the Poincaré map associated to Makov sections), he studies di-
rectly the semi-group of operators associated to the flow [14, 72].

Despite its length, the bibliography is not complete. We hope that the
decomposition in items, although rather arbitrary, will make it more useful.
We do not mention at all the vast existing literature on sub-exponential decay
of correlations.
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81. F. Christiansen, P. Cvitanović, H.H. Rugh. The spectrum of the period-
doubling operator in terms of cycles, J. Phys. A, 23:L713–L717, 1990.
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1 An overview of the main properties of Turbulence

Turbulence deals with the complex motions in fluid at high velocity and/or
involving a large range of length-scales. Understanding turbulence is challen-
ging and involves many questions from modeling this complexity to measuring
it. In this text, we aim at describing some tools of signal processing that have
been used to study signals measured in turbulence experiments. Before that,
another objective is the survey of some properties relevant for turbulent flows
(experiments and/or models): scaling laws, self-similarity, multifractality and
non-stationarity, that will explain why those techniques are useful.

1.1 Qualitative Analysis of Turbulence

Introduction.

Turbulence is first a problem of mechanics applied to fluids. The fundamental
relation of dynamics may be written for a fluid element and this rules its
evolution. The velocity field u(r(0); t), giving the velocity at time t of a fluid
element that is in r(0) at initial time, is called the Lagrangian velocity in
the fluid. This follows the point of view of Lagrange: one tracks the behavior
of each part of the fluid along its trajectory r(t). The velocity is driven by
a balance between the inertial effects and the force s in the fluid: friction,
pressure, gravity. If the fluid is incompressible, the pressure derives from the
whole velocity field and the resulting problem is not local. Added to that, it
is experimentally hard to track the movement of one fluid element: nothing
distinguishes it from all the fluid. Nevertheless, we will see later how some
measurements of Lagrangian velocity were made possible.

But usually, instead of this Lagrangian velocity, the problem is studied
through the point of view of Euler: the velocity v(r, t) at the fixed posi-
tion r and at time t characterizes all the motions in the fluid. It is called
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the Eulerian velocity. Both velocities are related via the change of variable
u(r(0); t) = v(r(t); t). The partial derivative equation for this Eulerian velo-
city is called the Navier-Stokes (NS) equation and reads:

∂tv� �� �
local derivative

+ (v · ∇)v� �� �
convective derivative

= −(1/K)∇p� �� �
pressure

+ νΔv� �� �
viscous friction

+
:

fv. (1)

Here K is the density of the fluid. The term fv stands for volumic forces in
the fluid (electric forces, gravity,...) Internal friction in the fluid (supposed
Newtonian) is proportional to the viscosity ν. Due to this friction, the bo-
undary conditions are taken so that the fluid has zero velocity relatively to
the boundaries. The friction will impose also that the motion of the fluid will
decay if there is no forcing external to the fluid. For an incompressible flow,
the continuity equation completes the problem: ∇ · v = 0. Remark that the
pressure term is non-local because of a Poisson equation that relates p to v:
Δp = −∂2(vivj)/∂xi∂xj .

The NS equation could be analyzed from its inner symmetries but, because
the boundaries and the forcing will usually not satisfy the same symmetries,
a simple approach adopted by physicists is to study turbulence in open sy-
stems far from the boundaries, in order to find a possible generic behavior
of an incompressible turbulent fluid, disregarding the specific geometry of
the boundaries. The purpose of this part is to provide, first an overview of
the properties of this situation, called homogeneous turbulence, second some
elements of its statistical modeling.

Dimensional analysis of turbulence.

A difficulty of the NS equation is the non-linearity of the convective term that
is part of the inertial behavior of the fluid. On the one hand, one may expect
solutions with irregular shapes but, on the other hand, the friction term works
to impose some regularity on the solutions. The balance between the two ef-
fects is evaluated by engineering dimensional analysis [6]. Let U be a typical
velocity, and L a typical length scale of the full flow (for instance the size of
an experiment). Let us use the symbol ∼ for equality of typical values. Then:
(v · ∇)v ∼ U2/L, and νΔv ∼ νU/L2. The ratio is the Reynolds number Re
and equals UL/ν. This is the only quantity left if one takes out the dimensions
from the variables. When Re is large, the non-linear term is dominant and the
flow becomes irregular, with motions at many difference length scales. Typi-
cal turbulent flows seem far from having symmetries: the flow is disordered
spatially; it is unpredictable temporally with strong variations from one time
to another; neither is the velocity clearly stationary, displaying excursions far
from its mean during long period of times. Those events at long time-scales
are mixed with unceasing short-time variations of the velocity.

A turbulent flow is very different from a flow with zero viscosity, even for
the situation of fully developed turbulence, when Re → ∞. Indeed, the energy
dissipated in the flow is never zero because the irregularity of the solutions
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increases correspondingly, creating stronger gradients in the flow. The local
dissipation is defined as ε(r) = ν(∂vj∂xi+∂vi∂xj)2/2. If the flow is stationary,
its mean along the time is constant. If further the flow is homogeneous, this
mean equals the spatial mean: ε = � ε(r) �r. For a simple dimensional analysis,
we keep only ε and ν as relevant parameters. From them, one can build a dis-
sipative length scale η = (ν3/ε)1/4 where the solution should become smooth
because of the fluid friction. As a consequence, the estimated number of mo-
des (L/η)3 (needed for computer simulations) is, for the three-dimensional
velocity, proportional to Re9/4. This number is too large to conveniently use
methods from non-linear dynamical systems. Characterizing the flow directly
from the NS equation is hard task because of all those properties.
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Fig. 1. Left: a typical Eulerian velocity signal v(t). Right: its corresponding surro-
gate dissipation (derivative of the squared velocity). Those signals were measured
by Pietropinto et al. as part of the GReC experiment [64] of fluid turbulence in low
temperature gaseous helium.

Experimental Eulerian velocity.

A sample velocity signal v(t) is shown on Figure 1 as an illustration. This
signal was obtained during the experiment GReC [64] in a jet at high Reynolds
number (up to 107) in helium at 4.5 K (so that its viscosity is very low).
Experiments of turbulence consists in studying high speed motions in a fluid
where laminarity is broken, for instance by means of a grid or by creating a
jet and the flow becomes turbulent; here it is a jet. Common apparatus are
hot-wire probes that measure one component v(t) of the Eulerian velocity
at one point (we choose to discuss only single probe measurements here).
The erratic fluctuations are typical of such signals and one can see numerous
points where the signal appears almost singular. The singular fluctuations are
clearer from the time derivative of its energy v(t)2/2, which is an estimation of
the dissipation, the so-called surrogate dissipative signal [53]. This dissipative
signal seems made of numerous peaks of variable amplitudes, separated by
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periods of almost no activity: the density of peaks is fluctuating from time to
time.

Measurements of Eulerian velocity provide signals recorded along time.
The Taylor hypothesis postulates that, if Re is large enough, the velocity field
is advected quicker than it changes so that the evolution of v during a short
time τ is mainly given by the dominant convection term. This way, the velocity
at position x and at time t− τ is essentially the same as velocity v(x+ τv; t).
This is an hypothesis of “frozen” turbulence during the time scale τ of the
measurement. This hypothesis is the basic fact behind the choice of modeling
spatial structure of the velocity field in the following, instead of its evolution
along time.

1.2 Statistical modeling of Eulerian turbulence

A simple approach is to forget about the dynamical equation and find only the
statistical properties of the velocity field [7, 13]. Knowing the complete initial
velocity field of a turbulent fluid, and then following its proper evolution in
time is hopeless because of the high number of modes and of the non-linearity
of the equation. Experimental observations support this assertion: the fluid
seems erratic, with many ever changing currents and eddies, and typical mea-
surements of the Eulerian velocity as a function of time are strongly shambled
signals. Forgetting about the initial conditions and exact geometrical setting,
one can find simple models to describe statistical properties of the signal, as-
suming that v(r; t) is a random process indexed by r and t. We will review
shortly main results obtained by this way. Many textbooks on the subject
exist, see for instance [56, 33, 54], and we sketch here major steps on the
subject that are especially relevant for signal processing questions.

Summary of the statistical properties of turbulence.

From the phenomenological and dimensional analysis of signals of turbulence,
several properties are clear-cut. The signals have relevant characteristics at
many scales: the fluctuations should be accounted for at small, intermediate
and large scales in space and time. The signals are said intermittent both
in space: a complex geometric structure of eddies; and time: irregularity and
unpredictability of the time series. Added to that, the signals are also intermit-
tent in statistics: there are large deviations that are evident in the dissipative
signals displayed here. The distribution of the velocity is near to Gaussian.
This does not mirror the apparent burstiness of experimental signals, that is
related to the existence of a broad band of characteristic scales. Actually large
fluctuations, far from the mean, exist both at large and small scales.

To encompass all these properties, turbulence is studied through the ve-
locity increments δv(r; x, t) over distance |r|, and at time t and position x:
δv(r; x, t) = v(x + r; t) − v(x; t). One studies a component of the velocity v,
for instance the component parallel to r. The velocity increment was intro-
duced to probe the velocity at different scales, because turbulence is, before
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all, a multi-scale phenomenon. In question is then a model of the statistical
properties of the random variables δv(r; x, t).

Scale invariance and Self-similarity.

Kolmogorov proposed in 1941 [40, 41] a first statistical description of velocity
increments (hereafter named K41 theory). He postulated that the velocity
increment obeys statistically some symmetries that are compatible with the
NS equation: time stationarity (independence from t), spatial homogeneity
(independence from x; note that this is valid because it models turbulence far
from the boundaries) and isotropy (invariance under rotations). Let us recall
that stationarity is the invariance under time-shifts Sτ ; a stochastic process
Y is stationary if and only if (SτY )(t) = Y (t + τ) d= Y (t) for any τ ∈ R.
The equality d= should be understood as equality for all finite-dimensional
probability distributions of the random variables. The other symmetries are
defined in the same way with the corresponding operators.

To those symmetries, a property of scale invariance, or self-similarity, is
added. Let us recall the definition of self-similarity: it is a statistical invariance
under the action of dilations. Let DH,λ be a dilation of scale ratio λ so that
(DH,λX)(t) = λ−HX(λt). A random process {X(t), t ∈ R+

∗ } is self-similar
with exponent H (H-ss) if and only if for any λ ∈ R+

∗ , one has ([68])

{(DH,λX)(t), t ∈ R+
∗ } d= {X(t), t ∈ R+

∗ }.

For the velocity increments, this reads:

δv(λr; x, t) d= λ−hδv(r; x, t) if λ → 0+. (2)

This last property is also a prescription of the regularity of the solution be-
cause, if this relation holds for small separations |r|, one solution is to have
δv(r) = |r|h for small r, and that rules the behavior of the derivative, and con-
sequently of the dissipation. This defines the singularities and peaks expected
in the dissipation signal.

With those symmetries, the only parameters left to describe the velocity
are the mean dissipation ε, the viscosity ν, the self-similarity exponent h and
the length-scale r = |r| one considers. Kolmogorov supposes a full scale inva-
riance so that all spatial scales behave the same, sharing the same mean dis-
sipation so that for any r, ε = C[δv(r)]2/[r/δv(r)], where C is some constant.
Thus δv(r) = c1ε

1/3r1/3: the velocity has a unique exponent of self-similarity
h = 1/3. The moment of order p of δv is called the structure function of order
p and obeys, according to this theory, the following relation:

E {|δv(r; x, t)|p} = cp(εr)p/3 if η , r , L. (3)

E is the mathematical expectation, i.e. the mean of the quantity; cp are con-
stants. Here L is an integral scale, that is a characteristic distance of the whole
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flow, for instance the scale of the forcing. The scales between η and L for which
the scaling of Eq. (3) holds, are called the inertial zone because friction is small
at those scales and the inertial effects are dominant for the NS equation, espe-
cially the convection term. Note that for order 3, the exponent is 1 and this is
fortunate because the Kármán-Howarth equation derived from the NS equa-
tion imposes so [33]. The scaling law for p = 2 imposes the spectrum of the
velocity by means of the Wiener-Khinchin relation. Kolmogorov’s well-known
prediction is that the spectrum should be: Sv(k) = c2ν

5/4ε1/4(kη)−5/3 if k is
in-between 1/L and 1/η (the inertial zone). This is a property of long-range
dependence: the spectrum and the correlation of the process decrease slowly.
This is in this model related to scale invariance, or self-similarity.

The prediction for the spectrum holds well, as seen on Figure 2. The
structure functions as a function of r are also roughly power laws rζp , but not
exactly [9]. But the general prediction of (3) is found failing for other orders.
Indeed, experimental exponents ζp depart from linearity predicted in p/3. We
report in Figure 2 some properties of the structure functions: they look like
power laws over the inertial range. On the right, we display the evolution of
the exponents ζp of this power law with the order p of the moment, and the
probability density function of the increments δv(r) for different r.

Multifractality: Characterization in terms of singularities.

The failure of the previous theory is related to the spatial and temporal inter-
mittency of the dissipation: random bursts of activity exist and the regularity
of the signal changes from one point to another, and so does ε from one scale
to another. The statistical self-similarity property (2) is now true only if h is
also a random variable that depends on x and t. If this property holds for
λ → 0+, h is called the Hölder exponent of the signal at point x. The set of
points sharing the same Hölder exponent is a complicated random set that
is a fractal set with dimension D(h). This is a multifractal model [32, 33]
that describes the signal in terms of singularities at small scale. The under-
lying hypothesis is that all the statistics are ruled by those singularities. The
complementary property of the multifractality is the conjecture of a relation
between the singularity spectrum D(h) and the scaling exponents ζp, by me-
ans of a Legendre transform: D(h) = infp(hp + 1 − ζp). Mathematical aspects
of multifractality and of its equality can be found in [37, 38]. Experimentally,
in order to measure the multifractal spectrum that is the core of this model,
one has first to compute a multiresolution quantity, then use a Legendre trans-
form that is a statistical measure of D(h) from the exponents ζp. Experiments
now agree with ζp < c1p − c2p

2/2, where c1 < 0.370 and c2 < 0.025; this is a
development in a power series pn and terms pn with n ≥ 3 are too small to be
correctly estimated nowadays. The corresponding singularity spectrum D(h)
is 1 − (h − c1)2/2c2, for values of h such that D(h) ≥ 0. The expected value
of h on a set of dimension 1 in the signal is 0.37, close to the 1/3 exponent
predicted by Kolmogorov, but the local exponent fluctuates.
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Fig. 2. Statistical analysis of one-point velocity measurements. Top left: spectrum
Sv(k) of the velocity that follows the K41 prediction of a power law of exponent
5/3. Bottom left: structure functions Sp(r) = E|δv(r)|p for p = 1 to 4; inserted
is shown the Extended Self-Similarity property [9]: the structure functions are not
really power laws of r, but are acceptable power laws if drawn as a function of one
another (on a log-log diagram). Top right : exponents ζp of the higher-order statistics
(taken from [35] and [19]) are shown different from the K41 model, and closer to a
multifractal models (here the Kolmogorov-Obhukov model of 1962 (K62) and the
She-Lévêque (SL) model). Bottom right: pdf of the increments figured at various
scales, from small scale (a few η) where the pdf is non-Gaussian with heavy tails,
to large scale (around L) where the pdf is almost Gaussian; note that the scale is
logarithmic for the pdf. The experimental spectrum and pdf are from the data of
the GReC experiment [64].

Because the physical velocity should be a continuous signal at small scales
(smaller than η), a further refinement in modeling is that singularities appear
only in an analytic continuation of the velocity for complex times. The singu-
larities in the velocity signal have the form |t− z0|h(t0), with z0 = t0 + iζ ∈ C,
and are then a basis for multifractal interpretation. Such a distribution of sin-
gularities, having each a spectrum k−2h−1e−2ζUk, leads to a mean spectrum
consistent with quantitative measurements. Yet the existence of such isolated
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singularities was not proved nor derived from the NS equation, but only in
simpler dynamical systems [30, 31].

Another approach was to relate the fluctuations of the exponents h to the
dissipative scales η. Beneath the dissipative scale, the velocity is differentia-
ble: δv(r) = r∂v/∂x. This small scale regularisation is obtained via a local
dissipative scale [65, 34], defined as the scale where the local Reynolds number
Re(r) = rδv(r)/ν equals 1. In fact we have δv(r) = U(r/L)h(x) if r > η(x)
so that Re(r) = rδv(r)/ν = (l/L)1+h(x)Re. The dissipative scale is fluctua-
ting locally as η(h) = LRe−1/(1+h), whereas K41 uses a fixed dissipative scale
η = (ν3/ε)1/4 which is now the mean of the η(h). Given this behavior, a uni-
fied description of the statistics E {|δv(r; x, t)|p} was derived, valid both in
the inertial and dissipative scales [22].

Characterization as random cascades.

We hereby test further statistical aspects of the intermittency of the flows; for
this we stick with modeling only the statistics of the flows. A feature of equa-
tion (3) is notable: if the equation were true, the random variable δv(r)/(εr)1/3

should be independent of r [18]. However experimental measurements of the
probability density function (pdf) of δv(r) shows that its shape changes with
r, even in the inertial domain; see Figure 2. At large scale (close to L), the pdf
is almost a Gaussian; when probing smaller scale, exponential tails become
more and more prominent: rare intense events are more frequent at small scale
– this is the statistical face of intermittency.

This property is best modeled as a multiplicative random process, where
each scale is derived from the larger one. The general class of this model co-
mes from the Mandelbrot martingales [42, 69] and was also developed from
the experimental data in turbulence [59, 23, 63]. The challenge is to mo-
del dependencies between scale, for instance by means of multipliers bet-
ween scales W (r1, r2) defined by δv(r2) = W (r1, r2)δv(r1). For the den-
sity probability function Pr1(log |δv|) at scale r1, this equation is a convo-
lution between Pr1 and the pdf of the multipliers log(W (r1, r2)). Because
the relation holds for every couple of scales, the relevant solutions are in-
finitely divisible distributions. For instance, one can explicitly write [18]:
Pr2(log |δv|) = GF[n(r2)−n(r1)] O Pr1(log |δv|), where O is a convolution. G is
here the kernel of the cascade, that is the operator that maps the fluctuati-
ons from one scale r1 to another r2; equivalently, it gives the distribution of
log(W (r1, r2)). Derived from this, the structure functions read:

E {|δv(r; x, t)|p} = eH(p)n(r) with H(p) = − log G̃(p), (4)

where G̃ is the Laplace transform of G. The interest of multiplicative cascades
seen as infinitely divisible processes is that this leads to elegant construction
of stochastic processes satisfying exactly the relations (4) [14], and they can
be used as benchmark for the estimation tools of multifractality [15, 21]. A
consequence of the model is that if n(r) is close to log r, the structure function



Signal Processing Methods Related to Models of Turbulence 285

obeys a power law with exponents ζp = H(p). If not, the property is the so-
called Extended Self-Similarity because all orders share the same law en(r)

and for instance, with ζ3 = 1: E {|δv(r; x, t)|p} = (E

|δv(r; x, t)|3�)H(p), as

illustrated on Figure 2.

1.3 Vortex modeling for turbulence and oscillating singularities

The models reported were built on multi-scale properties of the velocity and
on its singularities, and they are good descriptions of the data. Nevertheless,
these models lack connections with the NS equation and with the structured
organization of turbulent flows which are not purely random flows. One would
like to characterize a flow from its own structures. Experiments of turbulence
show that there are intense vortices: objects similar to stretched filaments aro-
und which the particles are mainly swirling [25]. The singularities in velocity
signals could then be understood as features of a few organized objects with a
complex inner structuration and a singular behavior near their core [51, 36].
A mechanism could be spiraling structures, analogous to the phenomenon of
a Kelvin-Helmholtz instability [52]. Lundgren studied a specific collection of
elongated vortices having a spiraling structure in their orthogonal section, and
that are solution of the NS equation given a specified strain [46]. It was shown
that such a collection could be responsible for a spectrum in k−5/3 and inter-
mittency of the structures functions consistent with modern measurements of
ζp [66]. Turbulence is understood in this case as some superposition of buil-
ding objects with complex geometrical characteristics, such as oscillations or
fractality (now in a geometrical, not statistical, way).

• A simple model for corresponding Eulerian velocity signals would be an
accumulation of complex singularities. This is different from modeling sin-
gularities in complex times in the sense that here the exponent is complex
(t − t0)h+iβ , not the central time t0 of the singularity. See some examples of
those functions on Figure 5. The exponent β is responsible for oscillations in
the signal and multifractal estimation is perturbed by such oscillations [1].

The Fourier spectrum of a function e−a(t−t0)(t − t0)h+iβ behaves like
e4πβ atan(2πν/a)|4π2ν2 + a2|−h−1 ; except at low frequencies, so when ν ( a,
the spectrum scales like |ν|−2h−2. This is a power law so they can be used as
basis functions to built a synthetic signal with properties of turbulence. A sum
of many functions of this kind may have multifractal properties that depend
on the distribution of the h and β exponents [17]. One is then interested to
find whether or not there are such oscillations in velocity signals.

• The consequences of the existence of spiraling structures for Lagrangian
velocity would be the existence of swirling motions when a particle is close to
a vortex core. Far from vortices, the motion should be almost ballistic, with
small acceleration. A consequence is that expected Lagrangian trajectories will
go through periods of large acceleration and periods of almost no acceleration.
Non-stationary descriptions would then give interesting characterizations of
the velocity.
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• The vortices and the swirling motions are described by the vorticity
ω = ∇ ∧ v. Vorticity is related to dissipation since ε = −ν� |ω|2 �r. If vorti-
ces are relevant features of a flow, vorticity should be strongly organized in
those specific structures. One expects that they can be detected as isolated
objects and a question is their role in intermittency. Hereto the non-stationary
evolution of those objects is an expected feature.

To sum up, the general problem is that one can not easily track at the same
time the three kinds of interesting properties for turbulence: non-stationarity
of the signals; the inner oscillating or geometric structure; and the statistical
self-similar properties (exponent h or multifractality) of the spiraling vortices
or their consequence for velocity.

Alternative representations of signals.

Dealing with these three properties, we know how to construct a representa-
tion jointly suited to two of them at the same time. The third one is then
difficult to assess.

1) Time evolution and self-similarity: statistical methods using wavelets
are adapted to multifractal models or random cascades because they probe
statistical quantities of stationary signals with relevant self-similar properties
but no inner oscillations [1, 39].

2) Time evolution and Fourier analysis: modern Lagrangian and vorticity
measurements are made possible by following the instant variation of the
Fourier spectrum of some non-stationary signal. Neither the temporal nor the
spectral representation is enough: time-frequency representations that unfold
the information jointly in time and frequency [28] are needed.

3) Self-similarity and inner geometry: one may be interested in oscillati-
ons and self-similarity at the same time. It is known that wavelets are not
well adapted to study oscillations [1]. A variant is to measure geometry in a
non-stationary context (since self-similarity implies non-stationarity). Ad-hoc
procedures constructed on the wavelet transform [43] or on the Mellin-time
representations [17] were considered, but for now without clear-cut results.
The third part of this section is devoted to the Mellin representation that is
adapted to probe self-similarity and some features of geometry because it is
based on self-similar oscillating functions (t − t0)h+iα.

To conclude this overview of turbulence, let us summarize the comple-
xity of fluid turbulence. The problem is driven by a non-linear PDE that is
reluctant to mathematical analysis. Still we dispose of strong phenomenolo-
gical properties to build stochastic modeling of the velocity. The signals are
irregular, intermittent and one would like to question their (multi)-fractal
aspects, their singularities but also situations where their geometrical orga-
nization or some non-stationary properties are more relevant. Because there
exists no single method that capture all these features, multiple tools of signal
processing are useful.
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2 Signal Processing Methods for Experiments on
Turbulence

2.1 Some limitations of Fourier analysis

Physicists often describe signal in term of their harmonic Fourier analy-
sis; it first relies on order 2 statistics, through the spectral analysis of the
signal. The well-known Fourier representation reads: v(t) =

$
e−2iπtνdξ(ν).

This decomposition as spectral increments dξ(ν) on the cosine basis is es-
pecially suited if v is stationary. In this case, its spectrum Sv is given by
E

�
dξ(ν1)dξ(ν2)

�
= Sv(ν)δ(ν1 − ν2)dν1dν2. The spectral increments are thus

uncorrelated. In the context of turbulence, one sees on Figure 2 an estimate of
Sv(ν), using standard signal processing tools. The support of the spectrum is
broad-band and Sv(ν) follows roughly a power law with cut-offs at the inertial
scale L, and at the small scale were dissipation becomes dominant (around
η). This corresponds to the lack of a single time scale of evolution. On Figure
2 is displayed the spectrum of Eulerian velocity. The lack of separate cha-
racteristic frequencies (or times) is evident. The spectrum follows closely the
Kolmogorov k−5/3 law.

A first difficulty to use Fourier representation in turbulence, is that the
higher-order statistics and the geometric organization is coded in the phase
of the Fourier transform. This information is hard to recover. For instance,
realizations of the random Weierstrass functions (that will be defined later),
that are fractal, and of oscillating singularities (for instance the function
|t − t0|h+iβ), that are not, would share the same Fourier spectrum but not
the same statistical and fractal properties [36]. Redundant representations,
depending jointly of time and frequency or scale variables, will be found to
capture those properties in a clearer way.

A second problem in the context of turbulence is the long-range depen-
dence in the times series [10]. Generally, this reduces the performance of
estimation of all classical quantities from the time series, including the Fou-
rier transform. For instance, let us suppose that X(t) is a stationary process
with long memory, or long-range dependence, i.e. its correlation decreases like
τ2H−2 when τ is large. If the process is known for n samples, the periodogram
In(ν) is computed from the Fourier transform:

In(ν) =
1
n

>>>>>
n:

t=1

X(t)e−2iπνt

>>>>>
2

. (5)

The periodogram is an estimate of the spectral density SX(ν). For frequencies
ν that are close to zero, the asymptotic variance of the periodogram is of the
order: Var[In(ν)] = O(n4H−2). It means that for low frequencies, it fluctuates
much more than for short-range correlated processes, and provides a cruder
estimation.
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These short-comings of the Fourier transform are motivations to study
different kinds of representations, which will be more adapted to multi-scale
properties, singularities and long-memory.

2.2 Multiresolution characterization and estimation of scaling laws

Velocity increments.

In order to question all the time scales in a turbulent signal, the velocity in-
crement over the time separation was introduced as a more relevant quantity:
δv(τ ; x, t) = v(x; t − τ) − v(x; t) = v(x + r; t) − v(x; t). The second equality
is obtained from the Taylor hypothesis, provided that r = τv(x; t). Velocity
increments are a multiresolution quantity in the sense that they describe the
velocity at the varying resolution τ . They are relevant to capture both long-
time evolution of the signal that are dominated by the statistics of v because
v(t−τ) and v(τ) are then almost independent, and short time behaviors where
the dominant features are intermittent peaks of activity seen in the derivative
of the signal.

Wavelet decompositions.

More general multiresolution quantities exist beside velocity increment, which
are not the most well-behaved for estimation in presence of long dependence.
A class of multiresolution representation is the wavelet transform [49, 48]:

Tv(a, t) =
#

v(u)ψ([u − t]/a)du/a, (6)

provided that the mother-wavelet ψ(t) has zero integral. The wavelet is further
characterized by an integer N ≥ 1, the number of vanishing moments. The
representation is then blind to polynomial trends of order less than N, and
this gives robustness to the representation regarding the slow, large-period
excursions that one finds in signals of turbulent velocity. Velocity increments
are “the poor man’s wavelet”, setting ψ(u) = δ(u + 1) − δ(u) and letting τ
be the scale variable a. This wavelet has only one vanishing moment, N = 1.
With a larger number of vanishing moments, wavelets give good methods of
estimation when one expects power law statistics, such as self-similarity or
multifractality. We report briefly two estimation methods.

Wavelet transforms and singularities.

A property of the wavelet transform is that it captures the singularities of a sig-
nal on the maximum of the wavelet [48, 37]. Let us assume that v(t − τ) − v(t)
behaves like |τ |h near point t. If the number N of vanishing moments of ψ
is higher than h, the wavelet transform will have a maximum in the scale-
time cone (a, u) defined by |u − t| ≤ Ca for some constant C. This maximum
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behaves as ah when a → 0+. This property permits one to estimate directly
the Hölder exponents of singularities. In the context of multifractality, the
singularities are not isolated and it is helpless to try to estimate separately
the exponents. Combining the multifractal formalism with the properties on
maxima of wavelet transform, it was proposed to estimate the spectrum D(h)
by computing the moments of velocity on those maxima only. This is called
the Wavelet Transform Maxima Modulus method [4] and it gives reliable esti-
mations of D(h) in turbulence [5]. A limit is that there are few theoretical
calculations of D(h) that validate the WTMM method, and so there is not a
complete mathematical justification of it.

Wavelet transform and estimation of scaling laws.

Another possibility is to take advantage of discrete orthogonal wavelet basis
(see the text of J.R. Partington, page 95). Let ψj,k(t) = 2−j/2ψ(2−jt − k)
denote its dilated and translated templates on the dyadic grid, and
dX(j, k) =

$
ψj,k(u)X(u)du, the corresponding discrete wavelet coefficients.

For any second order stationary process X, its spectrum SX(ν) can be related
to its wavelet coefficients through:

E


dX(j, k)2

�
=

#
SX(ν)2j |Ψ(2jν)|2dν, (7)

where Ψ stands for the Fourier transform of ψ. This is an estimation of the
spectrum. One can also recover statistics of all orders. If X is a self-similar
process, with parameter H, they behave as:

E {dX(j, k)p} = C2jpH , if 2j → +∞. (8)

Moreover, it has been proven that the {dX(j, k), k ∈ N} form short range
dependent sequences as soon as N − 1 > H. This means that they no longer
suffer from statistical difficulties implied by the long memory property. In
particular, the time averages S(j; p) = 1/nj

;nj

k=1 |dX(j, k)|p can then be used
as relevant, efficient and robust estimators for E {dX(j, k)p}. The possibility of
varying N brings robustness to these analysis and estimation procedures. The
performance of the estimators was studied, see for instance [3]. One can then
characterize all the statistics of X from the following estimation procedure:
For a velocity signal v, a weighted linear regression of log2 S(j; p) against
log2 2j = j, performed in the limit of the coarsest scales, provides with an
estimate of the exponents ζp of the structure functions E {|δv(r)|p}.

Combining the WTMM idea and the properties of discrete wavelet trans-
form, Jaffard proposed an exact characterization of multifractal signals using
wavelet leaders (local maxima of discrete wavelet coefficients) [39] that are
now developed as signal processing tools [45].
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Fig. 3. Lagrangian velocity of a particle in turbulence (from [50]). Left: the Doppler
signal whose instantaneous frequency gives the velocity of the tracked solid particle
in a turbulent fluid, and its time-frequency representation. Right: acceleration, ve-
locity and trajectory, reconstructed for two components from the measurement of
velocity by Doppler effect.

2.3 Time-frequency methods for Lagrangian and Vorticity
measurements

Time-frequency representations.

A linear time-frequency decomposition is achieved in the same manner as a
wavelet transform, using a basis built from shifts in time and frequency of a
small wave packet:

v(t) =
# #

rv(u, ν)buν(t) du dν, with buν(t) = b0(t − u)e−2iπνt.

The variable ν is indeed a frequency and rv(u, ν) gives the component of v
at frequency ν and time u. The time-frequency spectrum is E


|rv(u, ν)|2�.
Note that instead of time and frequency shifts, the wavelet transform uses
time-shifts and dilation on the mother wavelet, so that the variables are time
and scale rather than of time and frequency.

If one is interested in the time-frequency spectrum, it is possible to achieve
better estimation using bilinear densities that are time-frequency decomposi-
tions of the energy [28]. They derive from the Wigner-Ville distribution:

Wv(t, ν) =
#

v(t + τ/2)v(t − τ/2)e−2iπντdτ.
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A general class is obtained by applying some smoothing in time and/or fre-
quency. Such a distribution represents well the energy of the signal because
of the following physical properties.

1. Marginals in time and frequency:
$

Wv(t, ν)dν = |v(t)|2; $
Wv(t, ν)dt =

|V (ν)|2 if V is the Fourier transform of v.
2. Covariances with time and frequency shifts: Wv(t − τ, ν) is the transform

of v(t − τ) and Wv(t, ν − f) is transform of e2iπftv(t).
3. Instantaneous frequency: the mean frequency

$
Wv(t, ν)νdν is equal to

the instantaneous frequency of the signal v(t), that is the derivative of the
phase of the analytic signal associated to v(t).

Representations of this kind are used, because of the properties, to ana-
lyze the non-stationary signals of Lagrangian experiments and of vorticity
measurements.

Fig. 4. Measurement of vorticity by acoustic scattering [16]. Up: examples of re-
corded signals for two different scattered waves at the same time by the same vo-
lume: they both represent the same ω̃i(k, t) along time t. Down: quadratic time-
frequency representation of one signal, exhibiting packets of structured vorticity
advected through the measurement volume. [16]

Measurements of Lagrangian velocity.

Recent experiments have been able to find characteristics of Lagrangian ve-
locity. Solid particles are released in a turbulent fluid, then tracked to record
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their Lagrangian velocities u(t) [47, 50]. One solution uses high-speed detec-
tors to record the trajectories, and the second one relies on tracking by sonar
methods. In both cases the experiment deals with a non-stationary signal that
should be tracked in position and value along time. In the second experiment,
ultra-sonor waves are reflected by the particle and the Doppler effect catches
its velocity. Figure 3 shows a sample experimental signal whose instantaneous
frequency is the Lagrangian velocity. A time-frequency analysis follows the
instantaneous frequency and thus u(t). Acceleration, velocity and trajectory
are reconstructed from this data. The signals contain many oscillating events
such as the one figured here, and many more trajectories which are almost
smooth and ballistic between short periods of times with strong accelerations.
This is consistent with the existence of a few swirling structure but a clear
connection between oscillations and intermittency is not made. By now, stati-
stical analysis of the data show that Lagrangian velocity is intermittent [50],
and this is well described by a multifractal model analogous to the one for
Eulerian velocity [22].

Measurements of vortices and of vorticity.

Instead of trying to find indirect effects of the vortices, the intermittency of
turbulence was looked after directly in vorticity. Measuring locally ω is diffi-
cult and by now not reliable. Using the sound scattering property of vorticity,
an acoustic spectroscopy method was developed [16]. The method measures a
time-resolved Fourier component of vorticity, ω̃i(k, t) =

$
ωi(r, t)e−2iπk·rdr,

summed all over some spatial volume. Figure 4 shows recorded signals of
scattering amplitudes for two different incident waves; they look alike because
both are measurements of the same quantity, ω̃i(k, t). The intermittency here
is the existence of bursts of vorticity that cross the measurement volume; those
packets are characteristic of some structuration of vorticity, which could be
vortices. They are revealed in the time-frequency decomposition of one sig-
nal on the right. The intermittency is well captured by the description of a
slow non-stationary activity that drives many short-time bursts, and so causes
multi-scale properties [62].

2.4 Mellin representation for self-similarity

Another signal processing method uses oscillating functions as basis functions:
the Mellin transformation. Its interest is that it is encompasses both self-
similar and oscillating properties in one description. Because those tools are
less known, we will survey some of their properties with more mathematical
details.

Dilation and Mellin representation.

We aim at finding a formalism suited to scale invariance. Self-similarity is a
statistical invariance under the action of dilations. Given exponent H, the
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group {DH,λ, λ ∈ R+
∗ } is a continuous unitary representation of (R+

∗ , ×) in
the space L2(R+

∗ , t−2H−1dt). The associated harmonic analysis is the Mel-
lin representation. Indeed, the hermitian generator of this group is C defi-
ned as: 2iπ(CX)(t) = (−H + td/dt)X(t), so that DH,λ = e2iπλC . The ope-
rator C characterizes a scale because its eigenfunctions are unaffected by
scale changes (dilations), so the eigenvalues are a possible measure of scale.
Those eigenvalues EH,β(t) satisfy dEH,β(t)/EH,β(t) = (H + 2iπβ)dt/t, thus
EH,β(t) = tH+2iπβ up to a multiplicative constant. One obtains the basis of
Mellin functions with associated representation:

(MHX)(β) =
# +∞

0
t−H−2iπβX(t)

dt

t

X(t) =
# +∞

−∞
EH,β(t)(MHX)(β)dβ.

(9)

A signal processing view of several applications the Mellin transform may
be found in [20, 8, 29, 58], and mathematical aspects are documented in
[24, 71]. Relevant features here are, first, that β is a meaningful scale, and,
second, the oscillating aspects of the Mellin functions EH,β(t). Those functions
are chirps of instantaneous frequency β/t. See a drawing of such a function
on Figure 5. One can disregard the behavior of those functions near 0; the
important feature is the chirp part and it holds even if the function is filtered
by some window, as seen on this figure. By this means we may describe both
self-similarity and oscillations, as long as they can be well approximated by
smoothed Mellin function.

Interpretation for self-similarity

When introducing self-similarity [44], J. Lamperti noticed a specific property
of the invertible transformation LH , now called the Lamperti transformation
and defined as:

(LHY )(t) = tHY (log t), t > 0; (LH
−1X)(t) = e−HtX(et), t ∈ R. (10)

This transformation maps stationary processes onto self-similar processes, and
the converse for its inverse. The Lamperti transformation is a unitary equiva-
lence between the group of time shifts Sτ and the group of dilations DH,λ:

LH
−1DH,λLH = Slog λ and LHSτLH

−1 = DH,eτ . (11)

This equivalence has interesting consequences: a natural representation of
a self-similar process X is to use its stationary generator LH

−1X. Signal
processing for stationary signals is a well-known field and methods can then
be converted in tools for self-similar processes by applying equivalence (11)
[27, 11]. In this context, Mellin representation is suited to H-ss processes in
the same way as Fourier representation is suited to stationary processes, since
MH = FLH

−1:
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(MHX)(β) =
# ∞

0
t−HX(t)t−2iπβ−1dt (12)

=
# +∞

−∞
(LH

−1X)(u)e−2iπβudu = (FLH
−1X)(β). (13)

Canonical spectral analysis of self-similar processes.

A H-ss process X(t) has a covariance that reads necessarily as:

RX(t, s) =̂E {X(t)X(s)} = (ts)HcX(t/s).

This comes from the correlation function γY (τ) of its stationary generator
Y = (LH

−1X), with γY (log k) = cX(k). The Mellin spectral density ΞX(β)
of X is then simply introduced by means of the spectrum of Y :

ΓY (β) =
# +∞

−∞
γY (τ)e−2iπβτdτ

=
# +∞

0
cX(k)k−2iπβ−1dk = (M0cX)(β)=̂ΞX(β).

(14)

H-ss processes admit also an harmonisable decomposition on the Mellin ba-
sis so that X(t) =

$
tH+2iπβdX(β), with uncorrelated spectral increments

dX(β). Thus we have E{dX(β1)dX(β2)} = δ(β1 − β2) ΞX(β1)dβ1dβ2.
Among the tools coming from the Lamperti equivalence, there are scale

invariant filters. A linear operator G is invariant for dilations if it satisfies
GDH,λ = DH,λG for any scale ratio λ ∈ R+

∗ . Using equation (11), we may
replace DH,λ by Slog λ and we obtain the equality:

(LH
−1GLH)Slog λ = Slog λ(LH

−1GLH).

Thus, LH
−1GLH = H is a linear stationary operator, so it acts as a filter

by means of a convolution. The Lamperti transformation maps addition onto
multiplication so that G will act by means of a multiplicative convolution
instead of the usual one:

(GX)(t) =
# ∞

0
g(t/s)X(s)

ds

s
=

# ∞

0
g(s)X(t/s)

ds

s
. (15)

Let us consider A = GX with {X(t), t > 0} and H-ss process and G a scale
invariant filter. Then A(t) is also self-similar because

DH,λA = DH,λGX = (GDH,λ)X = DH,λX.

This filter acts on the Mellin spectrum as a multiplication:

ΞA(β) = |(MHg)(β)|2 ΞX(β).
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By means of the Bochner theorem, any H-ss process may be represented by
the output of a scale-invariant linear system:

X(t) =
# +∞

0
g(t/s)V (s)

ds

s
, with E

�
V (t)V (s)

�
= σ2t2H+1δ(t − s). (16)

The random noise V (t) is white and Gaussian but non-stationary; it is the
image by LH of the Wiener process. The self-similar process X is defined by
g; the second-order properties are covariances given by means of

cX(k) = σ2k−H

#
g(kθ)g(θ)θ−2H−1dθ,

and Mellin spectrum which is ΞX(β) = σ2|(MHg)(β)|2. Models of this kind
were studied in [70, 57].

Other methods are derived in the same way. For instance, time-frequency
methods that were suited to measure jointly time and frequency components
of a signal will be converted in time-Mellin scale representations that measure
contents as a joint function of time and Mellin scale.

Examples of self-similar processes.

A fractional Brownian motion BH is defined as a H-ss process with Gaussian
stationary increments [55]. Its covariance is necessarily:

RBH
= σ2(|t|2H + |s|2H − |t − s|2H)/2

which satisfies the general expected structure with

cBH
(k) = σ2[kH + k−H − |

√
k − 1/

√
k|2H ]/2.

The corresponding Mellin spectrum is obtained by a straightforward calculus
(Γ is the Euler function):

ΞBH
(β) =

σ2

H2 + 4π2β2

>>>>Γ(1/2 + 2iπβ)
Γ(H + 2iπβ)

>>>>2 . (17)

Here, we have a representation of fractional Brownian motions alternative
to its harmonic or moving-average representations [67]. From this spectral
representation, one can synthesize exact samples of fractional Brownian mo-
tions: it is enough to prescribe Mellin spectral increments satisfying equation
(17) with random i.i.d. phases in [0, 2π[. An inverse Mellin transform gives then
a fractional Brownian motion. Classical methods of whitening, prediction and
interpolation for this process were derived from this Mellin representation in
[60, 61]. Developments of the synthesis method from the Mellin spectrum for
other self-similar processes without stationary increments were studied also
in [17].
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Fig. 5. Left: Mellin functions with various H, and spectrogram of one smoothed
Mellin function (where g(t) is a Kaiser window) that shows the instaneous fre-
quency path, chirp behavior of the Mellin functions. Middle: samples of Weierstrass-
Mandelbrot functions, both deterministic and random (H = 0.3, λ = 1.07). Right:
spectrogram of the empirical variogram of a Weierstrass-Mandelbrot function (ad-
apted from [26]). Spectograms are computed here using reassignment techniques for
time-frequency distributions [2].

The random Weierstrass-Mandelbrot function is a good model of inexact
self-similarity that can be studied by means of a Mellin decomposition. It is
a step towards properties closer to turbulence than pure self-similarity. It is
defined [12] as W (t) =

;
n∈Z λ−nH(1 − eiλnt)eiφn , with i.i.d. phases φn. The

function is given here as a sum of Fourier modes. This is possible since it has
stationary increments. But another feature is more obvious if one considers
its decomposition on a Mellin basis, namely its scale invariance. W (t) has
Discrete Scale Invariance [11] because W (λkt) d= λ−kHW (t), scale invariance
for dilations with a scale ratio that is a power of λ only. Using LH , one can
find up the Mellin representation for the deterministic version of the function,
with φn = 0, [12, 26]:

W (t) =
:
m

−Γ(−H − m/ ln λ)
ln λ

e[−iπ(H+m/ ln λ)/2]EH,m/ ln λ(t).
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The two writings of W (t) are its time-frequency representation and its
time-Mellin scale representation. Both methods of analysis are valid as tools
to assess the characteristics of the function. The relevance comes from the joint
properties of stationary increments and self-similarity (even in the weakened
sense of Discrete Scale Invariance). A time-frequency analysis illustrates this,
see Figure 5. Deterministic and randomized versions of W (t) have a spectro-
gram (from the detrended empirical variogram) that is made partly of pure
tones, and partly of chirps, that are localized on the Mellin modes β = m/ ln λ.
Here both aspects are shown, depending on the width of the smoothing win-
dow with respect to the rapidity of variation of the chirp (one see the chirp
when its frequency does not change quickly over the length of the window)
[26].

Concluding remarks.

We lectured here a signal processing view of turbulence. We have surveyed
how the complexity of turbulence, and the need to understand various models
and experiments, is linked to a great diversity of signal processing methods
that are useful for turbulence: time-scale analysis, time-frequency analysis,
self-similarity and Mellin analysis, and geometrical characterizations.

Concerning the last point, we are far from having at disposal convenient
tools for estimation of the geometry (fractal sets, oscillations,...) of a self-
similar process. We have proposed here a framework adapted to self-similarity
and based on the oscillating Mellin functions th+2iπβ but a tractable exten-
sion to oscillating singularities of the form |t − t0|h+2iπβ is yet to be found.
To be relevant for turbulence, the central point t0 of the singularity has to
be a variable, whereas the Lamperti framework is for a fixed central time,
t0 = 0, of the Mellin functions. Consequently, though a mixture of oscillating
functions such as |t − t0|h+2iπβ may have multifractal properties close to the
one measured in turbulence, one lack signal processing tools to inverse the
mixture and estimates the various parameters (t0, h, β) of each object.

Finally, turbulence is an active, challenging and open field with many pro-
blems that are interesting from a mathematical, physical or signal processing
point of view. This is a subject where one needs to establish fruitful interac-
tions between models, tools of analysis and experimental measurements.

Thanks.

I would like to thank people that helped me by their competence and their
willingness to share their knowledge and ideas. Many thanks thus to Olivier
Michel, Patrick Flandrin and Pierre-Olivier Amblard, with whom I have the
pleasure to work. I am also thankful to C. Baudet, B. Castaing, L. Chevillard,
N. Mordant, J.F. Pinton, and J.C. Vassilicos.



298 Pierre Borgnat

References

1. A. Arneodo, E. Bacry, S. Jaffard, J.F. Muzy. Singularity spectrum of
multifractal functions involving oscillating singularities. J. Four. Anal. Appl.,
4(2):159–174, 1998.

2. F. Auger, P. Flandrin. Improving the readability of time-frequency and time-
scale representations by reassignment methods. IEEE Trans. on Signal Proc.
V, SP-43(5):1068–1089, 1995.

3. P. Abry, P. Flandrin, M. Taqqu, D. Veitch. Wavelets for the analysis,
estimation, and synthesis of scaling data. In K. Park and W. Willinger, editors,
Self-Similar Network Traffic and Performance Evaluation. Wiley, 2000.

4. A. Arneodo, E. Bacry, J.F. Muzy. The thermodynamics of fractals revisited
with wavelets. Physica A, 213:232–275, 1995.

5. A. Arneodo, J.F. Muzy, S. Roux. Experimental analysis of self-similarity
and random cascade processes: applications to fully developped turbulence data.
J. Phys. France II, 7:363–370, 1997.

6. G. Barenblatt. Scaling, self-similarity, and intermediate asymptotics. CUP,
Cambridge, 1996.

7. G.K. Batchelor. The theory of homogeneous turbulence. Cambridge Univer-
sity Press, 1953.

8. J. Bertrand, P. Bertrand, J.P. Ovarlez. The Mellin transform. In A.D.
Poularikas, editor, The Transforms and Applications Handbook. CRC Press,
1996.

9. R. Benzi, S. Ciliberto, R. Tripicione, C. Baudet, F. Massaioli. Extended
self-similarity in turbulent flows. Phys. Rev. E, 48:R29–R32, 1993.

10. J. Beran. Statistics for Long-memory processes. Chapman & Hall, New York,
1994.

11. P. Borgnat, P. Flandrin, P.-O. Amblard. Stochastic discrete scale invari-
ance. Signal Processing Lett., 9(6):181–184, June 2002.

12. M. Berry, Z. Lewis. On the Weierstrass-Mandelbrot fractal function. Proc.
Roy. Soc. Lond. A, 370:459–484, 1980.

13. A. Blanc-Lapierre, R. Fortet. Théorie des fonctions aléatoires. Masson,
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1 Introduction

Interferometric gravitational wave detectors are promising instruments to
make the first direct detection of gravitational waves, and later to perma-
nently open a new window on the universe [1, 2, 3, 4]. A detector like Virgo
aims at observing signals in the 10 Hz - 10 kHz band. The detectors have very
strong noise requirements, bringing challenging designs of control loops.

It was directly observed in 1918 that gravity has some effect on light
propagation, and in particular is able to bend light rays nearby massive objects
like the sun. This effect was predicted by A. Einstein as a consequence of
General Relativity, a relativistic theory of gravitation describing gravitational
fields as the geometry of space-time. Non static gravitational fields can, in this
theory, have some time variable effects on space-time, and be considered as
“gravitational waves”. Highly energetic astrophysical events are expected to
produce such waves, the observation of which would be of the highest interest
for our understanding of the Universe. These waves in all theoretical studies,
are foreseen very weak (analogous, in an interferometric length measurement,
to a distortion of one interferometer arm ΔL/L ∼ 10−22 in best cases).

2 Interferometers

Interferometric detection of gravitational waves amounts to continuously mea-
sure the length difference between two orthogonal paths. The right topology
of the instrument is that of a Michelson interferometer [5]. Virgo is the nea-
rest (Pisa, Italy) example of such an interferometric detector of gravitational
waves. It consists essentially of large mirrors suspended by wires in a vacuum,
and of light beams partially reflected and/or transmitted by these mirrors
over long distances. The right sensitivity is reached by two steps of light

J.-D. Fournier et al. (Eds.): Harm. Analysis and Ratio. Approx., LNCIS 327, pp. 303–311, 2006.
© Springer-Verlag Berlin Heidelberg 2006
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Fig. 1. Principles of an interferometer to detect gravitational waves. A laser beam
lights a Michelson interferometer. The mirror suspensions are efficient enough to
filter out the seismic noise in the detection band. Resonant Fabry-Perot cavities in
the arms allow to enhance the interferometer sensitivity.

Fig. 2. Aerial view of the Virgo interferometer
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power build-up: one step is the resonance caused by the so-called recycling
mirror, a second one is due to the use of Fabry-Perot cavities on each arm.
Recycling has the effect of increasing the light power, Fabry-Perot’s have the
effect of enlarging the effective lengths of the arms.

3 Servo systems

3.1 Introduction

To make the complex optical structure of an interferometer work, an ensemble
of servo-systems is needed in order to lock the resonant cavities and the laser’s
frequency at the right place. The design of the open loop transfer functions
has to make a trade-off between large gain for frequencies below 1 Hz (where
seismic noise is large), stability of the system, and large attenuation of loop
gain above 10 Hz, where the aim is to detect gravitational waves. This is the
reason why sophisticated servo-loops have been studied for several years.

An interferometer as a complex optical structure

An interferometer to detect gravitational waves, is, today, typically made up
of 6 main mirrors. Each arm of the interferometer is made of a long resonant
optical cavity, and an additional mirror, in front of the interferometer, helps
to build up the light power.

l0
laser

splitter

PR IMX

IMY

EMX

EMY

Lx

cavity X

cavity Y
Ly

lx

ly

Fig. 3. Main distances of an interferometer to detect gravitational waves

Here we will simplify the analysis to the displacements of the mirrors along
the optical axes.



306 François Bondu and Jean-Yves Vinet

The main output of the interferometer, the so-called “dark fringe” sensitive
to gravitational waves, is measuring the variations of the difference of the two
cavity lengths Lx−Ly; this is the differential mode of the interferometer (the
static difference is close to zero). In order for the cavities to work close to
their optimal point, both Lx and Ly have to be controlled at the picometer
level.

The common mode of the interferometer, Lx + Ly, can be used to control
the laser frequency fluctuations.

The short Michelson difference, lx − ly, and the recycling cavity length,
l0 + (lx + ly)/2, should be controlled at the order of the picometer as well.

The error signals for these controls are provided by additional outputs of
the interferometer (other ports than the dark fringe), and actuation is done
by means of currents in coils facing magnets glued on the mirrors.

On these four lengths, only the interferometer differential mode can be
monitored with high signal to noise ratio. Thus, on the other lengths, the
unity gain and gain loop should be designed so that it does not introduce
noise on the dark fringe.

Seismic noise and the suspensions

The spectrum of the seismic noise, in the 10 Hz-10 kHz bandwidth, where
one expects to detect gravitational waves, is orders of magnitude higher than
what is necessary to detect gravitational waves. Thus, seismic noise isolators
are necessary [6, 7].

The suspensions act as low pass filter transfer functions: at the test mass
mirror level, the seismic noise is much attenuated for frequencies above 10 Hz.
But the seismic noise is amplified on resonances (several resonances in the 0.1
Hz - few Hz band), and still quite high on low frequencies. As a result, the
free suspended mirror motion is about 1 μm on a 1 second timescale. There
is a need for a loop gain of ∼ 106 below 1 Hz. When controlling the degrees
of freedom other than the differential one, the loop gain should be very low
for frequencies above 10 Hz, in order to not re-inject the error signal noise.

Laser frequency stabilization

A similar feedback loop issue exists for the laser frequency stabilization [8].
The Virgo instrument requires a very stable laser frequency with a relative

level as low as 10−20/
√

Hz, in the 10 Hz – 10 kHz band; the frequency has
also to be reasonably stable for frequencies below 10 Hz, so that the Fabry-
Perot cavities are kept resonant. The stability is ensured by the quality of the
reference oscillator.

The laser frequency in the 10 Hz – 10 kHz band is locked on the common
mode of the two long Fabry-Perot cavities. The seismic isolation ensures that
this level of stability can be reached.
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The low frequency stability is defined by locking the common mode to a
rigid and very stable cavity, manufactured in a material with a low expansion
thermal coefficient. The spectral resolution of such a cavity is about 4 orders
of magnitude higher than the one of the long Fabry-Perot. Therefore, the
lock of the common mode of the long arms to the short cavity should have a
negligible action at 10 Hz.

Other constraints

Each mirror of the interferometer has also to be controlled in the angular
degrees of freedom, with similar, although less stringent, constraints to the
longitudinal ones.

3.2 Mathematical requirements on open loop transfer function

The noise requirements on the mirror motions are very strong, and impose
the design of efficient corrector filters for the various feedback loops.

Model of servo loops

All servo loops are defined by their frequency domain open loop transfer func-
tion. This allows to impose the constraints on the gain at various frequencies,
since this is a fundamental issue in the control of the locking point of the
resonant cavities, in order not to re-inject the noise of the error signals.

The open loop transfer function G is a complex function of the Laplace
variable s, or, equivalently, of a Fourier frequency f . This function is the
product of the various elements of the loop: the system to be corrected, inclu-
ding the actuator transfer functions; the error signal transfer function, related
to the optical properties; the corrector filter, whose design must satisfy the
requirements for the open loop transfer function.

System identification

The error signal transfer function and the actuator transfer function can be
easily approximated by rational functions of the variable s. The approximation
of resonances, poles, quality factors, etc. is done so that the difference between
the modeled transfer function and the measured one is not bigger than a few
percent in amplitude and a few degrees in the phase. This is done by manually
fitting the measured curves.

The corrector filter is implemented in a DSP by a description of gain, poles
and zeros together with their quality factors. Thus, the corrector filter is also
a rational fraction of the variable s, with a reasonable order (could be 10,
exceptionally 20).
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Mathematical description of the requirements

We make the assumption that the error signal and actuator transfer functions
are unity at all frequencies. Of course, this is not true, and exact compensation
of pole-zero pairs is not possible either. But we assume that we can deal with
this problem once corrector filters for unity system transfer functions are
available.

The customary variable is the frequency f , with s = 2iπf
Ideally, we would like to find a solution for a function G modeled as a ra-

tional function of a reasonable order (for example numerator and denominator
order not bigger than 20). The constraints become:

∀f < f1, |G(f)| > G1 (1)

∀f > f2, |G(f)| < G2 (2)

The closed loop should be stable, i.e. 1/(1 + G) should not have any pole
with positive real parts.

The closed loop should be robust. We could define as commonly done gain
and phase margins, but unfortunately this can still allow low effective margins
for complicated functions. We then require that:

∀f, |1/(1 + G(f))| < k (3)

Example of aimed values: f1 = 0.1 Hz, f2 = 10 Hz, G1 = 106, G2 = 10−4,
k = 2 or, even better f1 = 1 Hz, f2 = 10 Hz, G1 = 104, G2 = 10−4, k = 2.

3.3 The Coulon’s solution

At the ‘Observatoire de la Côte d’Azur’, J.-P. Coulon has built a pro-
gram to find solutions such that f2 = 10 Hz, f1 = 0.1 Hz or lower. The
program actually looks for functions made with a function Gs(f) so that
G(f) = Gs(f)/Gs(1/f). Gs(f) is a rational fraction with real coefficients,
with m zeroes and n poles.

The program looks over the coefficients of the Gs function, with a succes-
sive approximation technique, and some “culinary” recipes to save computing
time.

The algorithm allows to find solutions with an order up to 6 zeroes and
n = 8 poles for the Gs function in a reasonable time. Despite this modest
complexity, the solutions given are much better than the “current engineer
design”.

The open loop transfer function in the Nichols plot helps to check the
stability:

Such a filter has been tried successfully, on the real Virgo suspensions.
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Gs(f) function.

The performances of the filters have been computed, depending of the ratio
f2
f1

, for various orders of poles and zeroes of the Gs(f) function: The figure 6
seems to indicate that the filter performances will not be very high on a short
frequency span f2/f1 = 10, if one increases the order of the filter.

4 Conclusion and perspectives

The Coulon’s filters give very good result, when f2/f1 is about two decades.
This makes already very good attenuation at 10 Hz (more than 106).

Yet, the loop gain in the 0.1 Hz - 1 Hz band is not enough to attenuate the
real seismic noise. One would need Coulon-like filters with f2/f1 of the order
of 10, if possible. New kind of mathematical functions might be investigated
to improve the feedback filter performances.
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